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Abstract Regular Polytopes 


Abstract regular polytopes stand at the end of more than two millennia of geometrical 
research, which began with regular polygons and polyhedra. They are highly symmetric 
combinatorial structures with distinctive geometric, algebraic, or topological properties, in 
many ways more fascinating than traditional regular polytopes and tessellations. The rapid 
development of the subject in the past 20 years has resulted in a rich new theory, featuring 
an attractive interplay of mathematical areas, including geometry, combinatorics, group 
theory, and topology. Abstract regular polytopes and their groups provide an appealing new 
approach to understanding geometric and combinatorial symmetry. 

This is the first comprehensive up-to-date account of the subject and its ramifications, 
and meets a critical need for such a text, because no book has been published in this area 
of classical and modern discrete geometry since Coxeter’s Regular Polytopes (1948) and 
Regular Complex Polytopes (1974). The book should be of interest to researchers and 
graduate students in discrete geometry, combinatorics, and group theory. 
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Preface 


Regular polyhedra have been with us since before recorded history; the appeal of 
the beauty of geometric figures to the artistic senses well predates any mathematical 
investigation of them. However, it also seems to be the case that formal mathematics 
begins with such regular figures as an important topic, anda strong strain of mathematics 
since classical times has centred on them. Indeed, the subject of regular polyhedra 
has shown an enormous potential for revival. Before the present time, the most recent 
renaissance began in the early nineteenth century. The modern abstract theory started as 
an offshoot of this, but with the parallel (but separate) growth of the idea of geometries 
has taken on a new and vigorous life. 

When we embarked in 1988 on the project of composing a coherent account of this 
modern theory, we had heard the old adage to the effect that, if one tries to write a 
paper, then one believes that everything is known, but when one starts to write a book, 
then one realizes that nothing is known. At the time, neither of us fully appreciated the 
truth of the saying. We began with a number of particular results, and an initial focus on 
a problem of classifying a certain class of abstract regular polytopes raised by Branko 
Griinbaum, but with only the merest outlines of a general theory. The foundations of 
the latter had been laid by Danzer and Schulte, although earlier intimations of what 
would be needed had appeared elsewhere (we elaborate on this at the beginning of 
Chapter 2). But the full development of the theory and its ramifications has occurred 
during the writing of this book, and has been largely inspired by it. Indeed, one major 
problem for us was that the subject seemed to be expanding faster than we could put it 
down on paper! 

We have received much support from friends and colleagues during the preparation 
of this volume; as well, we have probably sorely tried their patience, because they had 
quite reasonably expected the book to have been published long before now. We wish 
particularly to thank Asia Ivi¢ Weiss and Barry Monson for their encouragement and 
(we are sure) forebearance, but especially for providing various opportunities for us 
to collaborate. We are also very grateful to the NSF and NSA, which have supported 
Schulte’s research, and have enabled McMullen to visit him. Above all, Donald Coxeter, 
the doyen of the classical subject, has been a constant inspiration to us. 
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Classical Regular Polytopes 


Our purpose in this introductory chapter is to set the scene for the rest of the book. We 
shall do this by briefly tracing the historical development of the subject. There are two 
main reasons for this. First, we wish to recall the historical traditions which lie behind 
current research. It is all too easy to lose track of the past, and it is as true in mathematics 
as in anything else that those who forget history may be compelled to repeat it. But 
perhaps more important is the need to base what we do firmly in the historical tradition. 
A tendency in mathematics to greater and greater abstractness should not lead us to 
abandon our roots. In studying abstract regular polytopes, we shall always bear in mind 
the geometric origins of the subject. We hope that this introductory survey will help 
the reader to find a firm basis from which to view the modern subject. 

The chapter has four sections. In the first, we provide an historical sketch, leading 
up to the point at which the formal material of Chapter 2 begins. The second is devoted 
to an outline of the theory of regular convex polytopes, which provide so much of 
the motivation for the abstract definitions which we subsequently adopt. In the third, 
we treat various generalizations of regular polytopes, mainly in ordinary euclidean 
space, including the classical regular star-polytopes. In the fourth, we introduce regular 
maps, which are the first examples of abstract regular polytopes, although the examples 
considered here occur before the general theory was formulated. 


1A The Historical Background 


Regular polytopes emerge only gradually out of the mists of history. Apart from certain 
planar figures, such as squares and triangles, the cube, in the form ofa die, was probably 
the earliest known to man. Gamblers would have used dice from the earliest days, and 
a labelled example helped linguists to work out the Etruscan words for “one” up to 
“six”. The Etruscans also had dodecahedral dice; examples date from before SO0BCE, 
and may even be much earlier. The other three “platonic” solids appear not to have 
been employed in gambling; two out of the three do not roll well in any case. 
However, it is only somewhat later that the regular solids were studied for their own 
sakes, and the leap from them to the regular star-polyhedra, analogous to that from 
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pentagon to pentagram, had to await the later middle ages. The nineteenth century first 
saw regular polytopes of higher dimension, but the real flowering of what is, in origin, 
one of the oldest branches of mathematics occurred only in the twentieth century. 

In this section, we shall give a brief outline of the historical background to the theory 
of regular polytopes. This is not intended to be totally comprehensive, although we have 
attempted to give the salient features of more than two millenia of investigations in the 
subject. 


The Classical Period 
Before the Greeks 


As we have already said, the cube was probably the first known regular polyhedron; 
certainly it was well known before the ideas of geometry and symmetry had themselves 
been formulated. Curiously, though, stone balls incised in ways that illustrate all the 
symmetry groups of the regular polyhedra were discovered in Scotland in the nineteenth 
century; they appear to date from the first half of the third millenium BCE (see [137, 
Chapter 7]). 

The Egyptians were also aware of the regular tetrahedron and octahedron. As an 
aside, we pose the following question. Many attempts have been made to explain why 
the pyramids are the shape they are, or, more specifically, why the ratio of height to base 
of a square pyramid is always roughly the same particular number. In particular, such 
explanations often manage to involve z in some practical way, such as measurements by 
rolling barrels — the Egyptians’ theoretical value #6 ~ 3.16 for z was fairly accurate. 
Is it possible, though, that a pyramid was intended to be half an octahedron? The 
actual angles of slopes of the four proper pyramids at Giza vary between 50°47’ and 
54°14’; the last is only a little short of half the dihedral angle of the octahedron, namely, 
arecos(1/+/3) * 54°44’. 


The Early Greeks 


Despite various recent claims to the contrary, it seems clear that the Greeks were the 
first to conceive of mathematics as we now understand it. (The mere listing of, for 
example, Pythagorean triples does not constitute mathematics; a proof of Pythagoras’s 
theorem obviously does.) According to Proclus (412—485ck), the discovery of the five 
regular solids was attributed by Eudemus to Pythagoras (c582—c500BCE) himself; the 
fact that a point of the plane is exactly surrounded by six equilateral triangles, four 
squares or three regular hexagons (these giving rise to the three regular tilings of the 
plane) was also known to his followers. They knew as well of the regular pentagram, 
apparently regarding it as a symbol of health; it has been suggested that this also gave 
them their first example of incommensurability. (For a fuller account of the origin of 
the regular solids, consult [438].) 

The regular solids in ordinary space were named after Plato (Aristocles son of 
Ariston, 427—347BcE) by Heron; this seems to be one of the earliest mathematical 
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misattributions. Indeed, their first rigorous mathematical treatment was by Theaetetus 
(c415—369BcE, when he was killed in battle). In his Timaeus, Plato does discuss the 
regular solids, but while his enthusiasm for and appreciation of the figures are obvious, 
it is also evident that his discussion falls short of a full mathematical investigation. 
However, one very perceptive idea does appear there. An equilateral triangle is re- 
garded by him as formed from the six right-angled subtriangles into which it is split 
by its altitudes. The three solids with triangular faces (tetrahedron, octahedron, and 
icosahedron) are then built up from these subdivided triangles. This anticipates the 
construction of the Coxeter kaleidoscope of their reflexion planes by more than two 
millennia. But the general principle was not fully recognized by Plato; this is exhibited 
by his splitting of the square faces of the cube into four isosceles (instead of eight) 
triangles. Moreover, the dodecahedron is not seen in this way at all. In the Timaeus, one 
has the impression that the existence of the dodecahedron (identified with the universe) 
almost embarrasses Plato. The other four regular solids are identified with the four 
basic elements — tetrahedron = fire, octahedron = air, cube = earth, and icosahedron 
= water — in a preassumed scheme which is not at all scientific. (In the Phaido, amus- 
ingly, Plato also describes dodecahedra; they appear as stuffed leather balls made out 
of twelve multicoloured pentagonal pieces, an interesting near anticipation of some 
modern association footballs.) 

To Plato’s pupil Aristotle (384—322Bce) is attributed the mistaken assertion that 
the regular tetrahedron tiles ordinary space. Unfortunately, such was the high regard 
in which Aristotle was held in later times that his opinion was not challenged until 
comparatively recently, although its falsity could have been established at the time it 
was made. 


Euclid 


Euclid’s Elements (X'totx €ta) is undoubtedly the earliest surviving true mathematics 
book, in the sense that it fully recognizes the characteristic mathematical paradigm 
of axiom—definition—-theorem—proof. Until early in the twentieth century, parts of it, 
notably the first six Books (2 x oAva), provided, essentially unchanged, a fine intro- 
duction to basic geometry. It is unclear to what extent Euclid discovered his material 
or merely compiled it; our ignorance of Euclid himself extends to our being uncertain 
of more than that, as we are told by Proclus, he lived and worked in Alexandria at the 
time of Ptolemy I Soter (reigned 323—283BCE). 

Of course, it is to Euclid that we look for the first rigorous account of the five regular 
solids; Proclus even claimed that Elements is designed to lead up to the discussion of 
them. Whether or not that contention can be justified, Book XIII is devoted to the regular 
solids. (Incidentally, this book and Book X are less than thoroughly integrated into the 
rest of the text, suggesting that they were incorporated from an already existing work, 
which may well have been written by Theaetetus himself.) The scholium (theorem) 
of that book demonstrates that there are indeed only five regular solids. The proof 
is straightforward, and (in essence) remains that still used: the angle at a vertex of a 
regular p-gon is (1 — 2 yn, and so for qg of them to fit around a vertex of a regular solid, 
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one requires that g(1 — 2) < 271, or, in other words, 


Wi ees, tol 
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Pq 2 
Euclid did not phrase the result in quite this way, but this is what the proof amounts to. 

Further results about the regular solids occur in Books XIV and XV (which were 

written around 300cg, and so were not by Euclid), such as their metrical properties, 
and in particular some anticipation of duality. The details, and modern explanations of 
the results, are described in [120]. 


Archimedes 


We should also briefly mention here a contribution of Archimedes (c287—212BCE). 
The Archimedean polyhedra themselves are beyond the scope of this book. However, 
Archimedes did use regular polygons — actually, the 96-gon — to find his famous bounds 
30 << 3h. The remainder of the many mathematical results of Archimedes are 
not relevant to the topic of this book, but their significance cannot be allowed to pass 
altogether unnoticed. 


The Romans 


The Romans were fine architects and engineers, but contributed less to mathemat- 
ics. However, among the various works attributed to the great pagan philosopher 
Anicius Manlius Severinus Boetius (c480—524ce) (his name is usually miswritten as 
“Boethius”) is a translation of most of the first three books of Euclid. Since he certainly 
translated Plato and Aristotle (with a view to reconciling them), this is a possibility 
which cannot lightly be dismissed. 


The Mediaeval Period 
The Early Middle Ages 


The Christian Roman Empire got off to a poor start in its treatment of learning; under a 
decree of Emperor Theodosius I (“the Great”) concerning pagan monuments, in around 
389-391 Bishop Theophilus ordered that the great library of Alexandria (or, at least, 
that part in the Serapeum) be pillaged. (It is uncertain how much of the original library 
had survived to this time; it is said — though the event is disputed — that the larger part, 
the Brucheum, was burnt around 47BcE when Caesar set fire to the Egyptian fleet during 
the Roman civil wars. The later story of the Muslim destruction under ’Amr is of much 
more dubious provenance.) A little later, the last of the Alexandrine philosophers, the 
talented and beautiful Hypatia (c375—415), was flayed with oyster shells by a Christian 
mob at the instigation of Bishop Cyril (who was later canonized). 

The attitude of the Byzantine (Eastern Roman) Empire to mathematics (and the other 
sciences) was distinctly ambiguous, alternating between encouragement and suppres- 
sion. Justinian I (reigned 527-565) initially seemed supportive, but soon closed the 
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Academy at Athens in 529, although there was probably little resulting loss to math- 
ematics. It is due to a few people in the ninth (particularly Leo “the mathematician”) 
and tenth centuries that we have the Greek manuscripts of Euclid which survive; the 
earliest dates from 888. Similarly, a tenth-century manuscript of Archimedes was re- 
used in the twelfth century (a palimpsest) for religious texts; fortunately, the original 
mathematics can be recovered by modern techniques. It must be concluded that the 
Byzantines preserved rather than added to the corpus of knowledge. 

The mathematical torch was also carried on by the Arabs, but they too seem to have 
added little to geometry, although their translation of Euclid helped to preserve it. (The 
contributions of the Islamic world to algebra are a quite different matter.) They had 
a good empirical knowledge of symmetry; in the Alhambra there are patterns which 
exemplify many of the seventeen possible planar symmetry groups (and the rest can be 
produced by slight modifications of some of the others). 


The Later Middle Ages 


From about the twelfth century, mathematical knowledge began seeping back 
into western Europe. Around the 1120s, Aethelard (Adelard) of Bath, known as 
“Philosophus Anglorum”, produced a translation of Euclid; while he knew Greek, this 
is more likely to have been from Arabic. (It was first printed in Venice in 1482 under 
the name of Campanus of Novara, with an unhelpful commentary, but the attribution 
to Aethelard is universally accepted.) 

Rather later, Thomas Bradwardine “the Profound Doctor” (c1290-1349), Arch- 
bishop of Canterbury for just forty days after his consecration (he died of plague), 
systematically investigated star-polygons, obtaining {7} by stellating {7“;}. (The no- 
tation will be explained later in the chapter.) 

Although Kepler and Poinsot (see the following subsection) are credited with dis- 
covering the regular star-polyhedra in three dimensions, the polyhedron {3, 5} was 
depicted in 1420 by Paolo Uccello (1397-1475), while {5, 3} occurs in an engraving of 
1568 by Wenzel Jamnitzer (1508-85); however, it is unlikely that they fully appreciated 
the differences between these figures and others that they drew. 


The Modern Period 
Before Schlafli 


Johannes Kepler (1571-1630) began the modern investigation of regular polytopes by 
his discovery of the two star-polyhedra { 3, 5} (strictly, perhaps, a rediscovery) and { 3 , 3} 
(see [248, p. 122]). He also investigated various regular star-polygons, particularly the 
heptagons; for the latter, he showed that the side lengths of the three heptagons {7}, {3} 
and {2} inscribed in the unit circle are the roots of the equation 
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In a sense, Kepler stands on a cusp. The lingering effect of mediaeval (or perhaps even 
classical) thought on him shows in his attempt to relate the relative sizes of the orbits 
of the planets to the ratios of in- and circumradii of the regular polyhedra; later in his 
life he demonstrated that these orbits were ellipses. 

The Greeks had proved that certain regular polygons, notably the pentagon, were 
constructible using ruler and compass alone. In 1796, the young Carl Friedrich Gauss 
(1777-1855) showed that, if a regular n-gon {n} can be so constructed, then n is a 
power of 2 times a product of distinct Fermat primes, of the form 
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for some k; in fact, the condition is sufficient as well as necessary. The only known 
Fermat primes are those for k = 0, 1, 2, 3, 4; if there are no others, then an odd such 
n is a divisor of 2** — 1. In 1809, Louis Poinsot (1777-1859) rediscovered the first 
two regular star-polyhedra, and found their duals {5, 3} (again, perhaps really a redis- 
covery) and {3, 3} (see [342]); very soon afterwards, in 1811, Augustin Louis Cauchy 
(1789-1857) proved that the list of such regular star-polyhedra was now complete 
(see [76]). 


Schlafli 

At a time when very few mathematicians had any concept of working in higher di- 
mensional spaces, Ludwig Schlafli (1814-95) discovered regular polytopes and hon- 
eycombs in four and more dimensions around 1850 (see [355, §17, 18]). In fact, he 
found all the groups of the regular polytopes whose symmetry groups are generated 
by reflexions in hyperplanes in euclidean spaces. But against all his evidence he re- 
fused to recognize the dual pair (3, 5} and {5, 3} as “genuine” polyhedra (because they 
have non-zero genus), and so would not accept either the regular 4-polytopes which 
have these as facets or vertex-figures, even though calculating the spherical volumes 
of corresponding tetrahedra on the 3-sphere was a central part of his treatment. 

From 1880 onwards, the regular polytopes in higher dimensions were rediscovered 
many times, beginning with Stringham [405]. We refer to [120, p. 144] for the relevant 
details. Edmund Hess [215] found the remaining regular star-polytopes, and S. L. 
van Oss [337] proved that the enumeration was complete. (For an argument avoiding 
consideration of each separate case, see [280] and Section 7D in this work.) 


Coxeter 


The subject of regular polytopes had gone into somewhat of a decline when it was taken 
up by H. S. M. (Donald) Coxeter (born 1907). His investigations and consolidation of 
the theory culminated in his famous book Regular Polytopes [120], whose first edition 
was published in 1948. His contributions are too numerous to list here individually, 
but we should at least mention Coxeter diagrams and the complete classification of the 
discrete euclidean reflexion groups among all Coxeter groups. We shall mention this 
latter material in Section 1B. 
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But Coxeter also pointed towards later developments of the theory. In particular, 
when J. F. Petrie (1907-72) (the inventor of the skew polygon which bears his name) 
found the two regular skew apeirohedra {4, 6|4} and {6, 4/4}, he immediately found 
the third {6, 6|3}, and set the whole theory in a general context (see [105]). He also 
looked at regular maps and their automorphism groups, regarding the star-polyhedra 
as particular examples; he first observed that the Petrie polygons of a regular map 
themselves (usually) form another regular map (see [131, p. 112]). We shall provide an 
introduction to this area in Section 1D. 

In 1975, Griinbaum (see [198]) gave the theory a further impetus. He generalized 
the regular skew polyhedra, by allowing skew polygons as faces as well as vertex- 
figures. He found eight more individual examples and twelve infinite families (with non- 
congruent realizations of isomorphic apeirohedra), and Dress [148, 150] completed 
the classification by finding the final case and establishing the completeness of the list. 
Again, we shall consider this work later, in the appropriate place (see Section 7E). 

Finally, regular polytopes also formed the cradle of Tits’s work on buildings (see 
[415—417]). Buildings of spherical type are the natural geometric counterparts of simple 
Lie groups of Chevally type. Regular polytopes, or, more generally, Coxeter complexes 
(see Sections 2C and 3A), occur here as fundamental structural components, namely, 
as the “apartments” of buildings. In a further generalization, Buekenhout [55, 58] 
introduced the notion of a diagram geometry to find a geometric interpretation for 
the twenty-six sporadic groups (see [14, 143, 244]). Although we shall not discuss 
buildings and diagram geometries in detail, the present book has nevertheless been 
considerably influenced by these developments. 

History teaches us that the subject of regular polyhedra has shown an enormous 
potential for revival. One natural explanation is that the beauty of the geometric figures 
appeals to the artistic senses [20, 384]. 
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We begin this section with a short discussion of convexity, which we shall need again 
in Chapter 5. For fuller details, we refer the reader to any one of a number of standard 
texts, for example [197, 357]. 

A subset K of n-dimensional euclidean space E” is convex if, with each two of its 
points x and y, it contains the line segment 


[xy] = {(1—A)x tay |O<A< 1}. 


The intersection of convex sets is again convex, and so the convex hull conv S of a 
set S C E” is well defined as the smallest convex set which contains S. The convex 
hull of a finite set of points is a convex polytope; in this section, we shall frequently 
drop the qualifying term “convex” and talk simply about a polytope. A polytope P 
is k-dimensional, or a k-polytope, if its affine hull is k-dimensional. Here, an affine 
subspace of E” is a subset A which contains each line 


xy:={(_—A)x +ay|aAe€R} 
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between two points x, y € A; the affine hull aff S of a subset S'is similarly the smallest 
affine subspace of E” which contains S. 

Bear in mind that a non-empty affine subspace 4 is a translate of a unique linear 
subspace 


L:=A-A=A-x 


for any x € A; by definition dim A := dim L. The empty set @ is the affine subspace 
of dimension —1; it is also a polytope. We further refer to 2-polytopes as polygons and 
to 3-polytopes as polyhedra. 

The simplest example of an n-polytope is an n-simplex, which is the convex hull 


of an affinely independent set of n + 1 points. Here, a set {ap, a), ..., a,} is affinely 
independent if, whenever Ao, 41, ..., An € R are such that 
n n 

Y> dia = 0, ae =O, 

i=0 i=0 
then Ay = Ay = +--+ = Ay = 0; this is the natural extension of the notion of linear inde- 
pendence. (We use “o” to denote the zero vector.) 

A hyperplane 


A(u, a) := {x € E” | (x,u) =a} 
supports a convex set K, with outer normal u, if 
a = sup{(x,u) | x € K}. 


The intersection H(u,a) K is then an (exposed) face of K. An n-polytope P has 
faces of each dimension 0, ..., ” — 1, which are themselves polytopes. Often, @ and P 
itself are counted as faces of P, called the improper faces; the other faces are proper. 
We write P(P) = P for the family of all faces of P. The faces of dimensions 0, 1, 
n — 2andn — | arealso referred to as its vertices, edges, ridges and facets, respectively; 
more generally, a face of dimension j is called a j-face. 

The notation vert P is usual for the set of vertices of a polytope P; then P = 
conv(vert P). If v € vert P, and if H is a hyperplane which strictly separates v from 
vert P \ {v}, then HO P iscalleda vertex-figure of P at v. In the cases we shall consider 
in the following, we may usually choose the vertices of the vertex-figure at v in some 
special way; traditionally, they are the midpoints of the edges through v, although we 
shall frequently violate the strict terms of the definition, and take the other vertices of 
the edges through v instead. 

Before we proceed further, we list various properties of a convex n-polytope P, 
which will motivate many of the definitions we adopt in Chapter 2. 


¢ P isa lattice, under the partial ordering F < G if and only if F C G. The meet of 
two faces F and G is then F A G := FG, and the join F v G is the (unique) 
smallest face of P which contains F and G. 

¢ If F < Gare two faces of P with dim G — dim F = 2, then there are exactly two 
faces J of P such that F < J < G. 
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* For every two faces F', G of P with F < G, the section 
G/F:={JeP|F<J<G} 


of P is isomorphic to the face-lattice of a polytope of dimension dim G — dim 
F —1. (For F = @, we have G/F = G by a minor abuse of notation; when dim 
F > 0, proceed by induction, namely, by successive construction of vertex-figures.) 


Two faces F and G of P are called incident if F < GorG < F. 


¢ Ifdim P > 2, then P is connected, in the sense that any two proper faces F and G 
of P can be joined by achain F =: Fo, Fi, ..., Fy := G of proper faces of P, such 
that F;_, and F; are incident fori = 1,...,k. Hence, P is strongly connected, in 
that the same is true for every section G/F of P such that dim G > dim F +3. 

¢ The boundary bd P of P is homeomorphic to an (n — 1)-sphere; in particular, if 
n > 3, then bd P is simply connected. 


We call two polytopes P and QO (combinatorially) isomorphic if their face-lattices 
P(P) and P(Q) are isomorphic, so that there is a one-to-one inclusion preserving 
correspondence between the faces of P and those of Q. Similarly, P and Q are dual 
if P(P) and P(Q) are anti-isomorphic, giving a one-to-one inclusion reversing corre- 
spondence between the faces of P and those of Q. The notation P* for a dual of P will 
occur quite often. 

A flag of an n-polytope P is a maximal subset of pairwise incident faces of P; thus, 
it is of the form {F_,, Fo,..., Fy_-1, Fy}, with 


fC fy Ose Pyare Fas 


Here we introduce the conventions F_, := % and F,, := P for an n-polytope P; the 
inclusions are strict, so that dim F; = j foreach 7 = 0,..., — 1. The improper faces 
% and P are often omitted from the specification of a flag, since they belong to all of 
them. The family of flags of P is denoted F(P). Flags thus have the following properties. 


* Foreach j =0,...,2— 1, there is a unique flag ®/ € F(P) which differs from a 
given flag @ in its j-face alone. Two such flags © and ®/ are called adjacent, or, 
more exactly, j-adjacent. 

° P is strongly flag-connected, in that for each two flags ® and W of P, there exists 
a chain ® =: @o, D,..., By := W, such that };_; and @; are adjacent for each 
i=1,...,k,and®@OW C @; foreachi =1,...,k—1. 


The symmetry group G(P) of P consists of the isometries g of E” such that Pg = P.! 
Then P is called regular if G(P) is transitive on the family F(P) of flags of P; this 
form of the definition seems to have been given first by Du Val in [156, p. 63]. 
Alternative definitions of regularity of an n-polytope are common in the literature. 
We list some of them here; a comprehensive discussion of this topic occurs in [279]. 


* In such algebraic contexts, we write maps after their arguments throughout the book. Compositions of 
maps thus occur in their natural order; that is, they are read from left to right. Note that these conventions 
are a change from those in some of our earlier publications. 
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* A polygon is regular if its edges have the same length, and the angles at its vertices 
are equal (or, its vertices lie on a circle). 

¢ Forn > 3,ann-polytope is regular if its facets are regular and congruent (or isomor- 
phic), and its vertex-figures are isomorphic. (This formulation depends on Cauchy’s 
rigidity theorem; see [242, p. 335].) 

¢ For every n, ann-polytope P is regular if, for each 7 = 0,..., — 1, its symmetry 
group G(P) is transitive on the j-faces of P. 


A reflexion R in E” is an involutory isometry; it has a mirror 
> 


{x € E” |xR=x} 


of fixed points with which it is identified, so that the same notation R is employed for 
it. A hyperplane reflexion has a hyperplane as its mirror. 

A Coxeter group is one of the form G := (Ro, ..., Rn—1), the group generated by 
Ro, ..-, Ry—1, which satisfies relations solely of the form 


(Ri Rj)?! = E, 


the identity, where the p;; = pj; are positive integers (or infinity) satisfying p;; = 1 
for each j = 0,..., — 1. In addition, we call G a string (Coxeter) group if pj; = 2 
whenever 0 <i < j —1 <n — 2; this group is then denoted [p), ..., Pn—1]. We shall 
discuss Coxeter groups in full generality in Chapter 3. 


1B1 Theorem Zhe symmetry group G(P) of a regular convex n-polytope P is a finite 


string Coxeter group, with generators R; for j =0,...,n — 1 which are hyperplane 
reflexions, and p; := pj—1,j 2 3 for j =1,...,n — 1 (in the previous notation). Con- 
versely, any finite string Coxeter group for which p; > 3 for j =1,...,n —1 is the 


symmetry group of a regular convex polytope. 


Proof. Let us explain how this result arises. Fix a flag ® = {F_,, Fo,..., Fy—1, Fy} of 
a regular n-polytope P, with the conventions introduced previously. Denote by q; the 
centroid of F; for j = 0, ..., (by this, we mean the centroid of its vertices), and, for 
each j = 0,...,n —1, let 


1B2 H; :=aff(q; |i # j}. 


It is not hard to see that {go,..., qn} is affinely independent, so that each H; is a 
hyperplane. If R; is the (hyperplane) reflexion whose mirror is H;, then G(P) = 
(Ro, .-+, Rn—-1). 

We see this as follows. In any n-polytope P, and for any flag ® of P, for each 
j =0,...,n—1, let ®/ (as before) be the unique flag of P which is j-adjacent to 
®. Then R; is the unique symmetry of P which interchanges ® and ®/. The simple- 
connectedness of the boundary of P (for n > 3 — the case n = 2 is trivial) then leads 
directly to the first assertion of the theorem. Many of the details of the proof are exactly 
as in that of Theorem 1B3, and so we shall postpone them until then. 

We shall leave the converse of Theorem 1B1 until we have discussed Coxeter groups 
in more detail. However, the essence of the argument lies in the fact that a finite 
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Coxeter group always admits a faithful representation as a euclidean reflexion group 
(see Theorem 3B1). 


With the regular n-polytope P, we can associate its Schldfli symbol {p1,..., Pn—1}; 
where the p; are given by Theorem 1B1. We may observe already that the mirrors H; 
and their images under G(P) split E” up into convex (actually simplicial) cones. The 
H; themselves bound one of these, the fundamental region for G(P), which is that 
generated by qi, ..., Gn—1, With go as apex. For i 4 /, the dihedral angle between H; 
and H; is 2/p;;. Moreover, for 7 = 0,...,, we have 


F, = conv qo({Ro,..-, Rj-1), 


with F,, = P as before. This procedure is known as Wythoff’s construction (see [120, 
§11.6; 466]); we shall meet it again in Chapter 5. It exhibits each face F; as a regular 
j-polytope. 

The Wythoff construction can be applied to g,-;, using the subgroup 
(Rn—k, ---, Rn—1) to give the face F,, of a base flag {Fo, woh F,-1} of a dual polytope 
P* of P. We see that P* is also regular; its Schlafli symbol is {p,_1,..., pi}, reversing 
that of P. 

The number “3” occurs frequently in Schlafli symbols, and so we adopt a suitable 
brief notation; more generally, a string p,..., p of length k is abbreviated to p*. With 
this convention, we can list all the regular (convex) n-polytopes (see [120, Chapter 7; 
167, Chapter I.4, 1.5; 217, §23]). They are: 


¢ forn = 0, the point; 

* forn = 1, the (line-) segment: { }; 

¢ forn = 2, for each p > 3, a polygon: {p}; 

* forn = 3, five polyhedra: {3, 3}, {3, 4}, {4, 3}, {3, 5}, {5, 3}; 

* forn = 4, six polytopes: {3, 3, 3}, {3, 3, 4}, {4 3, 3}, {3, 4, 3}, (3, 3, 5}, (5, 3, 3}; 
* forn > 5, three polytopes: {3”~'}, {3”~*, 4}, {4, 3"77}. 


We shall see why this list is complete in Chapter 3 (compare Table 3B1). The regu- 
lar polyhedra are the five Platonic solids, namely, the tetrahedron, octahedron, cube, 
icosahedron and dodecahedron, respectively. For n = 4, the regular polytopes are the 
4-simplex, 4-cross-polytope, 4-cube, 24-cell, 600-cell and 120-cell, respectively (see 
also [403] for historical comments about the 120-cell). For n > 5 we only have the 
n-simplex, n-cross-polytope and n-cube, respectively. 

The concept of regular convex polytope in E” can be generalized in many different 
ways. In this section, we stay within the context of convex polytopes; in the following 
sections, we shall generalize the concept in various other directions. 

An automorphism of a polytope P is a permutation y of its face-lattice P which 
preserves inclusion; that is, y is an automorphism of 7 in the usual sense. The auto- 
morphisms of P form a group I"(P), called the automorphism group of P. Following 
[277] (see also [278]), we say that P is combinatorially regular if I'(P) is transitive 
on F(P). As examples, every n-polytope with n < 2 is combinatorially regular, as is 
every simplex. 
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The main result of [277] is 


1B3 Theorem 4 combinatorially regular polytope is isomorphic to an ordinary reg- 
ular polytope. 


Proof. We shall sketch the main details of the proof here. The core idea is to show 
that, if P is combinatorially regular, then ["(?) is a finite Coxeter group. We may then 
appeal to two facts: first, a finite Coxeter group is always the automorphism group of 
some regular convex polytope (this uses Wythoff’s construction and the fact that a finite 
Coxeter group is isomorphic to a reflexion group, both mentioned previously); second, 
two combinatorially regular polytopes are isomorphic if and only if their automorphism 
groups are isomorphic. 

So, with the same conventions as before, we fix a base flag ® := {F_|, Fo,..., Fy} 
of the combinatorially regular n-polytope P. For each j = 1,...,m— 1, there is a 
Pp; = 3, such that the section Fj,,/Fj;—2 is a p;-gon; by the combinatorial regularity 
of P, the same is true of each flag of P, with the same numbers p;. We shall show that 


1B4 I(P)=[pi,--- Pail, 


the string Coxeter group defined previously. 

If W is any flag of P, then, as before, for 7 = 0,..., — 1 we write W/ for the /- 
adjacent flag of P to W. It is immediately clear that, ify € '(P), then W/y =(Wy/). 
From this, we deduce that, if y € [’(P) is such that by = ®@, then y = ¢, the identity, 
since y will also fix each flag adjacent to ®, and thus all flags of P, using the flag- 
connectedness of P. As a further consequence, there is a one-to-one correspondence 
between F(P) and I'(P), so that |I"(P)| = card F(P). 

For each j = 0,..., — 1, there is thus a unique p; € '(P), such that Pp; := @!. 
We claim that (P) = (9, ..-, On—1), and then establish the required isomorphism. 
The reason that the p; generate J"(P) is straightforward. If y € '(P), write W := Dy. 
Since F(P) is connected, we may find a sequence ® = @,..., ®, = Wof flags, 
such that ®,_, and ®, are adjacent for each s = 1,...,7. Thus for each s, we have 
®, = g!) for some j(s) € {0,...,”— 1}. There is now an easy induction argument 
onr, using the observation we made before, whose general step for s > 1 is 


ie “ 
1B5 B, = OS) = (Ppje—1 +++ Py)" = Pj) +++ Pj 
With s = r, appealing to the uniqueness of y leads to 

1B6 Y = Pir) ++ Pj) © (P05 +++s Pn—1); 


as we wished to show. 

We next need to establish that the relations explicitly given by the definition of 
[P1,---> Pn—1] in terms of its generators po, ..., On—1 suffice to determine I"(P). We 
proceed as follows. If 


Pjr) + PIA) = & 
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is a relation in ’(P) involving certain of its generators, then 
PIM IO — ®, 


by reversing the earlier discussion. We can now show where the various kinds of 
relations arise; indeed, they come from 


GD” = @, 


which just describe the structure of various sections of P. (The sections of dimensions 
1 and 2 give p;; = 1 and the values of the p; = p;_1,;; the other relations arise from 
@/ = @/ ifi < j-1,) 

We now look at a general relationship of this kind in a more geometric way. With a 


flag W = {Go, ..., Gn_1} (we suppress the improper faces), we associate an (n — 1)- 
simplex 
1B7 T(W) := conv{q(G;) | 7 =0,...,n— 1}, 


where q(G) denotes the centroid of (the vertices of) the polytope G. (In effect, we 
are constructing the order complex of the face-lattice of P; see Section 2C; as is 
often the case, we identify a simplicial complex with its underlying point-set — its 
“polyhedron”.) Two such (n — 1)-simplices share a common ( — 2)-face if and only if 
the corresponding flags are adjacent. We associate with this sequence of adjacent flags 
an interior loop in the boundary bd P of P; this is a continuous loop in bd P which 
passes successively from one simplex T(W) to the next adjacent one, and does not meet 
an (n — 3)-face of any of them. If < 2, there is nothing to be said, since we have 
already identified such n-polytopes as combinatorially regular (and then their groups 
I'(P) are as described). When 1 > 3, we can appeal to the fact that bd P is simply 
connected. This means that any loop in bd P is contractable to a point within bd P. We 
thus contract the interior loop associated with a relation in \(P) to a point in T(®); 
clearly, we can do this in such a way that it never meets a face of any of the simplices 
T(W) of dimension less than n — 3. The resulting operations on the sequences of flags 
are of two types: 


* moving to an adjacent flag, and then returning, corresponding to arelation W// = W; 
* moving the loop over an (n — 3)-face of some simplex T(W), corresponding to a 
relation WW)" = w, 


Each gives a relation in [’(P) conjugate to one of those defining the Coxeter group 
[P1,--+>; Pn—1]; we conclude that '(P) = [p1,..., Pn—1], aS was claimed. This ends 
our discussion of the proof, for reasons that we have already indicated. 


In fact, a careful analysis of this proof, specifically the inductive step in (1B5), 
shows that something considerably short of the full force of combinatorial regularity 
will yield the same consequences. 


1B8 Corollary An n-polytope P is combinatorially regular if and only if there exists 
a flag ® of P, such that, for each j =0,...,n —1, there is a p; € I'(P), such that 
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In [279], various other criteria for combinatorial regularity were established. The 
most important is [279, Theorem 4A1], which was rediscovered in [155]; we introduce 
it in a more general context here. Call an n-polytope P equivelar if, for each j = 
1,..., — 1, there exists a number p;, such that, for each flag YW = {G_|, Go,..., Gn} 
of P, the section G;+1/G;_2 is a p;-gon. (The concept of equivelarity was introduced 
in a somewhat different context in [310] for polyhedral manifolds; see Section 1D.) 
This is now a purely combinatorial notion; that is, it does not explicitly mention the 
automorphism group I"(P). Nevertheless, we have 


1B9 Theorem An equivelar convex polytope is combinatorially regular. 


Proof. We may clearly take n > 3 here. The essence of the proof is the following. If 
is a given flag of P, any other flag is of the form 


pide), 
for some j(1),..., (7). Given another flag W of P, we define a mapping y := 
yw: F(P) > F(P) by 
PIM IM y = PIMIO, 
For a general polytope, this mapping would not be well defined. However, since P is 
equivelar and bd P is simply connected, any alternative expression 


pk) Ks) — pi MIO) 


leads to an interior loop associated with 
PHD KIIMID — @, 

and reversing the contraction of the loop, but now basing it on W, leads to 
PDK OFM) — py, 

or 


yr K)K(s) VIDIO), 


showing that y is well defined. We have therefore explicitly constructed y € '(P) 
such that @y = W; hence P is combinatorially regular. 


Various other criteria for combinatorial regularity of a convex n-polytope P can be 
deduced from Theorem 1B9. These sit between the original definition and its reformu- 
lation in terms of equivelarity; they are all taken from [279], and we list them without 
proof. 


¢ I°(P) is transitive on the facets of P, one facet F' of P is combinatorially regular, 
and its automorphism group J"(/’) is a subgroup of J"(P). (There is an obvious dual 
criterion in terms of vertex-figures.) 

¢ For each j = 1,...,n—1, the group I(P) is transitive on the incident pairs of 
(j — 2)- and (j + 1)-faces of P. 
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The last two criteria involve a common condition on a polytope P. 


For each face F of P, and each y € I'(P) such that Fy = F, there exist 
1B10 (commuting) y_, y+ € I'(P), such that y = y_y;, and y_ (7+) fixes 
each face G of P withG C F(F CG). 


* I(P) satisfies (1B10), and, for each 7 = 1,..., — 1, is transitive on the incident 
pairs of (j — 1)- and j-faces of P. 

* I(P) satisfies (1B10), and there exists a flag ® = {F_,, Fo,..., F,} of P such 
that, for each 7 = 0,..., — 1, there is a oj € I'(P) which interchanges F; and 
the unique other j-face F’* of P which satisfies Fj) C F7 C Fy. 


The very stringent requirements in the definition of regularity of polytopes can be 
relaxed in many different ways, yielding a great variety of weaker “regularity” notions. 
For example, a convex polytope is called semi-regular if its facets are regular and its 
symmetry group is transitive on the vertices (see [32, 103, 108, 123, 124, 235]). There 
are also other related concepts, but we shall not employ any of them; for a survey, see 
[273, 371]. 


1C Extensions of Regularity 


We now treat some different notions of regular polytope; we shall gradually increase the 
level of generality. First, there are the infinite analogues in ordinary euclidean space, 
the regular honeycombs. A honeycomb or tessellation is a collection P of n-polytopes, 
called cells, which tiles E” face-to-face; that is, two of its cells have disjoint interiors 
and meet on a common face of each (which may be empty), and these cells cover 
i”. A flag of a honeycomb P is defined as for an (n + 1)-polytope, of which it is an 
infinite analogue; then F,, will be a cell of P, which is why we also use the alternative 
designation facet. 

As might be expected, a honeycomb P will be regular if its symmetry group G(P) 
(the group of isometries of E” which preserves P) is transitive on the flags of P. 
Once again, G(P) will be a Coxeter group generated by hyperplane reflexions; for 
j =0,...,n, the mirror H; of the jth generating reflexion R; is defined exactly as 
(1B2) (there is no centre g,+41, of course). This time, though, the fundamental region 
for G(P) is an n-simplex conv{qo, ..-. Yn}. 

The regular honeycombs in E” can be classified; again, we refer forward to Chapter 3 
for details (see Table 3B2). The list is 


¢ forn = 1, the single apeirogon: {00}; 

¢ forn = 2, three tessellations: {4, 4}, {3, 6}, {6, 3}; 

* forn = 3,asingle honeycomb: {4, 3, 4}; 

* forn = 4, three honeycombs: {4, 3, 3, 4}; {3, 3, 4, 3}, {3, 4, 3, 3}; 
* forn > 5,asingle honeycomb: {4, 3”~*, 4}. 


For each n, we have the tessellation by cubes; this is the apeirogon if m = 1, or 
{4, 3"-?, 4} ifn > 2, giving the square tessellation {4, 4} ifm = 2. Inthe plane, there are 
also the triangular and hexagonal tessellations {3, 6} and {6, 3}, respectively. Finally, in 
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dimension 4, we also have the two exceptional tessellations {3, 3, 4, 3} and {3, 4, 3, 3}, 
with 4-cross-polytopes or 24-cells as tiles, respectively. 

Having permitted honeycombs in euclidean space, the next natural step is to general- 
ize yet further to hyperbolic space. Again, we shall consider such honeycombs in detail 
in Chapter 3, where a complete classification of them will be given (see Table 3C1). 

Next, one can allow non-convex polytopes, such as pentagrams and their higher 
dimensional analogues. At first, we proceed in an elementary way, constructing such 
polytopes by building them up, facet by facet. We begin with the planar regular poly- 
gons; non-planar polygons will only be talked about a little later. A polygon (more ex- 
actly, a p-gon) is now defined to be a finite set of line-segments [a;_\a;] (i = 1,..., p) 
in a (2-dimensional) plane, with a, = ao. Thus a polygon is thought of as a closed path 
formed by line-segments which are its edges (facets); the end points of these segments 
are its vertices. 

As before, a polygon P has a symmetry group G(P), and P is regular if G(P) is 
transitive on the set F(P) of flags of P. Since G(P) permutes the vertices of P, their 
centroid 


is invariant under G(P). If we choose c to be the origin of the coordinate system in 
the plane, then G(P) will be an orthogonal group. The vertices a; will lie on a circle 
centred at c, the edges of P will have the same length, and the angles of P at its vertices 
will be the same. Thus we have a less abstract concept of regularity than in the formal 
definition. 

Anedge [a;_1a;] of P will subtend an angle 2d:/ p at c, for some integer d satisfying 
l<d< ip, with the greatest common divisor (p, d) = 1. Ifd > 1, then P will be non- 
convex, and is called a regular star-polygon. The Schlafli symbol for P is then {4}. 

For n > 3, we define a regular star-polytope P as follows. This will be formed 
from finitely many (” — 1)-polytopes, meeting in pairs on their (” — 2)-faces. These 
facets are congruent and regular, and the vertex-figures of P (which must exist) are 
also congruent regular (n — 1)-polytopes. One can also make a more abstract definition, 
regarding P asaconfiguration of affine subspaces of various dimensions from 0 ton — 1 
(these substitute for the faces of the same dimensions) satisfying the same conditions 
as those we listed for a convex polytope; the symmetry group G(P) will be obliged to 
be transitive on the flags of P. 

Whichever definition we adopt, we conclude, much as in the convex case, that G(P) 
is a finite group generated by hyperplane reflexions. From this point, one may proceed 
in one of several ways; we briefly trace the historical development. As we remarked 
in Section 1A, the regular pentagram {3} was already known to the Greeks, and the 
regular star-polygons were systematically investigated by Bradwardine. The complete- 
ness of the enumeration of the regular star-polyhedra (Kepler—Poinsot polyhedra) was 
established by Cauchy, and the remaining regular star-polytopes (which are confined 
to E*) were found by Schlafli and Hess. 
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These constructions were all more or less recursive, and hence synthetic. It really had 
to await Coxeter’s interest in them for group theory to begin to play the pre-eminent role 
it does now. Coxeter also laid the foundations for a number of systematic constructions 
which relate different regular polytopes. Thus, for example, while Hess had shown, by 
enumeration of all the cases, that a regular star-polytope must have the same vertices 
as those of some regular convex polytope, a complete explanation of this result was 
not provided until [280, p. 592]. We shall discuss this result in an appropriate context 
in Section 7D. 

A further generalization of the notion of regular polyhedron arose from an obser- 
vation by Petrie in 1926. One still insists on convex polygonal faces, but now allows 
the vertex-figures to be regular skew (non-planar) polygons. He and Coxeter did not 
take the next step of allowing skew faces as well; this was done by Griinbaum in 1965. 
Finally, there are abstract generalizations, such as regular maps, which we shall begin 
to discuss in Section 1D. Each concept leads to a greater level of generalization. The 
definitions here will anticipate those in Chapters 2 and 5, to which reference should be 
made. 


1D Regular Maps 


It is no part of our overall plan to give the whole theory of regular maps at this stage. 
What we wish to do, rather, is to describe a number of examples which we can then 
use to illustrate the next few chapters. 

Informally, a map P is a family of polygons (which for our present purposes may 
be apeirogons, that is, infinite), such that 


* any two polygons meet in a common edge or vertex, or do not meet at all; 

* each edge belongs to precisely two polygons; 

* the polygons containing a given vertex form a single cycle of adjacent polygons 
(sharing a common edge); 

* between any two polygons is a chain of adjacent polygons. 


The map ? will have an automorphism group I"(P), and P will be regular if '(P) is 
transitive on the set F(P) of flags of P. If the regular map P has p-gonal faces and 
q-gonal vertex-figures, then it is said to be of (Schldfli) type {p, q}. 

Each regular polyhedron or apeirohedron gives rise to a regular map, in the natural 
way. We wish to describe several classes of such regular maps, which admit more or 
less concrete definitions; these are in terms of various edge-paths on the map. 

First among these is the Petrie property. Locally, at least, a map has a definite 
orientation, relative to one of its polygons, say. (Globally, a map need not be orientable, 
even if it is finite. Ifa map has infinitely many polygons through each vertex, it is often 
hard to discuss its underlying topology in any sensible way.) An edge-path which uses 
two successive edges of a polygonal face, but not three, is called a Petrie polygon of P. 
(This notion is traditionally attributed to J. F. Petrie; but only recently did we learn from 
Professor Coxeter that such polygons were investigated before Petrie in Reinhardt [345, 
p. 11], where the concept was introduced for general convex polyhedra. However, it 
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seems that its significance for regular polytopes was indeed first pointed out by Petrie.) 
All Petrie polygons are equivalent under (P). A regular map of type {p, g} which 
is determined by the length r of its Petrie polygons is denoted by {p, g},. A famous 
example of such a regular map is Klein’s map {3, 7}g, connected with the solution of 
polynomial equations of degree 7 (see [250, p. 461; 251, p. 260; 252, p. 109]); another 
is Dyck’s map {3, 8}6 (see [157, p. 488; 158]). 

The path in a regular map P formed by the edges which successively take the second 
exit on the left (in a local orientation), rather than the first, at each vertex, is called a 
hole. Again, all (left and right) holes of P are equivalent under \(P). A regular map of 
type {p, g} which is determined by the length / of its holes is denoted by {p, g | A}. We 
give just a few examples here. The Poinsot polyhedron {5, 3} is isomorphic to {5, 5 | 3}. 
The map {4, 4|/}, for h > 3, is obtained from an h x h array of squares by directly 
identifying opposite sides to form a torus (later, we shall permit the case h = 2 as 
well). Finally, the Petrie-Coxeter regular skew polyhedra mentioned in Section 1C are 
{4, 6| 4} and its dual {6, 4| 4}, discovered by Petrie, and {6, 6| 3}, found immediately 
afterwards by Coxeter. 

The last class we wish to consider at this stage comprises the regular toroidal poly- 
hedra or, more briefly, the regular tori. The symmetry groups of the three planar regular 
tessellations or tilings {3, 6}, {4, 4} and {6, 3}, by triangles, squares and hexagons, re- 
spectively, contain (normal) subgroups of translations. For the first two, the subgroups 
are transitive on the vertices of the tilings, and for the last two, they are transitive on the 
faces. We may then identify vertices, edges and faces of such a tiling P by a subgroup 
T of the translations. If 7 is a normal subgroup of the whole symmetry group, then 
(with a few exceptions) the map P/T obtained by this identification will be regular. 
The exceptional cases arise when 7 is too large a subgroup of the whole translation 
group. 

Such a regular map is alternatively designated by a symbol P,, where s := (s, f) is 
a certain non-negative integer vector. Let us begin with the easiest case P = {4, 4}. 
We can take the vertices of {4,4} to be those points of E? with integer cartesian 
coordinates. If (s, f) is any non-zero integer vector, then (s, f) and the point (¢, —s) 
obtained by rotating it by 2/2 about the origin o := (0, 0) generate a subgroup T = 
Avs,1) of translations (by integer linear combinations). The map resulting from {4, 4} by 
identification under A(, ,) is denoted by {4, 4}, = {4, 4},4 := {4, 4}/Aw.1). This map 
will have the topological type of a torus, whence the general descriptive name. 

Now, as we have defined it, the lattice Ai;,) has the full rotational symmetry of 
the whole tiling {4,4}. This has two consequences. First, we may replace (s, ¢), if 
necessary, by one of its images under rotation by multiples of 2/2, to make s, t > 0; 
this is unique, except when one of the coordinates is zero, in which case we take (s, 0) 
in preference to (0, s). Second, the identified map {4, 4}(s,-) will also have full rotational 
symmetry. However, it will only have full reflexional symmetry, so that it is regular, if 
(t, 5) € Ais) also; bearing in mind that (s, ft) and its rotational images generate Ay, 1), 
this means that t = 0 or t = s. Restoring the symmetry between s and t enables us 
to write this condition in the form s¢(s — t) = 0. If st(s — t) £ 0, then (4, 4}(s,4 will 
only have rotational symmetry; the technical term to describe such a map is chiral, 
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a a 
b a b 
a b a 
a a 
Figure 1D1. The tori {4, 4}(3,0) and {4, 4}2,2). 


which will be defined generally at the end of Section 2B. Incidentally, the “small” 
vectors (s, f) = (1, 0) and (1, 1) (which generate “large” translation subgroups) must 
be excluded here, because the resulting maps degenerate. Two small examples, namely, 
{4, 4}(3,0) and {4, 4}(2,2), are illustrated in Figure 1D1; points with the same label are 
identified by translation. 

We may treat the other two tilings {3, 6} and {6, 3} similarly, and, in fact, together. 
The vertices of {3, 6} (or the centres of the faces of {6, 3}) may also be taken to be the 
points with integer coordinates, but this time with respect to an oblique pair of axes, at 
an angle 2/3. Again, a non-zero integer vector (s, t) generates a translation subgroup 
A(s,1), With the aid of its images by rotations through multiples of 2/3, namely, (t, —s) 
and (t — s,s +f) (we may ignore their negatives). Thus, we may suppose that (s, f) 
is a non-negative vector. As before, we have maps {3, 6}, = {3, 6}(,,y and {6, 3}, = 
{6, 3}(s,7) on the torus. They will generally be chiral: the condition for regularity is 
again st(s — t) = 0. Observe that, in this case, only the “small” vector (s, t) = (1, 0) 
must be excluded. As with the other tori, two small examples, namely, {3, 6}(3,0) and 
{6, 3}(1,1), illustrate this in Figure 1D2. 

These notions can be generalized in many ways, but we shall postpone further 
discussion until we can do it in terms of the groups. However, let us briefly mention 


a a Cc 
a b 
c 
a a 


Figure 1D2. The tori {3, 6}(3,0) and {6, 3}a,1: 
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(if only to dismiss) a generalization of regularity for maps formulated in [310]. A map 
is called equivelar of type {p,q} if each of its faces is a p-gon, and these faces meet 
q at each vertex. A regular map must, of course, be equivelar, but the converse is far 
from true. Large classes of equivelar maps were constructed in [310, 311], where the 
interest was in whether they admitted polyhedral embeddings in E?; some of these 
maps are regular, particularly the simplest cases of those of type {4, g} and {p, 4} (see 
[50, 51, 309]). 
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Regular Polytopes 


It is not an easy task to trace precisely the history of the idea of abstract regular poly- 
topes. While it is clear that the concept has its roots in the classical theory, and notably 
in Coxeter’s work [120], more recently there have been several parallel developments 
which have influenced the theory of abstract regular polytopes. 

From the point of view of discrete geometry, it appears that combinatorial regularity 
was first studied in McMullen [277] in the context of combinatorially regular convex 
polytopes (see Section 1B). In its generality, the notion of an abstract regular polytope 
was largely anticipated in Griinbaum’s paper [199] on structures which he called regu- 
lar polystromata. Then, in 1977, Danzer introduced the more restrictive concept, based 
on Griinbaum’s work, of a regular incidence complex; see Danzer and Schulte [141], 
although the definitions adopted were anticipated by McMullen (in a geometric con- 
text) in [280, p. 578]. Among these regular incidence complexes, the abstract regular 
polytopes, or regular incidence polytopes as they were first called, are particularly close 
to the traditional polytopes, and form a special class of polytope-like structures with a 
distinctive geometric and topological appeal. It seems that a more systematic study of 
these objects was begun by Schulte [362-364]. 

Although the points of view are quite different, the theory of abstract regular 
polytopes has gained considerably from its interaction with the theory of Tits build- 
ings (Tits [417], Brown [54], Ronan [351], Scharlau [354]) and diagram geometries 
(Buekenhout [55, 58], Buekenhout & Cohen [59], Kantor [243], Pasini [340]). Apart 
from the fact that buildings and geometries need not be equipped with an incidence 
relation given by a partial order, the basic difference of the subjects results from the 
property (P4) defined in Section 2A. Formally, this property still makes each abstract 
polytope a geometry, or more precisely a thin geometry with a string diagram ([340, 
p. 424]), but this geometry is degenerate in the same sense in which a triangle is a 
degenerate projective plane. It is therefore more natural to study these structures from 
the point of view of polytope theory, and to regard them as abstract polytopes. 

As another influence, we mention the work of Dress and others on classification 
problems for tilings in spaces of two or more dimensions (see [149, 151-154, 317]). 
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In this chapter, we introduce the basic notation and concepts of the theory of abstract 
regular polytopes. Our notation will generally be patterned after the traditional theory, 
and will provide a convenient framework to study combinatorially regular structures 
resembling the classical regular polytopes. 

The chapter is organized as follows. In Section 2A, we discuss the concept of an 
abstract polytope without reference to regularity. Regular abstract polytopes, or as we 
shall say abstract regular polytopes, are then the subject of Section 2B. In Sections 2C 
and 2D, we deal with order complexes and quotients of abstract polytopes. In Section 2E, 
we study the groups of abstract regular polytopes and characterize them as string C- 
groups. Finally, in Section 2F, we shall discuss presentations of automorphism groups, 
and introduce some appropriate notation. 


2A Abstract Polytopes 


In the literature, the term “polytope” has been used in various contexts and with quite 
different meanings; examples of this are mentioned in Chapter 1. Here we shall use 
the term in an abstract sense to specify combinatorial or geometric structures with 
properties analogous to those of convex polytopes in euclidean spaces. Our polytopes 
will be precisely those structures which elsewhere have been called incidence polytopes. 
We do not choose the shorter term polytope merely for the sake of brevity. In fact, 
extensive study of these structures over the past few years has lead to a theory very 
much along the lines of the classical theory, and often with more exciting ramifications. 
We feel that this completely justifies our terminology. 

An abstract polytope P of (finite) rank n (> —1), or, more briefly, an abstract 
n-polytope, is a partially ordered set (or poset for short) with properties (P1), ..., (P4) 
below. (These conditions should be compared with those satisfied by convex polytopes; 
see Section 1B.) The elements of P are called the faces of ?. Sometimes we use the 
term face-set of P to denote the underlying set of P (without reference to the partial 
order). 

Two faces F and G of P are said to be incident if F < G or F > G. A chain of P 
is a totally ordered subset of P. A chain has Jength i (> —1) if it contains exactly i + 1 
faces. Note that, by definition, the empty set is a chain (of length —1). The maximal 
chains are called the flags of P. We denote the set of all flags of P by F(P). It is clear 
that each chain is contained in a flag of P. 

We begin with the first two defining properties for abstract polytopes, of which (P1) 
is purely technical. 


(P1) P contains a least face and a greatest face; they are denoted by F_, and F,,, 
respectively. 

(P2) Each flag of P has length n + | (that is, contains exactly n + 2 faces including 
F_, and F,). 


For any two faces F and G of P with F < G, we call 


G/F :={H|HeEP,F<H<G} 
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a section of P. In general, there is little possibility of confusion if we identify a face F 
and the section F'/ F_,; the context should make clear if F is considered as an element 
of P or asa section of P. Note that each section itself is a poset with properties (P1) 
and (P2), with the rank chosen appropriately; in fact, the subsequent conditions ensure 
that each section will indeed be an abstract polytope of this rank. Each section of P 
distinct from P itself is called a proper section of P. 

The properties (P1) and (P2) imply that P has a natural rank function, which we 
denote by “rank”. More precisely, if F is a face of P and the rank of F'/F_, isi, then 
we set rank F := i and call F a face of P of rank i, or, more briefly, an i-face of P. It 
follows that rank F_,; = —1 and rank F,, = n, so that F_, and F,, are the only faces of 
P of these ranks. The faces F_, and F,, are called the improper faces of P; all other 
faces of P are proper. By our convention, P and its n-face F,, are identified. We also 
write rank P := n to indicate that P has rank n. Finally, we denote by 7; the set of all 
i-faces of P, fori = —1,0,...,n. 

Further to emphasize the analogy with the theory of convex polytopes, we also call 
the faces of P of ranks 0, 1, — 2 orn — | its vertices, edges, subfacets (or ridges) and 
facets, respectively. If F is a face of P, then the section F,,/F is said to be the co-face 
at F, or the vertex-figure at F if F is a vertex. If F is an i-face, then we also call the 
co-face at F' a co-i-face. If F and G are faces of P such that F < G, then the rank 
of the section G/F is rank G — rank F — 1. In particular, the ranks of a face F'/F_ 
(or F’) and its co-face F,,/F are rank F and n — | — rank F, respectively; the latter is 
also called the co-rank of F. It follows that vertex-figures have rank n — 1 and co-rank 
1. We shall use the term k-section to mean a section of P of rank k. 

If 2 is a chain of P, then we call the set of ranks of its elements the type of 22. 
In dealing with chains, and specifically with flags, we shall agree on the following 
conventions. If we write a chain $2 in the form 92 = {F, G, H,...}, then the faces in 
2 occur in their natural order; thatis, fF < G < H <---. Further, inthe notation Q = 
{F;,, Fi,,..., F;,,}, the indices will specify the ranks of the faces; that is, rank F;, = i; 
fork = 1,...,m. Similarly, ifthe type of 2 is J = {i), i2,..., im}, then it will be taken 
for granted that i) < iz <--+- <in. 

Occasionally, we shall find it convenient to omit the improper faces from chains; for 
example, we may write flags in the form {Fo,..., Fy—1}. 

Our next defining property concerns the connectedness of P. A poset P of rank 
n with properties (P1) and (P2) is called connected if either n < 1, or n > 2 and for 
any two proper faces F' and G of P there exists a finite sequence of proper faces 
F=H),M,..., H1, Hh, =G of P such that H;_,; and H; are incident for i = 
1,...,&. We say that P is strongly connected if each section of P (including P itself) 
is connected. Note that, in general, connectedness of each proper section of P does 
not imply connectedness of P itself. Our next defining property is 


(P3) FP is strongly connected. 


There are various ways to weaken the requirements of (P3) and obtain more general 
kinds of posets (for example, see [400-402]). We have intentionally chosen the strongest 
possible condition. 
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Though the definition of global and local connectedness is satisfactory from an 
intuitive point of view, it turns out that an equivalent definition in terms of flag- 
connectedness is more useful. 

Given a poset with properties (P1) and (P2), we call two flags of P adjacent if one 
differs from the other in exactly one face; if this face has rank i, then the two flags are 
said to be i-adjacent. (Note that, in contrast to some treatments elsewhere, a flag is not 
considered to be adjacent to itself.) Then P is flag-connected if any two distinct flags 
@ and W of P can be joined by a sequence 


P= Dp, P,..., Py_-1, PQ = V 


of flags, such that ®;_; and ; are adjacent for j =1,...,k. Note that flag- 
connectedness implies connectedness. Further, P is strongly flag-connected if each 
section of P is flag-connected, or equivalently, if any two distinct flags ® and W of P 
can be joined by a sequence = ®o, ®),..., Dy_1, Dy = W of flags, all containing 
® OW, such that ®;_; and ®; are adjacent for j = 1, ..., k. The proof of the following 
proposition is straightforward, but because of its importance we give it here. 


2A1 Proposition Let P be a poset with properties (P1) and (P2). Then P is strongly 
connected if and only if it is strongly flag-connected. 


Proof. The proof proceeds by induction on n := rank P, there being nothing to prove 
ifn < 1.Sotaken > 2. First, suppose that P is strongly connected, and let and W be 
two flags of P. If Q := © NW is non-empty, say 2 = {F;,,..., Fj,} with k > 1 (we 
ignore the improper faces, and follow the conventions adopted before), then each section 
F;;/F;,_, is strongly connected fori = 1,..., +1, where we write Fj, := F_, and 
Fj,,, = Fy. Each section has rank smaller than n, and so we may successively move 
the part of ® in that section to that of W by a sequence of adjacent flags. Putting 
these sequences together then gives a sequence of adjacent flags from @ to Y, all 
containing £2. 

If 2 = G, take any sequence Go, ..., Gx of successively incident faces, with Go € 
@® and Gx € W; such a sequence exists since P is (strongly) connected. For each 
i=1l,...,4—1, there isa flag }; D {G;_1, Gj}; set By := G and }; := W. We now 
appeal to the foregoing part of the proof to move ®;_, to ®; by a sequence of adjacent 
flags (containing F;) for eachi = 1, ..., k; concatenation then gives such a sequence 
from @ to W, as required. 

The converse is rather easier. If F and G are any two proper faces of ? (and we may 
assume that they are not already incident), then choose flags ® and W of P with F € & 
andG € W. Let d = Do, ..., ; = W be any sequence of successively adjacent flags 
of P. We immediately find a sequence of vertices and edges of ?, each incident with 
its neighbours, as follows. Take the first vertex and edge in ®, and change vertex or 
edge only according as 9; is 0- or l-adjacent to ®;_,; the last vertex will lie in VW. 
The first vertex is incident with F (or is F itself), and similarly for the last vertex 
and G; this gives the required sequence of successively incident proper faces from 
FtoG. 
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It follows from this proposition that (P3) takes the equivalent form 
(P3’) P is strongly flag-connected. 


Our last defining property is a certain homogeneity requirement for the sections of 
rank 1. Roughly speaking, this property says that the poset is basically “real”. It is this 
property which is responsible for the close connexion with traditional polytope theory. 


(P4) Foreachi = 0,1,...,” —1,if F and G are incident faces of P, of ranksi — | 
and i + 1, respectively, then there are precisely two i-faces H of P such that 
F<H<G. 


For more general kinds of posets or geometries, the homogeneity parameter 2 in (P4) 
must be replaced by other values (if it exists at all). However, for abstract polytopes it is 
crucial that this value is 2. Note that (P4) can be rephrased by saying that all 1-sections 
of P are of diamond shape; see Figure 2A1(b). 

For later use, we introduce the following notation. By (P4), if > 1 then, for each 
j =0,...,n — landeach flag & of P, there exists precisely one adjacent flag differing 
from @ in the j-face; we shall denote this flag by ®/. We extend this notation by writing 


piWIO-DIO) (pIO-Je—DVO 
forr > 2. Note the following basic facts about adjacent flags. 


2A2 Lemma Let ® be a flag of an abstract n-polytope P, andlet0 <j <k<n-1. 
Then 


(a) P/ =; 
(b) OF = bY fork > j +2. 


To summarize our definitions, an abstract n-polytope P (that is, an abstract poly- 
tope of rank n) is a poset which satsifies properties (P1), ..., (P4). If the rank is not 
specified, we shall simply refer to P as an abstract polytope. Further, we shall usu- 
ally drop the qualification abstract and allow it to be understood; thus, for example, 
n-polytope will generally mean abstract n-polytope. To avoid confusion, we shall then 
refer to the traditional (regular) polytopes in euclidean spaces by such terms as “convex 
(regular) polytopes” or “star-polytopes”. Similarly, if we discuss geometric realizations 
of abstract polytopes, either an additional qualification or the context will make it clear 
whether the term “polytope” is being used in an abstract or a geometric sense. 

We have special terms for polytopes of small rank; we often call a 2-polytope a 
polygon, and a 3-polytope a polyhedron. 

The underlying face-set of a polytope P can be finite or infinite. Accordingly, we 
shall call P finite or infinite. An infinite n-polytope is also called an n-apeirotope; when 
n = 2, we also refer to it as an apeirogon, and when n = 3 as an apeirohedron. We say 
that P is locally finite if all its proper sections are finite. 

Before we proceed, it may be helpful to provide an alternative, recursive, definition 
of an abstract polytope. The n-polytopes for n < 1 are as in Figure 2A1. For n > 2, 
an n-polytope is a connected poset satisfying (P1), such that each (n — 1)-section is an 
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(n — 1)-polytope. The picture we should have here is of building a polytope by sticking 
its facets together along its ridges, in such a way that they fit polytopally around each 
vertex. 

As can be expected from the use of our terminology, convex polytopes of dimension 
n (or, rather, their face-lattices) are indeed finite (abstract) n-polytopes. For n > 1, 
the (face-to-face) tessellations of euclidean n-space provide examples of (n + 1)- 
apeirotopes. 

Of course, there are many more examples of polytopes. For instance, if we begin 
with the tessellation J of the euclidean plane by squares and identify points in the 
plane which are equivalent under a suitable translation subgroup A of the symmetry 
group G(Z) of 7, then we obtain a decomposition of the 2-torus into topological 
squares, 4 meeting at each “vertex”. The set of all “vertices”, “edges” and “squares” 
in this decomposition (together with suitably adjoined improper faces), ordered by 
inclusion, is a finite polyhedron (3-polytope). This is an example of a map of type 
{4, 4} on the torus; see Sections 1D and 6D for more details. It is constructed from an 
apeirohedron by making suitable identifications. 

Note that the decomposition of the torus will fail to give a polytope if A is the 
full translation subgroup of G(Z). In fact, in this case the decomposition consists of 
only one “square”, two “edges” and one “vertex”; in other words, there are not enough 
“faces” for the decomposition to form a 3-polytope. 

A map on a surface is polytopal if its face-set is a 3-polytope. The example of the 
torus map with only one square face is not polytopal. More generally, a member of a 
family of posets is called polytopal if it is an abstract polytope. 

Returning to the general discussion, we observe that polytopes of rank at most 2 
are essentially trivial. A polytope of rank —1 consists of the single face F_\(= F,), 
together with the trivial partial order. A polytope of rank 0 has only two faces — the 
improper faces F_, and Fo (= F,,). The Hasse diagram of a 1-polytope is diamond- 
shaped; there are exactly two vertices, each incident with F_, and the (improper) edge 
F. Note that all 1-sections of polytopes of higher rank are of this kind. The Hasse 
diagrams of the polytopes of ranks 0 and | are illustrated in Figure 2A1. (In a Hasse 
diagram for P, faces of P of the same rank are depicted by nodes on the same diagram 
level, and two nodes on adjacent diagram levels are joined by a branch if and only if 
the corresponding faces of P are incident.) 


(a) (b) 
Figure 2A1. The polytopes of ranks 0 or 1. 
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(a) (b) 


Figure 2A2. The Hasse diagrams for the pentagon and the apeirogon. 


It follows easily from the defining properties (P1), ..., (P4) that the Hasse diagram 
of a 2-polytope P is necessarily of one of the two kinds illustrated in Figure 2A2. 
According as P is finite or infinite, it is identical to the diagram of a convex p-gon {p}, 
with 2 < p < oo, or the apeirogon {00}; see Sections 1B and IC. Part (a) of the figure 
shows the pentagon (that is, p = 5); part (b), the apeirogon. 

General notions for incidence structures like homomorphism, isomorphism, auto- 
morphism or duality have a corresponding analogue in the theory of polytopes. A map 
gy: P — Q between (the face-sets of) two polytopes P and Q is called a homomor- 
phism (between polytopes) if it preserves incidence; that is, F < G in P implies that 
Fg < Gg in Q. Anisomorphism g:P > Q between? and Q is a bijection for which 
both g and g~! are homomorphisms; that is, F < G in P if and only if Fy < Gg in 
Q. Clearly, the inverse of an isomorphism is again an isomorphism. Two polytopes P 
and Q are said to be isomorphic if there exists an isomorphism of P onto Q; in this 
situation we write P = Q, or, by abuse of notation, P = Q. Note that isomorphisms 
preserve ranks, while this need not be true for homomorphisms. 

For example, as we saw earlier, each 2-polytope is isomorphic to a finite polygon {p} 
or the infinite apeirogon {oo}. Since the term “polygon” has been used in a somewhat 
more general meaning in the context of Tits buildings (see [341, 417, p. 56; 422]), 
we should point out here that we are adopting the traditional terminology according 
to which a polygon is isomorphic to a convex polygon or to an apeirogon. (Thus our 
polygons are “generalized polygons” which are “‘thin”’.) 

An automorphism of a polytope P is an isomorphism of P onto itself. The set of 
all automorphisms of a polytope P forms a group, the automorphism group I'(P) of 
P; we also refer to it simply as the group of P. Clearly, if P is finite, then "(P) is also 
finite. 

When discussing abstract polytopes, we are usually interested in the isomorphism 
class or type of a polytope rather than in the actual “representation” of the polytope. 
Hence we shall usually not distinguish an abstract polytope from another polytope which 
is isomorphic to it; in other words, isomorphic polytopes are considered to be the same. 
This point of view changes drastically in the theory of geometric realizations of abstract 
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polytopes in Chapter 5. There we shall be concerned with the various realizations which 
a given abstract polytope can have, and then the actual representation is essential. 

A bijection g: P — Q between two polytopes P and Q is a duality if both g and 
gy! reverse incidence; that is, F < G in P if and only if Fy > Go in Q. We call P 
and Q duals of each other if there exists a duality of P onto Q. 

Given an n-polytope P, there exists up to isomorphism precisely one polytope which 
is dual to P; this is again an n-polytope, and is denoted by P*. It can be constructed 
from P by leaving the face-set of ? unchanged, but reversing the partial order on P. 
Then the i-faces of P are in one-to-one correspondence with the (n — 1 — i)-faces of 
P*. It is immediate that P and P* have isomorphic automorphism groups. Moreover, 
(P*)* = P. We note the following simple facts. 


2A3 Lemma Let P, Q be n-polytopes, p: P > Q amap, and © a flag of P. 


(a) If v is an isomorphism, then o preserves adjacency; that is, Bip = (®y) for 
J =0,...,n-1. 
(b) If y is a duality, then ®/g = (®@g)""!~/ for j =0,...,n — 1. 


A polytope P is self-dual if it is isomorphic to its dual P*. By a polarity of a self- 
dual polytope P, we mean an involutory duality of P onto itself. Self-dual polytopes 
need not possess a polarity (see [10, 15, 205, 385]). However, self-dual regular poly- 
topes necessarily do; see Proposition 2B17. For a self-dual polytope P, the set of all 
automorphisms and dualities of P forms a group, the extended group I'(P) of P. This 
group contains ’(P) as a subgroup of index 2. If P admits a polarity, then 


P(P)=F(P)xC, 


a semi-direct product of '(P) by C2 (see also Proposition 2B17). The semi-direct 
product G := W x A means that A acts as a group of automorphisms on W on the right; 
thus, W <1 G, anormal subgroup, with quotient G/ W = A. An alternative notation for 
the semi-direct product would be A x W.) 

According to our definition, the automorphisms of a polytope P are permutations 
of the face-set of . We shall often consider automorphisms as operating on certain 
subsets of P, or on sets of subsets of P. For example, the group I(P) admits a 
representation as a permutation group on the set 7; of all i-faces of P, for each fixed 
i =0,...,— 1. In general, however, this representation will not be faithful. The fact 
that P is a lattice is sufficient for faithfulness, but weaker conditions will also serve. 
(Recall that a poset is a Jattice if any two of its elements have a (unique) infimum and 
a supremum in the poset.) 

More important to us is the action of \(P) on the set F(P) of all flags of P. This 
is trivially faithful. 


2A4 Proposition For each polytope P, the group I'(P) acts freely on F(P). 


Proof. Assume that g € I'(P) fixes one flag ® (say). By Lemma 2A3, we have ®/y = 
(ey = ®/ for 7 = 0,...,n — 1. It follows that ¢ fixes each flag adjacent to ®. Then, 
by (P3) and Proposition 2A1, g fixes each flag of P, so that g = «. 
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2A5 Proposition /f P is a finite polytope, then the order of I'(P) divides |F(P)|. 
If |\I'\(P)| = |F(P)|, then I'(P) is simply flag-transitive (and thus P is regular in the 
sense defined in Section 2B). 


Proof. By Proposition 2A4, each orbit of (P) on F(P) has size |I"(P)|; in fact, 
if ® ¢ F(P) and g, Ww € I'(P), then Oy = yw if and only if yg = w. This implies 
the first part. For the second part, if |"(P)| = |F(P)|, then there is only one orbit, 
so that '(P) must be flag-transitive; by Proposition 2A4 it must indeed be simply 
flag-transitive. 


If 2 is a set of faces of P, then we denote by I'(P, S2) the stabilizer of 2 in '(P). 
In our applications, {2 will typically be a chain of P, so that stabilizing 2 as a set is 
equivalent to stabilizing each of its elements. Note that, by Proposition 2A4, I'(P, S2) 
is trivial if 2 is a flag of P. If F isa face of P, we write '(P, F’) instead of '(P, {F}). 
For the next proposition, recall our convention for writing chains. 


2A6 Proposition Let P be an n-polytope. 


(a) If -l<i<j<nand Q=({F_,fo,..., Fi-t. Fi, Fj, Fjsi.-.-, Fr} is a 
chain of P, then I'(P, &2) is (isomorphic to) a subgroup of '(F;/F;). 

(b) If F is a vertex of P, then (P, F)is a subgroup of the group of the vertex-figure 
of P at F. Similarly, if F is a facet, then '(P, F) is a subgroup of the group of 
F (or more precisely, of F'/F_,). 


Proof. For (a), observe that I’(P, $2) clearly acts on the section fF’; /F;. To see that this 
action is faithful, note that 2 is contained ina flag ® (say) of P. Hence, ify in I'(P, $2) 
acts trivially on F;/F;, then it must keep @ fixed, so that g = ¢ by Proposition 2A4. 
This proves (a), and part (b) consists of special cases of (a). 


Let P be an n-polytope, and let0 < k < n — 1. The k-skeleton skel;(P) of P is the 
poset consisting of all proper faces of P of rank at most & (together with the induced 
partial order). Note that, if two “improper” faces are adjoined to skel,(P), then one 
obtains a poset of rank 4 + 1 with properties (P1), (P2) and (P3). The 1-skeleton of P 
is also called the edge-graph of P. Note that this is a connected graph with possibly 
multiple edges. The edge-graph of the dual P” is also referred to as the dual I-skeleton 
or dual edge-graph. If an n-polytope P is a lattice, then its edge-graph is n-connected, 
meaning that, for every pair of vertices of P, there exist n pairwise disjoint edge-paths 
having these vertices as end points (see [21, 92, p. 10; 184, p. 266]). 

By definition, the 1-sections of an n-polytope P are all of the same kind. Generally 
this will not remain true for sections of higher rank, indeed not even for the 2-sections 
determined by faces of the same rank. 

Forn >2andi=1,...,n—1,if F isan (i — 2)-face and G an (i + 1)-face of P 
incident with F’,, then we write p;(F’, G) for the number of i-faces (or (i — 1)-faces) of 
P in the section G/F; then G/F is isomorphic to the 2-polytope with Schlafli symbol 
{p;(F, G)}. If these numbers depend only on i but not on the choice of F and G, then 
we set p; := pi(F’, G) for eachi, and call P equivelar of (combinatorial Schlafli) type 
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{P1,---, Pn—-1}, or, simply, of type {p1,..-, Pn—1}; the latter symbol is also called the 
Schldfli symbol of P. (This generalizes the definition of equivelarity for polyhedral 
manifolds, introduced in [310]; see also Section 1D.) Note that any of the numbers p; 
can take the value oo. 

When n = 1, we shall assign to P the “empty” symbol { }, and call this the Sch/dfli 
symbol of P. 

It follows immediately that each section of rank at least 1 of an equivelar polytope 
P is also equivelar (and thus possesses a Schlafli symbol). In fact, if P is of type 
{Pi,---, Pn-1}, and if F is an (i — 2)-face and Ga(j + 1)-face withi < jandF < G, 
then G/F is of type {p;, pi41,---, ps}. In particular, if n > 3, then the facets are of 
type {p1,..., Pn—2} and the vertex-figures are of type {p2,..., Pn—1}. Note that each 
polygon (2-polytope) indeed has a Schlafli symbol; this coincides with its original 
symbol. If P is self-dual, then necessarily p; = p,—; for all 7, so that the symbol is 
symmetrical. 

For convex regular polytopes in euclidean spaces, the symbol coincides with the 
classical Schlafli symbol [120, p. 129]. In fact, within the class of convex polytopes, the 
Schlafli symbol determines the polytope up to isomorphism (see Section 1B). However, 
for abstract polytopes this is no longer true. A simple example is the icosahedron and 
the hemi-icosahedron (constructed from the former by identifying antipodes); both are 
of type {3, 5}. 

In using the Schlafli symbol {p,, ..., Pn—1}, we repeat the convention introduced in 
Section 1B. Ifasymbol contains a string of k (say) equal integers p (say), then we shorten 
the symbol by replacing the string by a single p with a superscript k. For example, the 
symbol for the ordinary n-cube would be {4, 3”~7}, standing for {4, 3, 3,..., 3} with 
n — 2 entries 3. 

In Chapter 5, which is about realizations of abstract polytopes, we shall introduce a 
finer version of the Schlafli symbol. There the numbers p; are allowed to be fractions as 
in the case of regular star-polytopes in euclidean spaces. However, in the combinatorial 
Schlafli symbol, all entries are integers, even if classically a polytope is denoted by a 
symbol involving fractions. For example, the great icosahedron {3, 3} is of type {3, 5}; 
it is indeed (combinatorially) isomorphic to the icosahedron (see [120, pp. 106, 107]). 

For an n-polytope P, we write f;(P), or simply fj, for the number of its i-faces. 
The vector f(P) := (fo(P), fi(P), ---, fr—1(P)) is then called the face-vector of P. 

We shall occasionally use certain incidence parameters of polytopes. Assume for 
simplicity that P is a finite polytope of rank n > 2, with the property that any two 
sections which are defined by faces of the same ranks are isomorphic. This condition 
will be satisfied for regular polytopes; see Proposition 2B3. 

If -1<i<j <n, then we write kj; (= 4j;(P)) for the number of flags of any 
section G/F, where F is an i-face and G an j-face of P with F < G. Then k_;,, = 
|F(P)|, and k;1,:41 = 2 for alli. There are various obvious relationships between the 
numbers /f; and k;; of P. For example, ifn > 2, then, fori = 1,...,n — 2, 


2A7 kein = fokon = fn—-1k-1n—-1 = k-1,3 fikin- 


Furthermore, if —1 <i, 7 <n, then we denote by Nj; the number of j-faces of P 
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which are incident with a fixed i-face of P. Clearly, if F is an i-face of P, then 
Ni = fj-i-1Gn/F) if j > i, or Ni = fj) (F/F_1) if j <i. Then, forn > 2, the num- 
ber of flags of P is given by 


2A8 |F(P)| = kein = foNoi N12 ++ Nn—2,n-1 = fn—1Nn-1,n—2Nn-2,n-3°+* Mio. 
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In the traditional theory of regular polytopes, there are many equivalent ways of defining 
regularity (see Section 1B). The strongest and, at the same time, most flexible definition 
is in terms of the flag-transitivity of the symmetry group of the polytope [156, p. 63]. 
In the theory of abstract polytopes, the analogous definition of regularity is again 
appropriate for various reasons. On the one hand, it is restrictive enough to distinguish 
polytopes with a high degree of (combinatorial) symmetry from polytopes with less 
symmetry, while on the other it allows one to develop a mathematically satisfying 
theory. 

Before we begin the general discussion, the reader should be warned that similar 
generalizations of other definitions of traditional regularity will generally fail. For 
example, if we took the inductive definition and said that a polytope is regular if its 
facets and vertex-figures are regular, then al// abstract polytopes would be regular; 
hence the definition would be useless. In fact, to begin the induction we would call 
each polytope of rank at most 2 regular, and in turn, this would make each 3-polytope 
regular, and so on. 

Similarly, we could also try to define regularity of a polytope by requiring transitivity 
of its automorphism group on the faces of each rank 7. This would indeed imply strong 
restrictions for the polytopes, but still make the class of “regular” polytopes too large. 
For example, polytopes which we shall call chiral (see the end of the section) also have 
this property. 

Let P be an (abstract) n-polytope. We call P (combinatorially) regular if its auto- 
morphism group I"(7) is transitive on its flags. Before we derive simple properties of 
regular polytopes, we state the following fact without proof (compare Section 1B, and 
see Section 7D). 


2B1 Theorem All convex regular polytopes and all regular star-polytopes in eu- 
clidean space are abstract regular polytopes. 


The following is a restatement of part of Proposition 2A5. Recall that F(P) denotes 
the set of flags of P. 


2B2 Proposition The group I'(P) of a regular polytope P is simply flag-transitive. 
In particular, | (P)| = |F(P)| if P is finite. 


The flag-transitivity of the group of a regular polytope P immediately implies the 
transitivity of ’(P) on the faces of each rank. In particular, (P) acts transitively on 
the vertices and facets of ?. More generally, for any type of chain of P, the group 
I’(P) acts transitively on the set of all chains of this type. However, no such transitivity 
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property for chains of any type other than flags themselves will actually imply flag- 
transitivity of [\(P). For example, the groups of chiral (or irreflexible) maps on surfaces 
act transitively on the chains of each type which are not flags. However, these maps 
are not regular in our sense; compare the definition of chirality, or see Coxeter and 
Moser [131, p. 102]. 

For the next proposition, recall that I'(P, s2) denotes the stabilizer of a chain £2 
of P. 


2B3 Proposition Let P be a regular n-polytope. 


(a) All sections of P are regular polytopes, and any two sections which are defined 
by faces of the same ranks are isomorphic. In particular, P has isomorphic facets 
and isomorphic vertex-figures. Furthermore, P is equivelar (that is, possesses 
a Schlafli symbol). 

(b) The group of each section of P is a subgroup of I'(P). More precisely, if F; is a 
j-face and F,ak-facewith-1 < j <k <nandF; < Fy, then I’ (F;/F;) is iso- 
morphic to I'(P,, 82), where Q is any chain of type {—1,0,..., 7 —1, j,k, k+ 
1,...,2} which includes both F; and Fy. 


Proof. Part (a) is obvious from what was said earlier. To prove (b), recall that, by 
Proposition 2A6, the group (P, @) is a subgroup of '(F;/F;). Since I'(P, 2) 
is flag-transitive on /;/F;, it follows from Proposition 2B2 that the groups actually 
coincide. 


The following result is crucial for an intuitive understanding of the concept of 
regularity; in a sense, it “localizes” the definition. Recall that, for 7 = 0,...,n — 1, 
the j-adjacent flag of a flag ® is denoted by ®/. Further, bear in mind Lemma 2A3(a); 
since automorphisms of a polytope P are isomorphisms (of P into itself), it follows 
additionally that (@y)/ = /¢g for each j and each y € I'(P). 


2B4 Proposition An n-polytope P is regular if and only if, for some flag ® of P and 
each j =0,...,n — 1, there exists a (unique) involutory automorphism p; of P such 
that Bp; = ®!. 


Proof. The condition (with any choice of flag ®) is clearly necessary for regularity. Note 
that 6// = @ implies that 6(p*) = (p;)p; = ®/p; = (Gp; = G// = ®, yielding 
p; = €; that is, p; is an involution. 

To prove sufficiency, let & ¢ F(P) be such that the condition is satisfied. Then we 
have to show that, for any given flag W of P, there exists gy € I'(P) such that Sg = WV. 
By (P3) and Proposition 2A 1, there exists a sequence = ®o, Dj, ..., Py_-1, On = V 
of flags such that ;_; and @; are adjacent fori = 1,...,m. We prove the existence 
of g by induction on m, the case m = 0 being trivial. When m > 1, then, by the 
inductive hypothesis, there exists y ¢ I'(P) such that Py = ®,,_;. But ®,_; and 
W = ©,, are j-adjacent for some j, so thatW = &’_, = (Oy) = O/p = Gp;w, by 
Lemma 2A3(a) and the given assumption on @. In other words, W = @,, = ®g with 
y := p;W, completing the inductive step. 
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The proof of Proposition 2B4 makes essential use of the flag-connectedness of P. 
For later use, it is interesting to note that the multiplication of an element of I'(P) 
from the left by o; corresponds to passing from a suitable flag to its j-adjacent flag. 
Note further that, by Proposition 2B4, such automorphisms ; exist for one flag ® if 
and only if they exist for each flag of P. More precisely, if ® and W are flags and 
Py = W with y € I(P), then for each j = 0,...,2 — 1, we have ®p; = ®! if and 
only if Wy-'p i” = W"'. That is, the involutory generators of '(P) corresponding to 
W are the conjugates y~!p ip of those corresponding to ®. 

From now on, let P be a regular n-polytope. We choose one fixed flag 


@ = {F_,, Fo,..., Fr} 


of P, and call it the base flag. Throughout, we shall reserve the notation F; for the 
base j-face of the base flag ®. For 7 €¢ N := {0,...,m — 1}, let 0; denote the unique 
involutory automorphism of P such that 


Dp; = 0!; 


that is, Fj; = F; if and only ifi ¥ j. 

In view of the following results, the elements (0, 01, ..., On—1 are called the dis- 
tinguished generators of I" := I'(P) (with respect to the base flag ®). Whenever 
generators ~o,..., Pn—1 Of I occur, then we are (explicitly or implicitly) assuming 
that a base flag has been chosen to which these generators belong. We also call the 
subgroups of I” generated by subsets of {0, ..., On—1} the distinguished subgroups 
of I’. For technical reasons, we also define p; := ¢ if j < Oorj >n. 

Let us introduce some further notation, which we shall employ frequently in what 
follows. Let J C N (= {0,...,2— 1}, as before). We write 


2B5 @,:={F, © P| je J}, 
and 
2B6 Py = (pj) |i ¢ J) 


for the distinguished subgroup of I” generated by the complementary set of p;. In the 
latter case, we shall further use the shorthand I"; := I{;;. Observe that Ij = I” and 
I'v = {e}, the trivial subgroup. 


2B7 Proposition Let ®; be the chain of type J with ®; C ®, where ® is the base 
flag of P. Then P'(P, ®;) = I'y. 


Proof. It is clear that"; < '(P, ®,). To prove equality of the two groups, note first 
that '(P, ®,) is simply transitive on the set of all flags W with ®; C W. Hence, it 
suffices to show that I"; is also transitive on these flags. 

Let W be a flag with ©; C W. Choose a sequence 


B=, P,,..., Py_-1, Om = V 


of flags, all containing ®,;, such that 6;_, and &; are adjacent for all 7. As in the proof 
of Proposition 2B4, we proceed by induction on m, the case m = 0 being trivial. By 
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the inductive hypothesis, there exists y € I’, such that wy = @,,_. As in that proof, 
@y»_-; and W = ©@,, are j-adjacent for some 7. But now 7 ¢ J, since w € I’, and 
®; C ®; for all i. Again, W = Sp; = Oe with ¢ := p;w, and since wy, p; € Ty, 
we have y € I’y, as required. 


2B8 Proposition Let P be a regular n-polytope, and let po, ..., Pn—1 be the distin- 
guished generators of its group with respect to some flag. Then '(P) = (Po, --+5 Pn—1): 


Proof. Apply Proposition 2B7 with ®; = @ (that is, J = 9). 


2B9 Proposition Let P be a regular n-polytope, and let I = (po, ..-, Pn—1) be its 
group. 
(a) If-l<j<k <n, then 
DF E/F)) = (Pj415 Pj+2> «+++ Pk-1)+ 
In particular, 
PCy Foi) = Pass esc pais 
FOE (oitieiscuitud’s 
(b) If P is of type {pi,.--, Pn-1}, then, forl<k<n-—1, 
DP (Frai/Pr-2) = (er-1, Px) = Dp, 
the dihedral group of order 2 px. 


Proof. To prove (a), let J = {-1,0,..., 7-1, j,k, k+1,...,n}, and apply Propo- 
sitions 2B3 and 2B7 with type J. Note that the group in (a) is trivial if 7 = k or 
j =k — 1. Part (b) is a special case of (a). 


2B10 Proposition /f/, J C N, then 
(or lie lL) N(o lie J) =(o; |i el). 
Proof. Proposition 2B7 says that, for each K C N, if ®x is the chain of type K 


contained in © and Ix = (p; |i ¢ K), then Ix is the stabilizer of ®x. The present 
proposition thus claims that 


Pyyr Pye = Toy nuayy = Pyyany- 


Now one inclusion is obvious. For the other, we just note that an element y of the 
intersection Iyvr N Py stabilizes Pyvr and Pnvs; hence Pnv1 U Onvs = Pnvuns: 
Thus y € Iyyuny = (fi |i € 1 NJ), as required. 


We shall refer to the condition of Proposition 2B10 as the intersection property of 
I'(P) (with respect to the generators po, ..., Pn—1)- 
We next have a consequence of Lemma 2A2(b). 


2B11 Proposition /f|j — k| > 2, then (p; px)? = €. 


Proof. This just restates the property @/* = o/, 
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By Proposition 2B8, the automorphism group I"(P) is a group generated by in- 
volutions, a term which we shall often abbreviate to ggi. Proposition 2B11 says the 
generators o; and px commute if | 7 — k| > 2. This commutation rule implies that the 
ggi I’(P) is of a special kind, called a string ggi, or sggi for short. The rule is crucial 
for the theory of regular polytopes. As we shall see, it implies that the group belongs 
to a string diagram. Note that, by Proposition 2B9(b), we have (e;-1 iy =e only if 
P; = 2; we shall see that this implies a certain degeneracy of the group (in a sense that 
we shall make plain later). 


2B12 Proposition [/f0 < k <n —1, then 


PP.) = =o |i FB 
a (Pos +++» Pk-1) x (Pk+1) +++ Pn—1) 
= [P(Fe/F-1) x D(Fn/ Fr). 


Proof. The first equations follow from Propositions 2B7 and 2B9. Further, by 
Proposition 2B11, if i < k < j, then p;0; = p;p;. It follows that each element of 
(0,-++, Pk-1) commutes with each of (p441, ..-, On—1). Hence 


De = (05 ++ +5 Pk-1) (Pkds «++ Pn—1) = (Pkpts «+ +s Pn—1) (P05 ++ +s Pk-1)s 


a product of normal subgroups of I), (note that one or other subgroup is trivial if k = 0 
orn — 1). But, by Proposition 2B 10, the intersection of the subgroups is trivial, so that 
we have an internal direct product. 


The next theorem 1s the core result in the characterization of the structure of a regular 
polytope P in terms of the distinguished generators po, ..., P,—1 of its group. By the 
transitivity properties of the group, we can write each j-face of P in the form Fy9, 
where g € I'(P) and F; is the base j-face of P (in the base flag ®). We begin with a 
lemma. 


2B13 Lemma Let0 < j,k <n —1, and let G; bea j-face of P. Then G; is incident 
with F; ifand only if G; = Fjy for some y € Ty. 


Proof. Suppose that 7 < k; the proof with j > k is similar. If G; = Fyy with y € I), 
then G; < Fyy = Fx, as claimed. For the converse, let WY be any flag of P such that 
{G;, Fi} © W. Then, by Proposition 2B7, F, € ® N W implies that ¥ = Dy for some 
y € I (P, Fy) = I. Thus G; = Fy, as required. 


2B14 Theorem Let0 <j <k <n-—1, and let 9, Ww € I. Then the following con- 
ditions are equivalent: 


(a) Fig < Ey; 
(b) oy! € (Dj4ts+++s Pn—1) {20s ++ +s Pk-1)s 
(0) Tio Te #0. 
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Proof. We shall prove the equivalence in the form (a) => (c) => (b) => (a). 

If (a) holds, then F;gpw—! < Fy; thus gw! € I, by Lemma 2B13. In turn, this says 
that Fo 1A Ty 4G; hence P;9 N Ty FG, which is (c). 

Next, suppose that (c) holds. It follows, using the commuting properties of the p; 
(compare the proof of Proposition 2B12), that 


ow! © Fy Th = (00... +5 P71) (Dytls ++ > Pn—1)( 00. «++» PEL) (PbETs +++ 5 Pal) 
= (Pjtts +s On—1)(Pk4ds «+ +s Pn—1) (20s ++ +s Pj—-1)(P0s ++ +s Pk-1) 
1 Py H1s a9 Pal) (000 -+%3 PET) s 


as required for (b). 
Finally, assume that (b) holds. Then we can write yy~' = af, for some a € 
(Pj+1++++5 Pn—1) and B € (fo, ..., Px—1). We deduce that 


Fyow = Fjap =F) < eB = Fi, 


so that F;g < Fi,w, which is (a). This completes the proof. 


Theorem 2B 14 has important consequences. In effect, it says that, as is familiar from 
similar situations in the theory of transitive permutation groups, we may identify a face 
Fg of P with the right coset [;g of the stabilizer 7) = '(P, Fj) = (9; |i A 7) of 
F; in I'(P). Then Theorem 2B14 tells us when two such cosets must be regarded as 
“incident”. This “incidence” of cosets has analogues in the theory of Tits buildings and 
diagram geometries (see [340, §10.1; 417, §1.4]); it was first discovered by Tits [416]. 
In Section 2E, this approach will be explored further. 

By Propositions 2B9 and 2B11, if P is a regular n-polytope of type {p1,..., Pn—1}, 
then the distinguished generators of I’(P) satisfy relations (0; p,)?* = ¢ for0 < j < 
k <n-— 1, where 

1, ifj=k; 
2B15 Pik = Pks ifj7 =k-—-1; 
2, ifj <k-2. 


Generally, however, there will be further independent relations too. In any case, antic- 
ipating Chapter 3, if W = (ro, ..., 7-1) denotes the Coxeter group with the diagram 


eo——__e_e—__ - - - - ——_e—_e—____ 
Pi P2 Pn-2 Pn-1 
then r; + p; for 7 =0,...,2—1 induces a surjective homomorphism of W onto 
I'(P), which is one-to-one on the subgroups (rz_1,7,) fork = 1,...,n — 1. In par- 


ticular, "(P) is a quotient of W. In Section 3D, we shall see that W itself is the group 
of a regular n-polytope. 
The next proposition discusses the case where one of the numbers py, is 2. 


2B16 Proposition Let? be a regular polytope ofrankn > 2.and type {p\,..-, Pn—1}, 
and let 1 <k <n-—1. Then pz = 2 if and only if each (k — 1)-face of P is incident 
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with each k-face. In this case ''(P) = (po, --+; Pk-1) X (Pk, +++> Pn—1) is an internal 
direct product. 


Proof. If py = 2, then px_1px = Pxpx—1, and it follows that p;o; = e;e; whenever 
i<k< _j. Thus 


I'(P)= (Pk. + +5 Pn—1)(P0, wey Pk-1)5 


hence, by Proposition 2B14(b), Fr_ig < Fw for all g, wy € I'(P). Furthermore, the 
two subgroups (fo, ..-, Ox—1) and (px, .--, Pn—1) of /'(P) commute elementwise and 
have a trivial intersection; that is, ’(P) is the (internal) direct product of these groups. 

Conversely, if each (k — 1)-face of P is incident with each k-face, then this is also 
true for the faces in the section Fy.1/F,—-2 of P; hence this section must be a digon, 
with pz = 2. 


We next consider a self-dual regular n-polytope P, with group ’(P) and extended 
group I°(P). Recall that an involutory duality of P is called a polarity of P. 


2B17 Proposition Let P be a self-dual regular n-polytope. 


(a) There exists a unique polarity w of P which fixes the base flag ® (but reverses 
the order of its faces). 
(b) For each j = 0,...,n—-—1, 


WP j;o = Pn-1-j> 
so that w induces a group automorphism of I'(P). In particular, 
P(P)=T(P) = Co, 


a semi-direct product of I'(P) by C>. 
(c) If the group automorphism in (b) is an inner automorphism of I'(P), given by 
conjugation with an involution in '(P), then P'(P) = I'(P) x Co. 


Proof. To prove (a), let w be any duality of P, and define YW := ®w. Since P is regular, 
there exists g € I'(P) such that Wy = @. But then w := wW¢ is a duality of P which 
maps @ onto itself. It follows that @ is an automorphism of P which fixes ®. Hence 
wo = &. 

For (b), note that both wo;w and p,_;—; are automorphisms of P which map ® 
onto @”—!-/, Hence Wp; ® = Pn—\—; for each j, and so 


I'(P) =T(P) x (w) = T'(P) x Cp. 


Finally, for (c), let t € '(P) be such that t? = e, and tp;t! = wp; for all j. 
Since po, ..., On—1 generate I'(P), this implies that tpt~! = wea for all g € I'(P). 
In particular, with g = t we have wtw = t = t~!; thus (wt)* = ¢. Define wp := at. 
Then, wo ¢ I'(P), w = €,and wp j@ lp ); for each j. It follows that w) commutes 
with each element of '(P); thus /'(P) = I'(P) x C2, as required. 


As a general rule, the extended group I'(P) of a self-dual regular polytope P will 
not be a direct product of '(P) and C2. One example is the regular 24-cell {3, 4, 3}, 
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whose extended group has order 2304. On the other hand, for the n-simplex {3”~'}, 
the extended group is the direct product S,,41 x C> (see [123, p. 574] or Lemma 8A2). 

To conclude this section, we briefly discuss chirality; for more detailed accounts, 
see Schulte and Weiss [372, 373]. Chiral polytopes form an important class of nearly 
regular polytopes. Intuitively, they have complete rotational symmetry, but not the full 
symmetry by reflexion. To motivate the discussion, we begin with some remarks about 
polytopes which are regular. 

Let P be a regular n-polytope with group I'(P) = (0,.--, Pn—1), and let d = 
{F_,, Fo,..., F,} be the corresponding base flag. For 7 = 1,..., — 1, define 


2B18 Oj := Pj-1Pj- 


Then o; fixes each face in ® \ {Fj_1, Fj}, and cyclically permutes (“rotates”) consec- 
utive j-faces (and consecutive (j — 1)-faces) in the polygonal 2-section Fj41/Fj—-2 of 
P. The subgroup 


rt(P) = (oj, £4. On=t) 


of I\(P) is of index at most 2. It is called the rotation subgroup of I'(P), or the rotation 
group of P; its elements are the (combinatorial) rotations of P. If the index is 2, we 
also say that P is directly regular. If P is of type {p1,..., Pn—1}, then the generators 
of '*(P) satisfy the relations 


a; =e forl<j<n-1l, 


2B19 
(ojo j41°° OK) =E forl<j<k<n-l, 


but in general some further independent relations too. 

An n-polytope P is called chiral if its group I'(P) has precisely two orbits on the 
flags, such that adjacent flags belong to distinct orbits. Then the following is a local 
characterization of chirality. 

An n-polytope P is chiral if and only if P is not regular, but for some base flag 
@ = {F_\, fo,..., F,} of P there exist automorphisms 01, ...,0,_; of P with the 
following property: if 7 = 1,...,m — 1, theno; fixes each face in ® \ {Fj_1, Fj}, and 
cyclically permutes consecutive j-faces in the 2-section F;.,/Fj—2 of P. For a chiral 
polytope P, we can choose the orientation of the o; for j = 1,..., — 1 insucha way 
that, if F denotes the j-face of P with Fj-, < Fi < Fj4: and F; # Fj, then 


— Lan 


thus Fi_49; = Fj_,. Then oj,..., 0,—1 satisfy the relations (2B19), and generate the 
group I"(P). They are called the distinguished generators (with respect to ®) of '(P). 

In the present book we shall mainly deal with regular polytopes, and so we shall not 
fully develop the theory of chirality. For an introduction to chiral polytopes, the reader 
is referred to [119, 372, 373]. Interesting classes of chiral polytopes are also discussed 
in [237, 322-324, 333-335, 374]. 
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2C Order Complexes 


In this section, we discuss basic properties of order complexes of abstract polytopes. 
We shall not deal with the subject in full generality, but instead restrict ourselves to 
results which we shall use later. 

It is a standard technique to associate with any partially ordered set P its order 
complex C(P) [30, Chapter 34; 398, p. 120]. Let P be any polytope of rank n > 1, 
which is not necessarily regular. The order complex C = C(P) of P is the (abstract) 
(n — 1)-dimensional simplicial complex, whose vertices are the proper faces of P, and 
whose simplices are the chains of P which do not contain the improper faces F_; and 
F, of P. Then the maximal simplices in C are (n — 1)-dimensional and are in one-to- 
one correspondence with the flags of P. We follow the usual convention of identifying 
a simplex in a simplicial complex with the set of its vertices. 

The natural convention is thus that the order complex of the point (0-polytope) is 
empty. However, this is sometimes inconvenient. One way of getting round the problem 
is to consider instead the augmented order complex C := C(P). We adjoin an extra 
vertex F,, corresponding to the maximal face of P, and take as the simplices of C the 
chains of P which omit F_,. Thus 


C=Cx{F,}, 


the join of C and the point-complex {F,,}, where the join of two simplicial complexes 
C and D is as usual 


CxeD:={SUT|Se€CandT € D, 


using the conventional description of a simplex. (Note that the point complex {F;,} 
contains @ as well as F,,.) The maximal simplices of C are now n-dimensional, and 
each contains F;,. Recalling that the Jink of a simplex §2 in a simplicial complex D is 


Ik(2Q,D):= {2'’ € D| QUR’ eDand QNQ' =}, 
we observe that we recover the original complex C as 
C = Ik(Fy, C). 


We shall see how to use the augmented complex in the proof of Proposition 2C1. 

In discussing the order complex C, we shall not distinguish between chains of P 
which only differ in improper faces. In particular, we shall denote a chain of P and the 
corresponding simplex of C by the same symbol, always with the understanding that 
any improper faces have been removed from the chain. A similar convention applies 
to the augmented complex C, except that now only F_, is ignored. 

The 1-skeleton of C is also called the comparability graph of P (or more exactly, 
of P \ {F_1, F,,}). Its vertices are the proper faces of P, and two distinct vertices are 
joined by an edge if and only if the corresponding faces of P are incident. 

For 7 =0,...,2— 1, two (m — 1)-simplices of C are called (j-)adjacent if the 
corresponding flags of P are (j-)adjacent. A simplex 2 of C is said to be of type 
JON :={0,...,2— 1} if the corresponding chain of P is of type J. In particular, 
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the chain of type J in the base flag of P gives rise to the simplex {F; | 7 € J} inC. 
We call a vertex of C a vertex of type 7 = 0,...,n — 1 if its type as a simplex of C 
is {7}. For each (n — 1)-simplex ®, there is a one-to-one correspondence between its 
faces and the subsets of N, the correspondence being provided by the type function. 
Note that two (” — 1)-simplices of C are j-adjacent if and only if they differ precisely 
in their vertices of type 7. An (n — 2)-face of an (m — 1)-simplex @ of C is said to be 
a wall of ®, or the j-wall of @ if its type is N \ {/}. 

In the case of the augmented complex C, it is n-simplices which have walls, and all 
walls contain F,,. 

The defining properties of ? translate into strong topological properties of C. In 
particular, by property (P4) in Section 2A, each (m — 1)-simplex of C is j-adjacent 
to exactly one other, for each 7 = 0,...,2— 1. When rephrased for C, the flag- 
connectedness of P says that, for any two (n — 1)-simplices ® and W of C, there exists 
a sequence ® = @o, D,..., By_1, OB, = W of (n — 1)-simplices of C, such that };_, 
and @; are adjacent fori = 1,...,k. The strong flag-connectedness of P translates 
into a similar property for each link of C. Note that Ik({F}, C) can be identified with 
the order complex C(F'/F_1) for each facet F of P. A similar remark applies to the 
vertices and corresponding vertex-figures of P. 

For a convex polytope P, the (geometric realization of the) order complex is known 
as the barycentric subdivision of the boundary bd P of P. Similarly, the augmented 
complex is the barycentric subdivision of P itself. For abstract polytopes P, the order 
complex C provides a natural way of associating with P a topological space |C|, the 
underlying point-set of C (somewhat confusingly for our context, this is usually called 
the polyhedron of C). In Chapter 6, we shall investigate the case when this is a spherical, 
euclidean, or hyperbolic space-form. 

The action of the group "(P) of a polytope P induces in an obvious way a faithful 
action on C (or on C). If P is regular, ® the base flag of P, and o,..., Pn—1 the 
distinguished generators of ’(P), then each o; maps the base (n — 1)-simplex ® of C 
onto the j-adjacent simplex ®/, leaving the wall  N @/ of @ fixed. 

Occasionally, if we consider the group I’(P) of a regular polytope P as acting on 
C, we shall think of '(P) as a combinatorial reflexion group generated by the combi- 
natorial reflexions (0, ..., Pn—1 in the reflexion walls of the base simplex ® of C. This 
terminology is motivated by the corresponding geometric counterpart in the traditional 
theory, where p; occurs as an actual reflexion in a hyperplane cutting across |C|. 

It is easy to recover an n-polytope P from its order complex C. The following 
proposition will be used in Section 3D, and describes the reconstruction in terms of 
the group '(P) of a regular polytope P and its action on C. In practice, we work with 
the augmented complex C, for reasons which will become clear in the proof. If Q is a 
chain of proper faces of P, then we write 2 := Q U{F,}; similarly, J := J U {n} for 
JON(= ({0,...,n —1}). 


2C1 Proposition Let? be aregular polytope ofrankn > 1, andletC be its augmented 
order complex. Let ® = {F_,, Fo,..., F,} be the base flag of P, and let py, ..-, Pn—1 
be the corresponding distinguished generators of I'(P). For j =0,...,n, define the 
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subcomplex C 7 Of C by 
Ci = {Gx | J C{0,..., jf and x € (p0,..., pj-1)}5 


here, ®(N) := ®. Define F', :=9, and for j =0,...,n set 


Finally, let 
P= {Fig |—-1<j <nandg €T(P)}, 


and order P’ by (set) inclusion. Then P’ and P are isomorphic regular polytopes 
with the same groups. Furthermore, the generators fo, ..., Pn— are the distinguished 
generators of I (P') = I'(P) belonging to the base flag ®' = {F',, Fh, ..., Fy} of P’. 


Proof. What we have done here is identify a face F' of P with the underlying point-set 
of the associated augmented order complex C(F'/ F_1). (We could have worked with the 
order complex C, except that the vertices disappear!) As we remarked earlier, when P 
is a convex polytope and the augmented complex is expressed by genuine barycentric 
subdivision, this recovers the faces of P geometrically. 

Since our complexes are abstract, there is no harm in identifying a subcomplex of C 
with its underlying point-set. (Remember that a subcomplex contains every sub-simplex 
of each of its simplices.) We first note that, in this sense, the faces of P’ are subcomplexes 
of C; indeed, F ‘ is the augmented complex of F';/F_; (augmented, of course, by Fj 
rather than F,,). In particular, F’ , = Y is the natural definition, and F/ = C itself. 

All the properties of P’ can easily be derived from the equivalence 


Fig C Fw <> f Sk and gh! € (pj41s--+s Pn—-1) (Pos ++ 5 Pk-1) 


(compare Theorem 2B14(b)). To prove this equivalence, we may clearly assume that 
W=e. 
First, let Fig C Fi. Since Do, j; € F’, by definition there exist x € (00, ..-, Pk—1) 
ne 9 = Oxx.Butthen K = {0,..., jfandgx! e€ 
T0,....7) = (Pjtis++++ Pn—1); hence, 7 < k and p € (Pj41,--+s Pn—1)(P0, +++» Pk-1): 
Conversely, let j <k, and let p=aB with @ € (pj41,.-., On-1), and Be 
(Po,-++, Pk-1). Let x € (Po0,.-., 0j-1), and suppose that J C {0,..., j}. Then,axy = 
xa and xB € (0, ..., Px_1). It follows that 


Pi xp = PyxaB = PsaxB = Pj xXP € Fy, 


so that, by definition, F’ ‘“P Cc Fi. 


We conclude this section by briefly discussing how the order complex C = C(P) of 
a regular polytope P can be completely described in terms of the group I’(P). 

To begin with, we set everything in a more general context (compare [54, Chapter 
IlI]). For k > 1, let 7 =(o;,...,0;) be a ggi, that is, a group with a system of involu- 
tory generators 01,...,0%. For@~AJCK :=({l,...,k}, define I) := (9; |i ¢ J); 
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in particular, x = {e}. (The reader should recall from time to time that I”, gets smaller 
as J gets bigger. If we were to include J = %, we would obtain instead the augmented 
complex C(I”), with Ty = I’; in this case, we could allow k = 0 as well.) Assume that 
I and its generators satisfy the intersection property 


PAT, = Tyo forall, JC K. 


We now consider the partial order <c¢ defined on the set Cr = C(I"; 01, ..., ox) of 
all right cosets "yy, with gy € T and@ # J C K, by 


2C2 No <clyh = Me cryy. 


In other words, <c is just inclusion of subsets of group elements. Then the intersection 
property for I” implies that, in Cr, we have 


leg <cliw = I1CJ and py 'ely. 


In particular, Cr carries the structure of an abstract simplicial (k — 1)-complex whose 
simplices are (in one-to-one correspondence with) the elements in C;, with inclusion 
of simplices corresponding to incidence in the poset Cr. More precisely, the maximal 
simplices (of dimension & — 1) are given by the cosets of {e} = Ix, or, equivalently, 
by the elements of I. The faces (of dimension |/| — 1) of a maximal simplex xg 
are the cosets ’;y with J C K. By construction, I” acts faithfully on Cr as a group of 
automorphisms of an abstract simplicial complex, and the “closure” {I | J C K} of 
the maximal simplex {¢} is a “fundamental region” for the action of on Cr. 

A particularly interesting case arises if I” is a Coxeter group. Then the simplicial 
complex Cr is called the Coxeter complex of I [259, Chapter 5; 417, Chapter 2]. For 
a geometric realization of Cr in this case, see also Section 3A. 

If P is a regular n-polytope, then the previous construction applies with [ := 
I'(P) = (p0,---; Pn—1) (and o; = p;), and gives an abstract simplicial (n — 1)- 
complex Cr = Crp) which is isomorphic to the order complex C of P. In particular, 
if d = {F_|, Fo, ..., F,} denotes the base flag of P, then an isomorphism C; — C is 
given by 


2C3 Tyg +> &39 


forg € ! = I(P) and J C N, with ©, defined as in Proposition 2C1. 

It follows that the order complex ofa regular polytope P can be completely described 
in terms of I’(P). Note that, in the light of this observation, Proposition 2C1 can be 
rewritten in terms of Crp). 


2D Quotients 


A standard method of deriving new structures from a given combinatorial structure is 
by making suitable identifications. This technique also applies to abstract polytopes. 
Although similar considerations hold more generally for other kinds of posets, we shall 
restrict ourselves here to abstract polytopes. We shall largely follow [301]. 
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By a pre-polytope we mean a poset satisfying (P1), (P2) and (P4) in Section 2A, 
but not necessarily (P3); that is, we drop the requirement of strong connectedness 
and, in fact, do not even assume connectedness. Note that terms like “face”, “rank”, 
“flag”, “homomorphism”, “automorphism” and similar terms carry over naturally to 
pre-polytopes. 

Let P and Q be two pre-polytopes of the same rank. A homomorphism g: P > Qis 
called a rap-map if ¢ is rank (preserving) and adjacency preserving, the latter meaning 
that adjacent flags of ? are mapped onto (distinct) adjacent flags of Q. Note that g is 
surjective if Q is flag-connected. A surjective rap-map ¢ is called a covering. A covering 
gy is called a k-covering if it maps sections of P of rank at most k isomorphically 
onto corresponding sections of Q, so that, if F, G ¢ P are such that F < G and 
rank G — rank F = k + 1, then g induces an isomorphism of G/F onto Gg/F¢@. If 
there exists a covering gy: P — Q, then we also say that P is a covering of Q, or that 
P covers Q, or that QO is covered by P; in this situation, we occasionally write P \, Q. 
We also use similar terminology for k-coverings. A particularly interesting case is that 
of (n — 1)-coverings; here, y preserves the structure of the facets and vertex-figures 
of P. 


2D1 Proposition Let P be a polytope, QO a pre-polytope and y:P — Q a rap-map. 
Then Q is a polytope (and 9 a covering) if and only if the image of each section of P 
is a section of Q. 


Proof. Suppose first that the image of every section of P is a section of Q. Then ¢ is 
surjective (we can take the section to be P itself). Let F, G be faces of Q with F < G. 
Then G = G¢ for some face G of P. Since, by assumption, F’ € G/F_ 1 = (G/F_1)@, 
we have F' = Fg for some face F with F < G. By assumption again, G /. F =(G/F)9. 
Since G/F is connected, it follows that G / F is connected. Since F’, G are arbitrary, 
we see that Q is strongly connected, and hence a polytope. 

Conversely, suppose that the image of some section of P is not a section of Q. Let 
G/F be a minimal such section of P. If F := FQ, C= = Gg, we then have (G/F )p c 
G/F. Hence there is a face H of Q, such that F <H<G,butH ¢ (G/F). But if H 
is any such face, then no flag of G / F containing H can meet t(G/F')y (except at F and 
G), otherwise G/F would fail to be minimal. It follows that G/F is not flag-connected, 
so that Q is not a polytope. 


2D2 Corollary Let P be a polytope, Qa pre- -polytope, and 9:P > Q a rap-map. 
Then Qi is a polytope ifand only if, whenever F,G,H are faces of Q with F<H<G, 
and F = FQ, G= Gog for some faces F, G of P, then H= Ho for some H € G/F. 


Proof. This really restates Proposition 2D1, since the condition F=Fo,G=Gg 
with F < G defines G/F. 


A common way to obtain coverings is by the construction of quotients. Let P be an 
n-polytope and X a subgroup of /’(P). In most of our applications, P will be regular 
and » will be a normal subgroup of '(P). However, to begin with at least, we do not 
generally impose these restrictions. 
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The set of orbits of &' in P is denoted P/ 2’. If F is a face of P, then we write its 
orbit under X in the form F'- &’. We introduce a partial order on P/' as follows: if 
F, GeP/S, then F < G if and only if F = F- © and G =G--. ¥ for some faces 
F and G of P with F < G. The set P/X together with this partial order is called the 
quotient of P with respect to X’. The mapping 7:P > P/S given by Fr := F- is 
called the canonical projection. A quotient polytope of P is a quotient which is again 
a polytope. 


2D3 Proposition Let P be an n-polytope and & a subgroup of I'(P). Then P/Z is 
a flag-connected poset of rank n which has the properties (P1) and (P2) in Section 2A. 


Proof. Properties (P1) and (P2) in Section 2A are obvious from the construction. In 
particular, F_| - © = {F_,} and F,,- © = {F,}. The rank function of P/» is defined 
by rank(F - 3’) := rank F for F € P. The canonical projection 7: P > P/ induces 
a surjective mapping z: F(P) > F(P/’) between the sets of flags of P and P/X 
(we denote it by the same symbol); thus, if YW = {G_,, Go,..., Gn} € F(P), then 


Wr i= {G_,-,Go-D,...,G,- x}. 


The surjectivity of z on F(P/’) is an immediate consequence of the definition of the 
partial order on P/ 2’. But then the flag-connectedness of P/ follows from the fact 
that x maps adjacent flags of P onto equal or adjacent flags of P/ 2’. 


Similar arguments to those in the proof of Proposition 2D3 show that all sections 
of P/' of rank n — 1 are connected. More generally, if F is a face of P, then any 
two flags of P/&’ which contain the face F’ - can be joined by a suitable sequence 
of flags, all of which contain F' - »’. However, further connectivity properties of P/ 2 
will depend upon the choice of 2’. 

To illustrate the fact that P/' need not be a pre-polytope, consider the square 
tessellation P = {4, 4} with vertex-set Z?, and take for © the group generated by the 
translation t with translation vector (1, 1). Then the fundamental region of XY is an 
infinite strip, and P/S' is a “tessellation” of this strip. If © = {Fo, F,, Fy} is the base 
flag of P with Fo = (0, 0), Fi = {(0, 0), (0, 1)} and Fy = {(0, 0), (0, 1), (1, 0), (1, 1} 
(we list faces by their vertices), then there are four faces of rank | in the 1-section 
(Fy: X)/(Fo- ©) of P/2X’, namely, H - & with H an edge of Fy. 

In general, we are interested in quotients P/ which are again polytopes, and 
have particular kinds of sections isomorphic to those of the original polytope P. This 
property can be achieved by imposing certain conditions on 2’. For the next two results, 
we do not insist on polytopes being regular; hence, until further notice, ® may be any 
flag. 

Let—1 < f < g <n,and let F bean f-face and G a g-face of P such that F < G. 
Then Fz isan f-face and Gm a g-face of P/X' such that Fa < Gr. Let 2 be achain 
of P of type {-1,0,..., f—1, ff g,g+1,...,} which contains F and G. By 2'p 
we denote the stabilizer of 2 in &’. Then we have the canonical projection 8: G/F > 
(G/F)/X'g, as well as the homomorphism y:(G/F)/Xg > Ga/Fr, defined for 
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H € G/F by 
2D4 (H-Ze)y = H-S. 


In particular, By = z (or, more exactly, By is the restriction m|g/p:G/F > Gu/Fr 
of x to G/F). Further, y is injective if and only if two faces of G/F are equivalent 
modulo X’¢ whenever they are equivalent modulo 2’. Clearly, if y is an isomorphism, 
then it induces a bijection F((G/F)/X 2) > F(Gr/Fr). 


2D5 Proposition Let P be an n-polytope and & a subgroup of I'(P). Then P/X is 
an n-polytope if and only if the following two conditions hold. 


(a) The map y of (2D4) is surjective for all F, G, and 82 as before. 
(b) The maps B, y are injective if rank G — rank F = 2. 


Proof. First, note that y is surjective if and only if z (restricted to G/F) is surjec- 
tive. Also, P/SX' satisfies (P4) if and only if 6, y are isomorphisms when rank G — 
rank F = 2. But then the statement follows from Propositions 2D1 and 2D3. 


We denote by F(P)/ the set of orbits of F(P) under the action of . Then we 
have the map yu: F(P)/X —> F(P/), given for W € F(P) by 


2D6 (W- DL) i= Wor. 


It follows from the proof of Proposition 2D3 that yz is surjective. Our next lemma tells 
us when F(P)/X and F(P/) can be identified naturally under ju. 


2D7 Lemma Let P be an n-polytope and let &' be a subgroup of I'(P) such that 
P/ is a polytope. Then the map of (2D6) is a bijection if and only if, for all F, G 
and 82 as before, the map y of (2D4) is an isomorphism. 


Proof. By Proposition 2D5, the maps y are surjective. Now suppose that jz is a bijection, 
and let F, G and 2 be as before. To prove that y:(G/F')/Xq — Gr/Fm is injective, 
let H and K be faces in G/F such that H. &' = K - X’. Choose flags ® and W of 
P such that 2 C ©,W and He ®,K €W. Then :={J-5|J eS} and W := 
{J- | J € W} are flags of P/2’, both of which contain the face H. X = K - XY as 
well as the chain 2 := {J - © | J € Q}. Let h := rank H (= rank K). Since P/Z is 
a polytope, there exists a sequence 


@ = by, O,..., On = 


of flags of P/2’, all containing H - XY and D: such that @;_, and @; are adjacent for 
i =1,...,m.Then, in fact, 6;_; and &; are j(i)-adjacent for some j(i) with rank F = 
f <j@) < g =rankG and j(i) 4h. But p is a bijection, so that, fori = 0,...,m, 
there exists a flag }; of P such that @; = (@; - 3’). Here we may assume that dp = ©. 
But now, by Proposition 2D5(b), adjacent flags of P are never in the same orbit of », 
so that the canonical mapping F(P) > F(P)/ followed by ju sends adjacent flags 
of P to adjacent flags of P/X’. It follows that, starting with ) = ®, we can choose 
the flags &; of P in such a way that ®;_; and ®; are j(i)-adjacent fori = 1,...,m; 
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here, j(i) is as before. This gives us a sequence 
@-LV=DPDy- LY, O- LY, ..., Oy» - VHW-D 


of orbits of X’, where the sequence ® = Do, Di, ..., ®, in F(P) has the same ad- 
jacency properties as the corresponding sequence in F(P/2’). Note that we cannot 
conclude that ®,, = Ww. However, since f < j(i) < g and j(i)  h for all i, each flag 
@; of P must contain both the face H and the chain 2. In addition, ®,,- 2 =W- LY, 
so that there exists g € X such that ®,,9 = W; thus Hg = K. But 2 CW, so that 
yg € Xg. It follows that H - XgQ = K - X'g, which proves that y is injective. 
Conversely, let all maps y be isomorphisms. To prove that ju is injective, let 


@ = {F_1, Fo,..-, Fr-1, Fa}, VY = {F1, Go,.--, Gri, Fa} 


be flags of P such that Ox = Wx.Then®. XY = W- SY, if we can prove by induction 
on j that there exists g € &' such that F;g = G; forO <i < j.Forj = 0, this is true by 
assumption. To prove it for ; > 1,assume that g € Y has been chosen so that F;g = G; 
fori < j. Then Gj_; < G;, Fig. But F; - & = G; - X, so that F;p and G; are faces 
of the section F,,/Gj;—1, which are in the same orbit of 2’. On the other hand, the map 
y, defined for the case G := F,, F := G;_; and 2 := {F_1, Go, ..., Gj-1, Fn}, isan 
isomorphism, so that Fj and G; are also in the same orbit of 2’g; that is, F;gt = G; 
for some tT € Yo. 

But if i < 7, then we also have F;gt = G;t = G;, so that yt has the required 
property with respect to 7. This completes the proof. 


Lemma 2D7 explains why, in most applications, it is natural to require that the map 
y of (2D4) be an isomorphism. We shall usually impose this condition. For regular 
polytopes, we also give a further justification in Proposition 2E18. 

The following proposition identifies the groups of quotients of regular polytopes. 
See also Proposition 2E24 for a generalization. 


2D8 Proposition Let? be a regular n-polytope and & a subgroup of I'(P). Suppose 
that, for all F, G and 9 as before, the map y of (2D4) is an isomorphism. Then P /& is 
an n-polytope with group I'(P/X’) = Nrp)(%)/&, where Nr(p)(&) is the normalizer 
of &' in I'(P). In particular, P/&X is regular if and only if X& is normal in I'(P), in 
which case ['(P/X) = I'(P)/. 


Proof. By Lemma 2D7, the map yz of (2D6) is a bijection. Now, to prove the state- 
ment about ['(P/2), observe that, for each y € Nrp)(), the map ¢ given by 
(F- X)¢ := Fy - ZX induces an automorphism of P/2’. Thus, there is a homomor- 
phism a: Nryp)(X) > I(P/), given by ya = @. Let t € ker(~). Then, for any 
® € F(P), we have Px = (Pt)z. Hence, since pu is injective, we see that Dr = Do 
for some gy € XY; thus t = g € &’. It follows that ker(~) = &’. It remains to be shown 
that @ is surjective. 

Let x ¢ '(P/), and let = {F_1, Fo, ..., F,} be the base flag of P. Since P is 
regular (by assumption) and x preserves flags of P/2’, we have (@11)x = (@q@)z for 
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some g € I'(P). We shall prove that this implies that ((®@w)2)x = (@we)z for each 
wel (P). 
To see this, join the flags ® and Sy of P by a sequence 


PD = Do, D1, ae | Pn-1, Dy = Py, 
in which any two consecutive flags are adjacent. Then 
Do = Dog, Dig, Spe Sg. POn_1Q, PnP = Pye 


is a similar such sequence joining ®g and @y¢g, in which the flags };_1g and Dip 
differ in a face of the same rank as do ®;_; and @,, for each k= 1,...,m. But 
the images of adjacent flags in P under the canonical mapping 7: F(P) — F(P/) 
cannot coincide, so that the sequences 


On = Pon, Or,..., By H, Onn = (OW)x 
and 


(o)x = (Pog)x, (Pig), ...,(Pm-19)X, (Png)x = (@yo)x 


have the same adjacency properties as their pre-images. Hence, since (@7)x = (@y)x 
and x preserves the type of adjacency, we must have (®,77)x = (®,g)a for each 
k =0,...,m. For k = m, this proves that ((®@w)z)x = (@we)z, as required. 

Now, for y € &, this equation implies that 


(Oyo) = ((Pw)a)x = (Ox)x = (Pe)z. 


But this in turn shows that Oyo = ®¢—r, and hence that we = wt for some t € LY. 
It follows that g € Nryp)(). Further, since (@w)z)x = ((Pw)y)m for each yp € 
I'(P), we have 


(F-E)x =(Fr)x = (Fo)n = Fo- 2 =(F-E)0 


for each F in P; thus x = @. This proves that w is surjective, and hence that ['(P/X) = 
Nrip(®)/2. 

Finally, consider the base flag 2 of P/2’. Then any flag of P/ x is of the form 
(®o)z, with g € I'(P). Hence, P/» is regular if and only if, for each g € I'(P), 
there exists t € Nrcp)(’) such that (Sy)x = (@x)t = (Ht)z; thus, (Sg): VY = 
(fr) - XY, or, equivalently, p ¢ tX C Nrp)(%). It follows that P/' is regular if and 
only if Nrcp)(2’) = I'(P), in which case Lpyp)(X)/X' = I(P)/2X. This completes 
the proof. 


The following Proposition 2D9 deals with the interesting special case in which all 
the maps y are isomorphisms. See also Proposition 2E19 for an equivalent version of 
this proposition, and Proposition 2E22 for necessary and sufficient conditions under 
which it applies. 


2D9 Proposition Let P be an n-polytope, and let &' be a subgroup of I'(P) such 
that each orbit of &* meets each proper section of P in at most one face. Then, for 
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all F, G and 82 as before, the map y of (2D4) is an isomorphism (with Xig = {se} if 
G/F is proper), and the sections Gx/F x of P/& and G/F of P are isomorphic. In 
particular, 7: P — P/ is an (n — 1)-covering of n-polytopes. 


Proof. Let G/F be a proper section of ?. By our assumptions, Xo = {€}, so that 
in (2D4) we may identify H - Xo with H. Since G/F N(H - &’) = {H} for all H € 
G/F, the map y is clearly injective. To prove surjectivity, let H. 3’ € Ga/Fa = 
(G- 3’)/(F - 3’). Here we may assume that F < H and also that there exists g € Y 
such that H < Gq. But if F ~ F_,, then G and G¢ are faces in the proper section 
F,/F of P which are in the same orbit; hence we must have G = Gg and H € G/F. 
If F = F_,, then G ¥ F,, and similar arguments work with the rdles of F and G 
interchanged. It follows that y is surjective. 


To conclude this section, we discuss analogues of the intersection property for the 
groups of regular polytopes. 


2D10 Proposition LetP be aregular n-polytope with group '(P) = (po, --+5 Pn—1); 
and let &' be a subgroup of I'(P) such that, for all F, G and 92 as before, the map 
y of (2D4) is an isomorphism. Then, for each f, g with -1 < f < g<nand each 
gel (P), 


(pe |k> f\eLO (pe lk < g)9oh = (pp | f<k < g)eX. 


Proof. By assumption, P/ is a polytope, and the map yw of (2D6) is a bijec- 


tion. Let = {F_1, Fo,..., F,} be the base flag of P. Write F; := F;g- X for 
i = —1,0,...,n. Consider the orbits (®@yq@) - XY’, with 


VOLS (Ppgis «+5 Pn-1)PXN (fo, +++, Pe-1) 9X. 


Each of their images under jz contains ane Rvs Sates Fy, Ves Deo eon Fy}, so that 
their restrictions to sections of P/X of type {f, ..., g} form flags of F',/F ¢. But when 


F=Fro, G= Fyo, Q={F_1, Fog,..., F¢Q, Fe@, Fo+iQ, -+-s Fn—1Q, Fu}, 


the map y is an isomorphism, so that these flags are the images under p of orbits of the 
form (@y¢@)- X, with y € (pr+41,.--, Pg—1). But pu is bijective, so that the orbits must 
actually coincide. Thus yg’ € (pr4i,..-, Pg—1)p. This proves one inclusion, and 
the opposite inclusion is trivial. 


Note that, if &' is normal in "(P), then Proposition 2D 10 just gives the intersection 
property for [(P/') = '(P)/ 2’, the group of the regular polytope P / X’. Fora general 
subgroup », the condition of Proposition 2D10 is really a condition for orbits of flags 
of P and thus cannot be expected to characterize polytopality of P/X completely. In 
contrast, the condition of our next proposition can be seen as a condition for flags of 
P/*, and does indeed characterize polytopality. 


2D11 Proposition LetP be a regular n-polytope with group I'(P) = (Po, --+s Pn—1); 
and let © be a subgroup of I'(P). Then P /&X is ann-polytope if and only if the following 
two conditions hold. 
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(a) For each f, g,k with-l1< f<k<g<n,andeachgy € I(P), 
(oi LEAR Mo E> f\pXO (oi |i AKO |i < g)p® 
= (pi li Fk) pi | f <i < ger. 
(b) For eachk = 0,...,n — 1 and each yg € I'(P), 
(oi li xk) ENG Zp =9. 


Proof. We use Proposition 2DS. First, we prove that (a) of that proposition and (a) of the 
present one are equivalent. Let ® = {F_,, Fo, ..., F,} be the base flag of P. Then gen- 
eral chains of P are equivalent under I"(P) to subsets of &, so that for Proposition 2D5 
we may assume that F = Fry, G= F,g and Q = {Fig |i A ft+1,...,g— 1} for 
some yg € I(P); thus y:(Feg/Fry)/Xaq > (Fee: X)/(F re: X&). Let f <k < g. 
The k-faces of P/X incident with Fg - &' are just those of the form Fra), - Y with 
a) € (Po, .--, Pg-1), While those incident with Frg- XY are of the form Fragg- 
with a2 € (Prsi,---, On—1). In particular, the k-faces in Fyy- X'/Fyry- X' can be 
expressed in both ways, and if Fra;g- © = Fraog- XY, thena,g € (9; |i Fk)angyD. 

Hence, if the condition of (a) holds, then a, € (p; |i # k)a3gX' for some 
a3 € (9; | f <i < g); thus Fhayg- Y = Fra3g- X; but Fang € F,g/F rg, so that 
y is surjective. Conversely, if y is surjective, then a k-face Frajg- YY = Fragp- XY in 
Fg: X/Frp- & is of the form Fra3y- X' with a3 € (9; | f </ <g). Hence, 
if Bi, Bo] (p; |i AK), 1 € (Po,.--, Pg-1) and a € (Py+i,.--, Pn—1) are such 
that B)a;9L) = Boargd, then Frajg- Y = Frang- Y = Fra3y - XY for some a3 € 
(0; | f <i < g); thus Biaygd C (p; |i 4 k)(p; | f <i < g)y&. This proves one 
inclusion of (a), and the other is trivial. 

Next we need to show that parts (b) of the two propositions also correspond to each 
other. First note that X’ does not contain a conjugate of any p; (this is a weaker require- 
ment than (b)) if and only if orbits under »’ of adjacent flags of P are distinct; in fact, 
ify € I'(P), then (gy) - Y = (@—e)(y~!p;g) - U. Hence, if (b) of Proposition 2D11 
holds, then the orbits of adjacent flags of ? must be distinct, so that the maps 6, y 
of (b) in Proposition 2D5 must be injective. Conversely, suppose that (b) of Proposi- 
tion 2D11 does not hold for some k and g; that is, that p,g~! € (p; |i 4 k)g~!L. Then 
F.p.p-!- & = Fyg7!- X, so that the two faces F,pxy! and Fyy! of the section 
Fi4197|/Fy_197! are identified under 7 = By. Hence B, y cannot both be injective. 
This completes the proof. 


2E C-Groups 


In Section 2B, we derived various properties of the groups of regular polytopes. In 
Theorem 2B14, we proved that the combinatorial structure of a regular n-polytope 
can be completely described in terms of the distinguished generators po, ..., Pn—1 of 
the group I’(?). In this section, we shall characterize the groups of regular polytopes 
as what are called string C-groups. In particular, given a string C-group I”, we shall 
construct a regular polytope P = P(/") whose group is I”. We use this correspondence 
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between regular polytopes and string C-groups to prove further results on the groups 
of regular polytopes. As one of the most important consequences of this approach, we 
may think of regular polytopes and corresponding string C-groups as being essentially 
the same objects. 

Let I be a group generated by involutions po, ..., On,—1; we shall usually assume 
thatn > 1. During this section, these generators will be fixed; as in Section 2B, we then 
refer to them as the distinguished generators of I’. Further, the subgroups (9; | j € J) 
with J C N := {0,..., — 1} are called the distinguished subgroups of I’. Then I" 
is called a C-group if I” has the intersection property with respect to its distinguished 
generators; that is, foreach J, K C N, 


2E1 (OIF ESO IF EK) = (pj lf EeFOK). 


Here, “C” stands for “Coxeter”, though clearly not every C-group is a Coxeter group; 
see Chapter 3. It is immediate from the definition that the subgroups (p; | j € J) 
are themselves C-groups, with distinguished generators those p; with j € J. In this 
context, we also call the trivial group a C-group; here we set ; = ¢ for each integer /. 

Note that the concept of a C-group involves a pair consisting of both a group and 
a system of distinguished generators. If we simply speak about a C-group J”, then we 
implicitly assume that a system of generators has been specified. However, note that a 
group I” can be a C-group with respect to quite different (non-conjugate) systems of 
generators; we shall see examples in Chapter 7. 

A C-group I is called a string C-group if its generators satisfy the relations 


2E2 (ojo) =e ifj,k=0,...,.2-1 and |j —&| >2. 


In this case, the underlying Coxeter diagram for I” is a string diagram; see Section 3A. 
The consequences of the commutation rule (2E2) for the generators of I” are similar 
to those for the generators of the group /’(P) in Section 2B. In particular, 


Tk = (0; | 7 AR) = (po, ---s Pk-1) X (Petts ++ +s Ont); 


an internal direct product, for allk = 1,...,n —2. 

While there is still a huge variety of groups with property (2E2), the number of 
possibilities is cut down considerably by requiring the intersection property (2E1). By 
Propositions 2B10 and 2B11, if a group is the group of a regular polytope ?, then it 
is a string C-group. In this case, the intersection property depends essentially on the 
fact that the subgroups (p; | j € J) are stabilizers of chains of >. However, for an 
arbitrary group I” with property (2E2), we do not know of any general method to decide 
whether (2E1) holds or not. It seems that this property has to be verified separately for 
each group, or, at least, each class of groups. We shall see that, in some instances, the 
intersection property for I” can be related to the corresponding property for another 
group, for example, a Coxeter group. 

It follows from the definition that, in a non-trivial C-group I’, the distinguished 
subgroups (p; | j € J) with J C N are pairwise distinct. To see this, observe first 
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that, by (2E1), we have 
pdélpjlied) ifig J. 


Now, if J, K C {0,...,2— 1} and (p; | j € J) = (p; | j € K), then (2E1) implies 
that (0; | 7 € J) = (9; | 7 € JNK) = (p; | j € K); hence, it follows from what 
was said earlier that J = JM K = K, as required. 

We now construct a regular n-polytope P froma string C-group I” = (9, .--, Pn—1)> 
with n > 1. Fori = —1,0,...,, we define 


Vy = (9; |i AJ); 
further, we set 
LS heh, 


Observe that the subgroups I, ..., [j,-; are mutually distinct, and distinct from I". 
For j € N, we take as the set of j-faces of P (that is, its faces of rank /) the set of all 
right cosets J’; in I”, with g € I’. As improper faces of P, we chose two copies of I”: 
one denoted by I_,, and the other by J,; in this context, they are regarded as distinct. 
This formulation is motivated by the considerations following Proposition 2B14. Then, 
for the right cosets of I; and I,, we have [_jg = I_, and I,g = IT, forallg eI. 
On (the set of all proper and improper faces of) P, we define [jg < Iw to mean 


2E3 -1 <j <k<n and gh! € (pats... Pn—1) (005 +++ Pk-1)- 
Our first remark is trivial. 

2E4 Lemma 7he group I acts on P as a family of order preserving automorphisms. 
An equivalent condition to (2E3) is given by 


2ES5 Proposition Let I" be a string C-group, and letP be as before. Then jo < Iw 
ifand only if-l<j<k<nandlionlip 49%. 


Proof. The equivalence of the two definitions can be checked as for the groups of 
regular polytopes; see the proof of Theorem 2B14. Indeed, that (2E3) implies the 
condition of the proposition was proved in the theorem; the opposite implication is even 
easier. 


The condition [jg N Iw ¢ U of Proposition 2E5 (without assuming that j < k) 
defines a notion of incidence for a general C-group, and yields what are called thin 
diagram geometries; for details, see [65, pp. 1165, 1187]. We shall comment on this 
again a little later. 

Occasionally, if the dependence on I’ and po, .. . , Qn—1 iS to be emphasized, we write 
P(L) or PIL po, ---; Pn—1) for P. We also make appropriate definitions of P(”) for 
the case where I” is trivial and = —1 or 0. Ifm = —1 or 0, there is only one polytope 
of rank n. The appropriate definition is that P(") = P({e}) be this polytope, except 
that for n = —1 we just take one copy of I” rather than two. 

We first show that P is a poset. 
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2E6 Lemma The condition (2E3) induces a partial order on P. 


Proof. For reflexivity and antisymmetry of < we can appeal to Proposition 2ES. Cer- 

tainly, a coset I”;@ is incident with itself, which is reflexivity. If two distinct cosets Dj} 

and I, w are incident, then ; 4 k, since distinct cosets of the same subgroup are disjoint. 

Then ig < Iyy or jg > Iwas j < k or j > k, which implies antisymmetry. 
Finally, if-1 << j <i <k <n, we have 


(Pjtls s+ +s Pn-1) (P05 +++» Pi-1) + (Pit1s ++ +s Pn—-1) (0, +++ Pk-1) 
= (Pj+15 wey Pn—-1) (P02 +++ Pk-1): 


2E7 


Transitivity of < is then an immediate consequence if we appeal to the original definition 
of < in (2E3). It follows that < is indeed a partial order. 


We remark that the definition of the partial order extends more generally to groups 
which have property (2E2) alone; in fact, we have not really used (2E1) so far. 

Before we embark on the main theorem, whose proof we shall split into sev- 
eral lemmas, we extend the conventions of Section 2B to the poset P. Clearly, 
@ := {Io,..., T,-1} 1s a flag of P (we shall frequently ignore the improper faces 
in this context), which we naturally call the base flag; its faces are also called the base 
faces of P. Since @ is a flag, so is its image ®g = {Iog,..., [,-19} foranyg el. 
The set of flags of P is denoted F = F(P) (= F(L), if we wish to emphasize [" 
instead). Last, let K C N. If W € F then Wx denotes the chain of type, K contained 
in W. We also write x := (p; | j ¢ K). 

We next establish 


2E8 Lemma I is transitive on all chains of P of each given type K CN. 


Proof. Let {Ig; |i € K}beachain of type K. We proceed by induction. Suppose that, 
for some k € K, we have already shown that there existsa Ww € I such that 9; = [iw 
for i > k. Let j € K be the next smaller number than & (assuming that there is one). 
Then I;g; < Iw implies by (2E3) that ojv! © (Petts + +s Pn—-1) (POs +++s Pj-1)> 
say ojv | = a8, with a € (x41,---5 Pn—1) and B € (po, ..., P;-1). It follows that 
aly; = Bw =: x, say, and hence that 


x =Tbw=Ty, fori>k, 
Lie ES Tio Ge = Lj ep 


giving the same property with / instead of k (and w replaced by x ). This is the inductive 
step, and the lemma follows. 


2E9 Lemma /fK C N, then the stabilizer of the chain ®x of type K in the base flag 
@ is Ik. 


Proof. Let g € I’. Then g stabilizes ®x if and only if P;g = I’; hence g € I’, for 
each j € K. Equivalently, 


efi lie K}=(Voli#s) =e, 


jek 
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by the intersection property (2E1). This is the lemma. 
2E10 Corollary I is simply transitive on F. Hence the action of I on P is faithful. 


Proof. Indeed, by Lemma 2E9, the stabilizer of the base flag @ = Oy is I'y = {e}. 
The assertions of the corollary follow at once. 


We can now state the main characterization result. 


2E11 Theorem Letn > 1, andlet I = (o,..., Pn—1) be a string C-group and P := 
P(L) the corresponding poset. Then P is a regular n-polytope such that '(P) = T°. 


Proof. For P we need to check the defining properties (P1), ..., (P4) of polytopes; see 
Section 2A. The property (P1) is trivially satisfied with I, and I, as the least and 
greatest face, respectively. In fact, by (2E3), [_1 < Ij < I, for all g and all /. 

Next, we deduce at once from Lemma 2E8 that every chain §2 in P of type K can 
be expressed in the form 2 = Sx¢q, for some g € I’. In particular, 2 is contained in 
the flag gy, which gives (P2). 

We then prove (P4). If, in Lemma 2E8, we take K = N \ {/} for any 7 € N, we 
see that the stabilizer of yy ij; = (10, .-., Fy-1, Fy4i,---s Ini} 8 Pry = (ps) = 
{e, o;}. Hence there is exactly one flag apart from ® which contains ®y\;;}, namely, 


pi = {Ip,..., 0-1, Fj e;, Vj4i,---s In-1} = Gp;. 


The transitivity of I on F (Corollary 2E10 then implies that a general flag Ww = doy 
(for some suitable g € I”) possesses a unique j-adjacent flag W/ = 6/p = (Sy), as 
required. 

Finally, we demonstrate (P3), in the alternative form (P3’) of strong flag- 
connectedness. Corollary 2E10 shows that I” is (simply) transitive on F; hence, to prove 
(P3’), it suffices to consider the special case where one flag is the base flag ®. IfW € F 
is another flag, let K C N be such that BNW = @x. Since x C W, Lemma 2E9 
and Corollary 2E10 show that ¥ = &@ for some (unique) g € Ix. This says that 


W = Dp ++ Pym = PLO), 


for some k(1),..., k(m) € N \ K, giving an adjacency sequence of flags which each 
contain ®x; here, we have used the previous part of the proof. This establishes the 
theorem. 


Let us collect together various other properties of the regular polytope P(J) which 
we have proved (implicitly or explicitly) earlier. 


2E12 Proposition Let? be the regular n-polytope associated with the string C-group 
I’ = (fo,--+ 5 Pn-1)- 


(a) Let-1 <j <k <n, and let F bea j-face and G a k-face of P with F < G. 
Then the section G/F of P is isomorphic to P((pj+1,.-+, Pk-1)). In particu- 
lar, the facets and vertex-figures of P are isomorphic to the regular (n — 1)- 
polytopes P({ po, ---, Pn—2)) and P((p,.--, Pn—1)), respectively. 
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(b) P is of type {pi,.--, Pn—i}, where pj; is the period of pj-1p; in I for j = 
| Pe eee 

(c) P is finite if and only if I’ is finite. 

(d) P is self-dual if and only if there exists an involutory group automorphism w of 
I’ such that pj@ = f~y—1—; for each j =0,...,n—1. 


Proof. To prove part (a), note that the case 7 = k — 1 is trivial by definition. Hence, we 
can assume that —1 < j <k—1<n-—1. The transitivity of P on chains of a given 
type (Lemma 2E8) implies that it suffices to prove the result for the section P(/, k) := 
T,/T;.Let K := {0,...,j7,k,...,2 — 1} C N. There is a one-to-one correspondence 
between chains of P(j, &) and chains of P which contain ®x. In particular, using 
Lemma 2E8 again, we deduce that each face [;g € P(j, k) (with j <i < k) admits a 
representation with ¢ in the stabilizer of x, namely, x = (Pj;+1,.--, Px-1)- Hence, 
the group of P(/, k) is isomorphic to Ix, as claimed. Observe that there is an induced 
bijection jg << (I'x)ig for 7 <i <kandgeTrx. 

Next, part (b) is a special case of part (a), because (¢;—-1, 9;) 
1,...,n —1, and part (c) is trivial. 

Finally we prove (d). By Proposition 2B17, if P is self-dual, then we can take for w 
the restriction to I of the inner automorphism of I” which is induced by the polarity 
which fixes ®. Conversely, let w be as in (e). Then, for—1 < j <k <n, 


~ 


Dp, for j = 


((Pj4ts ++ +s Pn—1)( 0s +++ Pk—-1))O = (0, +++ Pn—j—2)(Pn—ks ++ +5 Pn—1)> 


By (2E3), this implies that the mapping 6: P — P given, for—1 <i <nandgeTl, 
by 


(1})6 := In-1-i (Go) 


is a (well-defined) duality of P onto itself. Hence, P is self-dual. The mapping 64 is 
indeed the unique polarity which fixes &. This completes the proof. 


We note here two immediate consequences of the earlier results and the underlying 
construction of P(J’). First, 


2E13 Corollary The string C-groups are precisely the groups of regular polytopes. 


The one-to-one correspondence between string C-groups and regular polytopes will 
be crucial for all further considerations. Second, we have 


2E14 Corollary Let n > —1, let P be a regular n-polytope, and let po, ..-, Pn—1 
be the distinguished generators of I'(P) associated with the base flag ® = 
{F_1, Fo,..., Fn} of P. Then the regular polytopes P and P(I'(P)) (or more exactly, 
PU (P); Po, -++s Pn—1)) are isomorphic. In particular, the mapping 1: P > PU(P)) 
given by 


(Fig)m := (0 |t # J), 


or -—1 < j <nand og € I(P), is an isomorphism. 
J P 
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In constructing self-dual regular polytopes, Proposition 2E12(d) will usually be 
applied in the following form. 


2E15 Proposition Let n > 1, and let T = (po,..., Pn—1) be a string C-group. As- 
sume that I” has a presentation in terms of the generators (9, ..., On—1 which is sym- 
metric, in the sense that it is invariant under the exchange 


Pj > Pn-1-j 
fori =0,...,n—1. Then P = P(L) is self-dual. 


Proof. The exchange induces an involutory group automorphism w of I”. Then Propo- 
sition 2E12(d) applies. 


In actual applications, the proof of the intersection property (2E1) for string C- 
groups can often be reduced to the consideration of only a few cases. Here, the following 
proposition is quite helpful. 


2E16 Proposition Let I = (0, ..., Pn—1) be an sggi (that is, I is a group satisfying 
(2E2)), and suppose that its subgroup I, := (Po, -+-, Pn—2) is a string C-group (with 
respect to its generators). 


(a) If Io :=(p1,---,Pn-1) is also a_ string C-group, and I,-;NIyp= 
(P1,-++5 Pn—2), then I itselfis a string C-group. 

(b) If Ty-1 0 (Px, ++ Pn—1) = (Pky +++, Pn—2) for eachk =1,...,n—1, then T 
is also a string C-group. 


Proof. We first prove part (b). As usual, let [; := (po; |i4~j) for 7 =0,..., 
n—1. Define A:= (po,...,On-2) =In-1, and let A; :=(p,|0<i<cn—2 
andi # j) for 7 =0,..., — 2. First note that, for 7 = 0,...,n —2, 


T; NA =AN (pj4i,-- +s Pn-1) (0, +++» Pj-1) 
= (AN (pj41, +++ Pn—1))( Po, ++ +s Pj-1) 
= (Pj+is-++) Pn—2)(P0, +++» Pj-1) 
= Aj. 


To prove (2E1), it suffices to check that, for each K C N := {0,...,n — 1}, 
Tk = (oj |7¢K)=( U1 € XK). 
Now A = I;,_; 1s a C-group, so that, ifm — 1 € K, then 
(Millie K=[ i NAlje K\ (2-1) 
=(\AjljeK\{n-1}} 


= Ax\(n-1} 
= Ix, 
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as required. On the other hand, ifn — 1 ¢ K, letk € K be its largest member. Then 
(Vy a] Kb = (UG 7 © KE \ BE (tet, «+ Ont) (005 ++ e-1) 
= (Dass «+25 Put) ( EY |Z EK \ ADEN (605-5 Pua) AT y-1) 


= (Phsts +5 Puid(( Uy FE K\ UOTE Tt) 
= (Pe+1s-++5 Pn—-1) (pj | Jj € KU {a — J}) 


where we have used the previous part of the proof. This gives part (b). 
For part (a), note that, for 7 = 1,...,”—1, 
Man (Djs +++ Pn—1) = h-1 AI) (Djs +++ Pn—1) 
= (Pi -+ +5 Pn—-2) 1 (Pj, +++5 Pn—-1) 
= (Pj; cNto) Pn—2), 


by property (2E1) for I. Now we can appeal to part (b). 


In many cases we shall encounter, quotient relations play a vital role. In verifying 
that a given group is a string C-group, the following result is frequently useful. We 
shall refer to its condition as the quotient criterion (previously, we have often used the 
term “quotient lemma”). 


2E17 Theorem Let I” = (po, ..., On—1) be an sggi (a group satisfying (2E2)), and let 


A = (00,...,; On—1) be a string C-group (with respect to the distinguished generators 
0;). If the mapping p; > 0; for j =0,...,n — 1 induces a homomorphism 1: T° > 
A, which is one-to-one on I, := (Po,.-+, On—-2) Or on To := (01, +++ Pn—1), then 


is also a string C-group, and 1 induces a covering P(I") \, P(A) of the corresponding 
polytopes. 


Proof. Assume that z is one-to-one on [j,_;. By Proposition 2E16, it suffices to check 
that 


Ti O1 (js +++ Pn-1) = (Djs ++ +s Pn—-2) 
foreach j = 1,...,n—1.Letg@ € I-11 (p;,.-.-, On—-1). Then, 
QI € (005 +++ Gn—2) N (Oj, -.-, On-1) = (Oj, ~~, On-2), 


by our assumption that A is a C-group. Hence gz has a pre-image in (p;,..., Pn—2). 
But z is one-to-one on J>,_;, so that g is the only pre-image of yz in I,_. It follows 
that y € (~;,..., Pn—2). This proves one inclusion, and the other is trivial. Therefore 
I is a string C-group. Finally, it is immediate that 


(oO) |J FAO (0; 17 F KM), 
fork = —1,0,...,nandqg € I, gives a covering P(I’) \ P(A). 
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Our next two results relate quotients of string C-groups to quotients of polytopes. In 
particular, in Proposition 2E18 it is explained why, in our discussion in Section 2D, it was 
usually assumed that the maps y of (2D4) are isomorphisms. Finally, Proposition 2E19 
is equivalent to Proposition 2D9. 


2E18 Proposition Let? be a regular n-polytope with group '(P) = (po, ---s Pn—1); 
and let &' be anormal subgroup of I'(P). If ((P)/& is a string C-group (with distin- 
guished generators Xpo,..., Pn—1), then the two polytopes P/X: and P(I'(P)/X) 
are isomorphic, with group '(P./&) = I'(P)/&, and all maps y of (2D4) are isomor- 
phisms. 


Proof. Let = {F_1, Fo, ..., F,} be the base flag of P. Write A := I'(P)/’, and let 
mz: I'(P) — A be the canonical projection. For k = —1,0,...,n, define I := (p; | 
j#k),and Ay = (Xp; | j #k).Note that Ay! = 1, for each k. By assumption, 
A is a string C-group, so that P(A) is defined, with base flag {A_,, Ao, ..., An}. 
Consider the mapping x: P/2' — P(A) given by 


(Fj 9)k = A;(gr) 


for 7 = —1,0,...,nandg € I'(P). Foreach j andg, wy € I'(P), we have Fig: X = 
Fyw- Xin P/S if and only if 1; 2g = 1; X'y; that is, if and only if A;(g7) = 
Aj (wz) in P(A). It follows that « is a bijection. But « also preserves incidence in 
both directions. In fact, in P/2’, a pair of incident faces is of the form F;g - & and 
Fytg:X with j <k,g € I (P)andt € (pxii,.--, Pn—1). Under x, they are mapped 
onto the faces A;(yz) and A;(tz)(ym) of P(A), which are again incident because 
tH € (Lpj4i,---, XPn—-1). Conversely, if A;(gm) and A,(t7)(g7r) are incident in 
P(A), with tm € (Lpj41,..-, 2 On-1), then t € (P¢41,---, Pn-1) 3 thus Fg. 
and F,tg - X are incident in P/2. 

It follows that P/' and P(A) are isomorphic polytopes and thus have the same 
group A. By Lemma 2D7, all maps y are isomorphisms if the mapping w: F(P)/X' > 
F(P/<’) of (2D6) is a bijection. To prove this, consider the chain of maps 


FCDA FCS SFPD) 
{A;(gm)}; — on — 9-2 — {Fyo- 2}; & (@y)r). 


Here, 4 is a bijection, because P(A) is a regular polytope with (the simply flag- 
transitive) group A, and v is a biyection, because Pp. Y = Oy - LY in F(P)/yL if 
and only ifgz = Yo = Lw = wo. But Avy is also a bijection, because it is the map 
induced by the isomorphism «~!: P(A) > P/X. Hence ju must be a bijection, and 
the proof is complete. 


2E19 Proposition Let? be a regular n-polytope with group I'(P) = (po, --- Pn—1); 
and let © be anormal subgroup of '(P) such that 


XM (P1y ++ ++ Pn—1) (P05 «+++ Pn—2) = {€}. 
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(a) I'(P)/ is a string C-group, andP /X and PUI (P)/%) are isomorphic regular 
polytopes with group ['(P/X') = I'(P)/z. 

(b) The facets and vertex-figures of P/& are isomorphic to the facets and vertex- 
figures of P, respectively, so that P is an (n — 1)-covering of P/Z. 


Proof. We use the same notation as that in the proof of Proposition 2E18. First, 
note that © 1 Iy,_; = {e} = X' NI, so that the restrictions of 2 to the subgroups 
I,-; and I are isomorphisms. In particular, [j,_;7 = (Xo, ..., 2 Pn—2) and pa = 
(X’p1,..., XPn—1) are string C-groups. 

To prove that A is a string C-group, observe that (2E2) holds trivially. By Proposition 
2E16, for (2E1) it suffices to check that 


T,-10 OTon = (PI, wees Pn—2)T. 


Let gy € I,_-1 and y € I, and suppose that gx = wa. Then yo! € ker(z)N 
Toln-1 = LV AToln-1 = {e}; thus g = W €T,-1NI = (p1,.--, Pn—2). But this 
proves (2E1). Now we can apply Proposition 2E18 to complete the proof of part (a). 
Part (b) follows from A,_; = [,_, and Ay = I. 


We conclude this section by discussing some results on quotient polytopes of reg- 
ular polytopes, which preserve the facets and vertex-figures but are not necessarily 
themselves regular. These are defined by an interesting class of subgroups » called 
sparse. The name “sparse” for such groups was introduced in Hartley [208, Chapter 5; 
209, 210], but the groups themselves occur earlier, for example, in [145, 245, 301]. 
The definition builds on a generalization of the hypothesis of Proposition 2E19. 

Let P be a regular n-polytope with group '(P) = (fo, .--, Pn—1). A subgroup 2 
of I'(P) is called sparse if 


2E20 GT ZON (Pi, -++s Pn—1) (Pos «+++ Pn—2) = {8} 


for each gy € I'(P). Equivalently, ’ is sparse if and only if 


2E21 LM (G7! pig, «G7 Pn—19) (| Pog, -- + P| Pn—2) = {e} 


for each g € I'(P). Note that g~!pog, ..., P~ | n—19 are the distinguished generators 
of I'(P) associated with the flag Sy, where @ is the base flag of P. 

We begin with the observation that the sparse subgroups are precisely the groups 2’ 
which satisfy the hypothesis of Proposition 2D9. 


2E22 Lemma Let P be a regular n-polytope with group I\(P), and let & be a sub- 
group of I'(P). Then & is sparse if and only if each orbit of &' meets each proper 
section of P in at most one face. 


Proof. First, assume that the condition for the orbits holds. Let gy € '(P), and let w € 
& be such that pwo7! € (p1,..-, Pn—1) (Pos +s Pn—2). Then, by Proposition 2B14, 
Foow < F,-19 in P. Since the vertex Fog is the only element in its orbit which is 
contained in the facet F,,_,g/F_, of P, we must have Fogw = Fog. It follows that 
w maps the whole vertex-figure F,,/Foy of P onto itself. Since each orbit meets this 
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vertex-figure in at most one face, yy must fix each face of F,,/ Fog. It follows that W = «, 
as required. 

It is sufficient to prove the converse for facets and vertex-figures, because every 
proper section of P is a section of a facet or a vertex-figure. By duality we may 
consider only a facet, F,_1y/F_1 (say) with y € I'(P). A generic j-face of this facet 
has the form F;a@g with a € (0, ..-, Pn—2). Now, if an orbit of XY meets F,_19/F_1 
in two faces of rank j (say), then there are a, B € (9,..., Pn—2) and t € X& such 
that Fjay = F; byt. Replacing g by By (and a by wB~!), we may assume that B = «. 
Then Fjag = F;@t, and therefore 
ty tame (pli Ff) = (Oi LE > AO: LE <S) S (Pty + Ont) (05 «+65 Pn=2)- 
But @ € (0, ..., Pn—2), and so we also have yty™! € (p1,..-, Pn—1){P0s «+++ Pn—2): 
Since ¥ is sparse, this implies that ptg~! = «, and hence that t = e. It follows that 
the two faces in the same orbit must actually coincide, which completes the proof. 


The following result is now a direct consequence of Lemma 2E22 and Proposi- 
tions 2D9 and 2D8. It generalizes Proposition 2E19. 


2E23 Proposition Let P be a regular n-polytope, and let © be a sparse subgroup of 
I(P). 


(a) P/& is an n-polytope with group I'(P/X’) = Nrip)(2)/, where Nrip)(X) 
is the normalizer of & in I'(P). In particular, P/& is regular if and only if X 
is normal in I'(P). 

(b) The facets and vertex-figures of P /&X are isomorphic to the facets and vertex- 
figures of P, respectively. 


Our next proposition determines when two quotients by sparse subgroups are iso- 
morphic. In particular, this proves again the statement of Proposition 2D8 about the 
group of a quotient polytope. See also Kato [245, Theorem 4], Davis [145, Corol- 
lary 2.15], and Hartley [208, Theorem 5.2.46; 209, Theorem 5.3] for different proofs 
of Proposition 2E24 (for the universal polytopes P = {p1,..-, Pn—1}). 


2E24 Proposition Let P be a regular n-polytope, and let & and & be sparse sub- 
groups of I'(P). Then the quotients P/X and P/& are isomorphic if and only if 
and & are conjugate subgroups of I'(P). 


Proof. The idea is to generalize Proposition 2D8 and its proof. One direction is straight- 
forward. If © and J are conjugate and S = y~! Yy with € I'(P), then the mapping 
g:P/X > P/&, defined for F € P by (F - XY )¢ := Fe - &, is an isomorphism be- 
tween the two quotients. In fact, since pS = Sg, this is a well-defined bijection which 
preserves incidence in both directions. 

For the proof of the converse we can adjust the proof of Proposition 2D8 (for the 
surjectivity of the homomorphism z defined there). Now, let u:P/X' > P/& be an 
isomorphism of polytopes. Let w5:P > P/X' ands: P — P/& be the correspond- 
ing canonical projections, and let @ be the usual base flag of P. Since P is regular and 
jz maps flags to flags, we have (Or y5)u = (Sy)zg for some gy € I'(P). By arguments 
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similar to those of the proof of Proposition 2D8 (with appropriate changes of z to zy 
or 7g), we can now conclude that (@y)ry)u = (S@Wy)srze for each w € I'(P). 
Next we make two clever choices for yy. First, for w € & this gives 


(Oyve)nz = ((Op)ry)u = (Ory)u = (Pg)rz. 


By Lemma 2E22 and Proposition 2D9, as well as Lemma 2D7, we can identify the set of 
flags of P/& with the set of orbits of F(P) under the action of &. Therefore, if w € X, 
we have @yy = Gor; thus, ww = gt for some t € &. It follows that gp"! Ng C &. 

Second, with y := y7!, the earlier equation implies that (@7z)u~! = (@y7!)rry, 
so that the same arguments applied to the inverse z~! of jz, with g replaced by g7!, 
give the other inclusion y~! Sg D &. In particular, © and & are conjugate subgroups. 
(Also, as in the proof of Proposition 2D8, we have yu = @, with @ as defined before.) 
This concludes the proof. 


When applied to (locally finite) regular tesssellations P in spherical, euclidean or 
hyperbolic n-space E, Proposition 2E24 can be seen as a combinatorial analogue of 
the following general fact about such n-dimensional space-forms. If ©’ and & are two 
discrete subgroups of the isometry group Z(E) of E which act freely on £, then the 
corresponding space-forms £/' and £/ are isometric if and only if (their funda- 
mental groups) © and & are conjugate in Z(E£) (see Section 6A). Here, the condition on 
the action of &' and & on E corresponds to the condition of Proposition 2E24 that the 
subgroups be sparse. In fact, the analogy goes even further if E is hyperbolic andn > 3. 
Two hyperbolic space-forms £'/’ and E/& of dimension n > 3 are homeomorphic if 
and only if X' and & are conjugate in Z(£). This is a consequence of Mostow rigidity 
(see Section 6J, and Thurston [411, §5.7]). So, in a sense, Proposition 2E24 can be 
viewed as a combinatorial rigidity result. 

We shall further explore the relations between space-forms and quotient polytopes 
in Chapter 6. 
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In Chapter 3, we shall discuss in more detail the basic groups which underly the 
groups of regular polytopes, namely, the Coxeter groups. We have already informally 
introduced the concept of a Coxeter group; for present purposes, we can think of it as 
prescribed by the Schlafli type of a regular polytope, so that it isa group (0, ---, Pn—1); 
whose generators satisfy relations (9; 0;)? = €, where 


ai ica, 
=2, if >i +2. 


(Compare here (2B15).) This group is denoted [p1,..., Pn—1], and since (as will be 
shown in Section 3D) it is a C-group, it is the group of the universal regular n-polytope 
written {p1,..-, Dn—1}- 

We have also seen that the general regular polytope of Schlafli type {p), ..-, Pyr—1} 
is a quotient of the universal polytope (compare Section 3D). Such a quotient (or, rather, 
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its group) will generally be describable by means of the imposition of further relations 
on the group [p1,..., Pn—1]. We introduce here some notation, which enables us to 
avoid clumsy circumlocutions of the form “the polytope whose group is the Coxeter 
group [p1,---, Pn—1], factored out by the relations ...”. 

In fact, the notation will merely be the combinatorial expression of these additional 
relations; it will also give us some extra flexibility, in that we can then apply the notation 
to describe a quotient of a general regular polytope, which is not necessarily universal 
(in the sense used earlier). 

When we constructed the group ’ = I'(P) of a regular n-polytope P in Section 2B, 
we obtained a very direct correspondence between group elements and chains of suc- 
cessively adjacent flags: 


pi)-JO) < i Pir) lore Pj(l)- 


We refer to j(1)--- j(r) as a flag-sequence; since P is regular, we may even for- 
get on which flag the sequence is based, since if we start from a different flag, then 
we obtain a conjugate group element. In particular, a relation pj) +--+ ej(1) = € just 
gives a closed chain relation @/“/”) = @, and conversely. (Note, by the way, that 
since the p; are involutions, the group relation is equivalent to pj;(1)--+ ej) = € as 
well.) From a combinatorial point of view, then, the information about the relation 
is encapsulated in the closed flag-sequence or flag-cycle s := j(1)--- j(r). This dis- 
penses with any reliance on the notation chosen for the distinguished generators of the 
group I’. 

We therefore introduce the following notation. Let P be a regular n-polytope 
of Schlafli type {p1,..., Pn—i}. If P is the quotient of the universal polytope 
{P1,---,Pn—1}, obtained by imposing the extra flag-cycles R = {s,,...,5,}, with 


S],..., 5, Sequences in0,...,” — 1, then we write 
2F1 Pi= {Pi,--+> Pn—-1}/((S1,---, Sk). 
The understanding here is, of course, that none of 5), ..., s, corresponds to the basic 


relations for the Schlafli type itself. 

This latter restriction is only for convenience; there is no theoretical reason why we 
should not start from the universal regular n-polytope {o00, ..., oo}, and let s; be the 
flag-cycle ((j — 1)j)?/ for 7 = 1,..., — 1. But it would be silly to do this — after all, 
our aim is to simplify the notation. 

It is too early to give many examples of how the notation works. However, we 
can anticipate a little. We shall see in Section 7B that the notation for the polyhedra 
determined by their Petrie polygons or by their holes, which we met in Section 1D, is 


(P.Qr = {p, q}/((12)")), 
{p,q |h} = {p,g}/(((0121)")). 


In practice, we do not use the latter notation, since the former is more succinct. This 
will also frequently be the case — we adopt a brief notation which is shorter than the 
canonical one just defined. However, we shall find ourselves in circumstances where 
the new notation will prove extremely useful. 
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Observe that, in fact, we need not start from a universal polytope. If P is obtained 
from another, not necessarily universal, regular n-polytope Q by the imposition of extra 
relations on its group, then we may similarly write 


P = Q/((S1,.-+5 Sk), 


where s),..., 5, correspond to the additional relations imposed on the group I(Q) 
to get its quotient ["(P), or, in other words, to the additional flag-cycles which occur 
in P. 

It is appropriate to make some further comments. 


2F2 Proposition Minimal relations determining the group of a regular polytope P 
as a quotient of a Coxeter group [p1,.--, Pn—1] = (00,---» Pn—1) involve all the p; in 
consecutive blocks. 


Proof. This is clear, when we recall that a subgroup Tj = (9; |i 4 7) of F = P'(P) 
is an internal direct product 


Ty = (Po, +++ Pj-1) X (Pitts ++ +s Pn—1)s 


if 7 A0orn—1. 


What Proposition 2F2 implies is that (for instance) it would be inappropriate to 
impose a flag-cycle (01542)°, since this would be a consequence of the simpler cycles 
(012)° and (45). 

So far, we have discussed the presentation of the group of a regular polytope in 
very general terms. We now come to a result of considerable practical importance, 
to which we shall frequently appeal. A general element y of the group = I'(P) = 
(P0,-++s Pn—1) (Say) of a regular n-polytope P is of the form 


2F3 Y = Ay P01 Po +++ Polk, 
with a@,...,@% € Io := (P1,---; Pn-1), the group of the vertex-figure of P at its 
base vertex v := Fo, fori = 0,...,k. (It is now more convenient to work with group 


elements, rather than with flag-chains.) With y, we can associate a path in P with k 
edges leading from v to vy. If k = 0, the path consists of v (= vag) alone. For k > 0, 
let (Z|, ..., E,_,) be an edge-path associated with y’ := aopo1p0--- ax-1. With y 
is then associated the path (£),..., Ex), given by 


Ey = Ear (= Epoer), 
Ep £.-y poe “ford = 2a ky 
where E := F' is the base edge of P. Of course, this path will not generally be unique, 
since it depends on the particular expression for y. 
Conversely, an edge-path (£,,..., £;,) from v corresponds to such an element y € 


I’, in which po occurs k times. If k > 0, then there is ana; € I such that FE; = Fax. 
The shorter path (E), ..., £,_,), given by 


Reg -1 
Ej := Ej410, Po 
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fori = 1,..., —1, also starts at v, and we can repeat to obtain y as before, with a 
free choice of ao. 

In the context of group presentations, we deduce what we shall refer to as the circuit 
criterion: 


2F4 Theorem Let? be a regular polytope. Then the group = I'(P) of P is deter- 
mined by the group of its vertex-figure, and the relations on the distinguished generators 
of I” induced by the edge-circuits of P which contain the initial vertex. 


Proof. A relation on I” can be written in the form 
0081 P0°*:Ak-1Po = €, 


with a; € I fori = 0,...,4 — 1, which corresponds to an edge-circuit starting and 
ending at v. Conversely, such an edge-circuit is equivalent under J to one beginning 
with EF, and this gives rise to a relation as before (now the element a will be determined 
by the circuit). This is the result. 


Note, by the way, that among the edge-circuits which determine the group are those 
of the 2-faces {p} of P. Again, we shall leave until somewhat later providing instances 
of how the circuit criterion works in practice. 

We end with a comment on the geometric interpretation of Theorem 2F4. As we 
saw earlier a relation of the form 


Ao P0810 +": Ak-1fPo = €, 


witha; € I fori = 0,...,& — 1, corresponds to an edge-circuit. However, we do not 
seem to proceed along the circuit to obtain the relation. In fact, though, we do, if we 
recall the original association between group elements and flag-chains; this relation 
corresponds to a sequence 


sis Oa;,_10- oy 0a, 0ao, 


with each of a,_1,..., @ Sequences in 1,..., — 1. Each time we encounter a ‘0” 
in the flag-chain, we change vertices in a common edge; thus we do directly obtain a 
corresponding edge-circuit. 


3 


Coxeter Groups 


A central role in the theory of abstract regular polytopes is played by an important 
class of groups known as Coxeter groups. Historically, Coxeter groups made their first 
appearance as the symmetry groups of the classical regular polytopes and tessellations, 
or as related reflexion groups [120, Chapter 11]. Since then, they have occurred in 
many branches of mathematics. 

The purpose of the first three sections of this chapter is to review some of the basic 
properties of Coxeter groups. We shall not give a full exposition of the subject here, but 
instead focus attention on those results which will be used later. In particular, we shall 
state most results without proof. For further notes, references, historical remarks, and 
proofs, the reader is referred to Cohen [81, 82], Coxeter [120], Grove and Benson [195], 
Hiller [219], Humphreys [222], Koszul [254], and Tits [417]. 

Then, in Section 3D, we discuss the class of universal regular polytopes 
{P1,---,Pn—1}, which includes the traditional convex regular polytopes as well as 
the euclidean or hyperbolic regular tessellations. Finally, in Section 3E, we describe 
how the Brianchon—Gram theorem for angle sums of convex polytopes can be employed 
to calculate the order of a finite Coxeter group in a purely elementary manner. 


3A The Canonical Representation 


We shall restrict our study to Coxeter groups with finitely many distinguished genera- 
tors, although a good part of the theory goes through for groups with infinitely many 
distinguished generators. 


Let M = (mi;)j,j=1,....4 be ak x k matrix whose entries m;; are positive integers or 
oo. We call M a Coxeter matrix if 
m; = 1, fori =1,...,k, 
mij =m; > 2, forl<i<j<k. 
Let M be a Coxeter matrix. The Coxeter group with Coxeter matrix M is the group 
W = W(M) with generators 01, ..., 0%, and presentation 
3A1 (o;0;)"" =e foralli, 7 with mj; 4 oo. 
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If M is not explicitly mentioned, we simply refer to W as a Coxeter group. Note that 
the notion of a Coxeter group involves both a group W and a system of distinguished 
generators 01,..., 0%. Occasionally, we shall also call the pair (W; {o1,..., o%}) a 
Coxeter system. The number k is called the rank of W. We write 


K :=(,..., 4}. 


In the following, we shall describe a geometric representation for the Coxeter group 
W. It follows immediately from this representation that, for all i and /, the order of 
the product o;0; in W is indeed m;;. In particular, the generators 0, ..., 0% of W are 
involutions, and any two generators o;, o; generate a (possibly infinite) dihedral group 
Dm, fk = 1, then W = (01) = Co. If k = 2, then W = (01, 02) = Dy. 

For J C K we define the distinguished subgroups W; of W by 


Wr = (0; |i eI). 


Then, Wy = {e} and Wx = W. (Elsewhere, the subgroups W, are also called special 
parabolic subgroups of W.) 


3A2 Theorem Let W = (o\,...,0%) be a Coxeter group with Coxeter matrix M = 
(mj;)i,jex. Then the distinguished subgroups have the following properties. 


(a) Each group W, with 6 4 I C K is (isomorphic to) the Coxeter group with 
Coxeter matrix (mjj;)j, jer- 


(b) If I, I CK, then 
3A3 WrO Wy = Wins. 


(c) The subgroups W; with I C K are mutually distinct. Equivalently, if j ¢ I, then 
Oj ¢ Wr. 


From now on, we shall refer to (3A3) as the intersection property of W (with respect 
to its generators 01, ..., 0%). We remark that this intersection property also holds for 
Coxeter groups with infinitely many distinguished generators 0; (groups defined by 
relations as in (3A1)). 

In W we have oj0; = o;0; whenever m;; = 2. In particular, if mj; = 2 for all i and 
j with i ~ j, then W is the direct product of k copies of C), one for each o;. More 
generally, if K splits into two sets J and J (say) such that m;; = 2 wheneveri € J and 
Jj € J, then W is the direct product of the two (Coxeter) subgroups W; and W,; see 
Proposition 3A4. 

It is convenient to represent a Coxeter group W = W(M) bya diagram D = D(M), 
called the Coxeter diagram of W. We also say that W is the Coxeter group with dia- 
gram D and write W = W(D). This diagram D is a labelled graph which represents 
the set of defining relations (3A1). More precisely, the nodes of the graph represent the 
generators o; of W, and, for each i and j, a branch with label (mark) m;; joins the ith 
and jth nodes. Conventionally, we omit an improper branch labelled 2, and also, for 
simplicity, the label m;; is omitted from a branch whenever it takes the (most preva- 
lent) value 3. (Occasionally, though, it is preferable to retain at least some improper 
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branches.) Sometimes, if the actual correspondence of the nodes and the generators 
is to be emphasized, we also label the ith node of the graph with the index i of the 
corresponding o;. (For an historical account on the evolution of the diagram notation, 
see Coxeter [127].) 

By a string (Coxeter) diagram we mean a Coxeter diagram of the form 


with possibly some of the marks equal to 2. Following Coxeter [120, pp. 130, 199], this 
group is denoted by [p1,..., px_-1] if k > 2, or [1] if k = 1. A string Coxeter group is 
a Coxeter group with a string diagram. 

The following proposition reduces many questions on Coxeter groups to problems 
on groups with a connected diagram. 


3A4 Proposition Let D be a Coxeter diagram without improper branches, and let 
D,..., Dm be its connected components. Then 


W(D) = W(D)) x --- x W(Pn), 


but no component W(D;) is itself a direct product of non-trivial distinguished subgroups 
(given by subdiagrams of D;). 


For example, in the string diagram, if k > 2 and p; = 2 for some /, then 


[pi.---, Pe-1] =[pi,---, pi-1) X [piqt,-- +. De-ils 


here we must interpret the left or right factor of the direct product as [1] (= C2) ifi = 1 
ori = k — 1, respectively. In particular, 


PAR AOR a piesa ae 


We call a Coxeter group W (or more exactly, a Coxeter system (W; {o1, ..., ox})) 
irreducible or reducible according to whether its Coxeter diagram (after omission of all 
improper branches) is connected or disconnected, respectively. Then Proposition 3A4 
says that every Coxeter group is the direct product of its irreducible components. 

As was mentioned in Sections 1B and 1C, the symmetry groups of the convex 
regular n-polytopes in E” (or, equivalently, the regular spherical tessellations on S’~!) 
and of the regular tessellations in euclidean or hyperbolic (n — 1)-space are generated 
by n reflexions Ro,..., R,—-; 1n the walls of a fundamental simplex (which is an 
orthoscheme); see [120, p. 137]. If{pi, ..., Pn—i} 1s the Schlafli symbol of the polytope 
or tessellation, then the dihedral angle between the reflexion walls of R; and R; is 
u/p; if j =i+1 or 2/2 if |j —i| > 2. Accordingly, (R;_,R;)?’ = E, the identity, 
or (R;R i = E. Figure 3A1 illustrates the situation for the 3-cube {4, 3}. 

Let us introduce a useful convention. In a geometric space F' (such as a euclidean 
or hyperbolic space), we shall identify an involutory isometry R with its mirror {x € 
E | xR =x} of fixed points. Thus, in the previous paragraph, we may call R; itself'a 
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ZL 


Figure 3A1. A fundamental chamber for the 3-cube. 


reflexion wall. This convention is very helpful when we come to consider realizations 
(see Chapter 5), but we shall employ it sporadically earlier. In particular, where there 
is no possibility of confusion, we may also denote by E the identity isometry of E. 

The following theorem is based on the simple-connectedness of the underlying 
spaces, and extends Theorem 1B1. 


3A5 Theorem The symmetry group of a convex regular n-polytope or a regular 
tessellation in euclidean or hyperbolic (n — 1)-space is a Coxeter group. More pre- 
cisely, if {p,,..., Pn—1} is the Schlafli symbol of the polytope or tessellation, then this 
group is [p1,.--; Pn—1], with diagram 


The geometric picture for regular polytopes and tessellations suggests the construc- 
tion of a representation for Coxeter groups known as the canonical representation. We 
begin by defining the canonical bilinear form for W. 

Let M = (m;;);,;cex be a Coxeter matrix, and W = W(M) = (01, ..., 0%) the cor- 
responding Coxeter group. Let E := R*, and let {e;,..., ex} be the standard basis of 
E. Now define the symmetric bilinear form (-, -) y by 


(e;,e€;)m i= —cos(a/m;j) fori, 7 =1,...,k. 
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In particular, 
1, ifi=j, 
(e,ej)um=49, if my = 2, 
—l, if Niji =O. 


For i = 1,..., 4, consider the linear mapping S;: E —> E defined for x € E by 
x S; [=X 2(e;,X) mej. 


With respect to the orthogonal geometry on EF’, which is defined by the bilinear form 
(-, +), this mapping S; is the reflexion in the hyperplane orthogonal to the vector e;. 

By Z(M) we denote the isometry group (orthogonal group) determined by (.-, -) 7; 
this is the subgroup of the general linear group GL(£) comprising the linear transforma- 
tions which preserve the form (-, -) 4. By the construction of (-,-)y, fori, 7 =1,...,k, 
we have 


(S)S;)"! = E. 
(It is tedious to verify this directly, but see the following.) Hence, 
gh S G@=1,...,4 
defines a homomorphism 
r:W > T(M) C GL(£). 


This homomorphism is called the canonical representation of W. 

In general, the representation 7 will not be irreducible even if W is irreducible. In 
fact, the reflexion hyperplanes of S;,..., S, intersect in the radical rad M of (-,-)y, 
so that rad M is pointwise fixed under the elements of Wr. It follows that, if (-, -) 4 is 
degenerate, then r is reducible, yet not completely reducible. On the other hand, if W 
is irreducible and (-, -) yy is non-degenerate, then r is an irreducible representation. 

To resolve the problem that the reflexion hyperplanes of the generating reflexions 
may not be in general position, we pass to the contragredient representation r* of r, 
which is obtained as follows. 

Let £* denote the dual linear space of £, namely, the space of linear functionals 
on £, and let (-, -) denote the dual pairing of EF and E*. Recall that, if ®: EF > FE isa 
linear mapping, then it induces a linear mapping }*: E* > E*, given by 


(x, vB") := (x@, y), 


for allx € E and y € E*. Moreover, for ®, VW: FE > E, we have (@W)* = W*G*. 
Let W be any Coxeter group. For w € W, let wr* = (w7!r)* be the dual map of 


w~'r; in other words, for all x € E and y € E*, we have 


3A6 (x, yowr*)) = (x(w7'r), y). 


Then the contragredient representation r*: W + GL(E") is given by w + wr*. As 
pointed out in Corollary 3A10, it turns out that both r and r* are injective. 
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From now on, we shall simply denote wr* by w and Wr* by W, so that we identify 
W with its contragredient representation on £* (for the moment, we are anticipating 
Corollary 3A 10). In expressing elements of W as maps on E*, it is more convenient to 
use coordinates. Recall that the dual basis {e}, ..., e} of E* satisfies (e;, eg) = 5;x, the 
Kronecker delta. If y = ),_, nye; € E*, and ifz := yo; is given by z = D07_) Se’, 
then (since S; = S> ') we have 


bk = (Ck, Z) = (Ck VOi) = (CnSj, V) = (Ces ¥) — 2(j, Ck) M (Cis V) = Mk — 2(C}j, Ck) MN- 


In other words, the generators 0; of W are given by 


yo; = Voir") = (air) y = Siy 


3A7 i 
= y—2(e,y)(ei,+)u (y € £*), 


with (e;, +) the linear form on E defined by x  (e;,x)y. Hence, fori = 1,...,k, 
the generator o; is the affine reflexion in the hyperplane 


Hy := {y € E* | (e;, y) = 0} 


of E* mapping (e;, -) 4 onto —(e;,-) y. 
Fori = 1,...,k, define 


A; := {y € E* | (e@, y) > 0} 
and 
A; = {y € E* | (e;, y) > O}. 


Then 4A; is one of the two open half-spaces bounded by Hj, and 4; is its closure. (Here 
and in the following, if topological concepts like open or closed are used, they refer to 
the identification of E* with real k-dimensional space R“.) For each J C K, define 


“=(Q4)°(4) 
“= (Q*)-(4} 


Then C,; (resp. C,) is an open (resp. closed) simplicial cone in E* with (k — ||)- 
dimensional linear hull (); <i. Also, C, is the disjoint union of all cones C; with 
I CJ CK. In particular, Cy and Cy are k-dimensional simplicial cones, and Cy is 
the disjoint union of all cones Cy with J C K. 

The family of all simplicial cones C;w withw € WandI C K iscalled the chamber 
complex of W. Its elements Cyw are the open chambers of W, and the cones Cgw are 
the closed chambers of W. In particular, Cy and Cy are the open fundamental chamber 
and closed fundamental chamber of W, respectively; see Theorem 3A11. 

The following central result is a theorem of Tits and clarifies the action of W on its 
chamber complex. One of its immediate consequences is that the chamber complex of 


and 


70 3 Coxeter Groups 


W is isomorphic to the Coxeter complex Cw associated with the Coxeter group W as 
in Section 2C (see (2C2)), with the cones C;w corresponding to the right cosets Ww. 


3A8 Theorem Let /,/' C {1,..., k}, andletw, w' € W besuchthatC;w 0 Cyw' 4 
0%. Then I = I', Wpw = Wryw', and C;w = Cpw'. 


By Theorem 3A8, the stabilizer in W of the cone C; in E* equals the subgroup W, 
of W. In fact, this subgroup even stabilizes C; pointwise. Applying these results with 
I = G proves the next two corollaries. 


3A9 Corollary W acts simply transitively on the set of all open chambers Cgw of W. 
3A10 Corollary The representations r and r* of W are faithful. 


3A11 Theorem Zhe union 
1 U Caw 
weW 
of all closed chambers in E* has the following properties. 
(a) T is a k-dimensional convex cone in E*. 
(b) The closed chamber Cg (or any other closed chamber) is a fundamental region 
for the action of W on T. In other words, for each point in T, its orbit under W 


intersects Cg in precisely one point. 
(c) T = E* ifand only if W is finite. 


The convex cone 7 of Theorem 3A11 is often called the Tits cone. In the important 
special case where the bilinear form (-, -) yy is non-degenerate, the two representations 
r andr* are equivalent in the following sense. If (-, -) 47 is non-degenerate, the map 


i ok 
3A12 LEE 
xb (x,-)u 
becomes an isomorphism, so that r and r* are related by 
wr* = L'(wr)L (we W). 


In particular, L~! transforms the chamber complex of W in E* into a chamber complex 
of W in E. More precisely, if 


Do := (x € E | (x,e;)y > 0 fori =1,...,%} 
denotes the closed fundamental chamber of W in E, then 
Dg(wr) = (Cg(wr*))L7! = (Cgw)L7! (we W), 


so that W acts on the chamber complex in E as it does on the chamber complex in E*. 
In particular, Dy is a fundamental region for W in the convex cone TL~! of E. More 
generally, the results of Theorem 3A8, Corollaries 3A9 and 3A10 and Theorem 3A11 
carry over with C; replaced by certain cones D; in E. 


3B Groups of Spherical or Euclidean Type 71 


3B Groups of Spherical or Euclidean Type 


We continue the discussion of Section 3A by considering the important case when 
the canonical bilinear form (-, -) 7 of a Coxeter group W = W(M) is positive definite 
or positive semi-definite. The following theorem of Witt [465] characterizes the case 
when the geometry defined by (-, -) yy is euclidean. 


3B1 Theorem The Coxeter group W = W(M) is finite if and only if the canonical 
bilinear form (-, +) y is positive definite. 


Note that, by Theorems 3A11(c) and 3B1, the chamber complex of W in E covers 
the whole space £ if and only if (-, -) 7 defines a euclidean geometry. This corresponds 
to the classical situation where a Coxeter group appears as a finite group generated by 
hyperplane reflexions in euclidean space. More exactly, the finite Coxeter groups are 
precisely the finite euclidean reflexion groups (generated by hyperplane reflexions). 

For a finite Coxeter group W, the chamber complex in F' can also be represented by 
a chamber complex of W on the unit (k — 1)-sphere 


Sui={xe El ixx)y=Y 


defined by (-,-),4. In fact, each chamber in E intersects Sj in a spherical (k — 1)- 
simplex, and W acts on these simplices in the same way as on the chambers in E. 
Accordingly, the finite Coxeter groups and their Coxeter diagrams are said to be of 
spherical type. 

The following well-known classification result for finite Coxeter groups was obtained 
by Coxeter [99] (see also [96, 102]). 


3B2 Theorem 7he finite irreducible Coxeter groups are precisely the groups with a 
diagram listed in Table 3B1. 


Here and elsewhere we shall follow the original notation of Coxeter [120, §§11.4, 
11.5 and Table IV] for the diagrams listed in Tables 3B1 and 3B2. In particular, the 
subscript at a diagram name is its number of nodes. The notation for the diagrams used 
in Lie Theory is added in parentheses (if it is different); see [222, §§2.4, 2.5] or the end 
of this section. 

For a method of calculating the orders of the finite Coxeter groups (given in 
Table 3B1), we refer forwards to Section 3E. 

We can now rephrase parts of Theorems 1B1 and 3A5 as follows. 


3B3 Theorem The finite irreducible Coxeter groups with a string diagram are pre- 
cisely the symmetry groups of the convex regular polytopes, with a pair of dual poly- 
topes corresponding to a pair of groups which are related by reversing the order of the 
generators. 


Note that, for a finite irreducible Coxeter group W witha string diagram, the chamber 
complex of W in E = TL~! can be realized by the cone system in E, which is obtained 
from the corresponding regular polytope P by replacing each simplex in the barycentric 
subdivision of P by a suitable simplicial cone whose apex is the centroid of P. In 
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Table 3B1. The Finite Irreducible Coxeter Groups 


Notation Diagram Order 
A, (n> 1) o——___e—___e—__ - - - - —_e—__e— (+1)! 
B, (=D,)(n2=4) = ¢———-#—_#—_ - - -- - 2""'n! 
C,(=B,)(n=2) ° . : a = : ° 4 y 2"n! 
D3 (=b(p)) (p 23) ao 2p 
Ee 72-6! 
Ey 8-9! 
Es 192-10! 
F ; ° 4 q : 1152 
G3 (= Hs) y 5 : 120 
G4 (= As) : ° y 5 . 14400 


particular, the action of the symmetry group G(P) of P on the cone system is equivalent 
to the action of W on its chamber complex. 

A similar situation arises for the regular tessellations of euclidean spaces; here the 
form (-,-), becomes positive semi-definite. The general picture for an irreducible 
Coxeter group W with a positive semi-definite form (-,-)j is as follows (see also 
Lemma 9B19). 


3B Groups of Spherical or Euclidean Type (3) 


Table 3B2. The Infinite Irreducible Coxeter Groups of Euclidean Type 


Notation Diagram 


te ee, 


O, (=D,_-1) (n= 5) sa we 


R, (=C,-1) (n= 3) eee aw Oy oe 
S, (=B,-1) (n= 4) ——_+__+_---- 

T; (=E.) 

Ts (=E7) 

Ty (=Es) 

Us (= F4) = > 

V3 (=G)) —— 1s 

Wy (=A,) -—_ 
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Assume that (-,-) 4 is positive semi-definite (but not positive definite). Then the 
radical rad M of (-, -) yy in E is 1-dimensional and is spanned by a vector 


k 
v= So dei with A;,...,A, > 0. 
i=l 
Then the linear map L of (3A12) induces an isomorphism of the quotient space 
E/ rad M onto the hyperplane 


H i= {y€ E* | (v,y) = 0} 


of E*, the image of FE under L. On E/ rad M, the form (-, -) 7 induces a positive definite 
form which is carried over to H by L. It follows that the affine hyperplane 


A:={y € E* | (u,y) =)} 


of E*, on which H acts by translation, inherits a euclidean structure. Finally, on this 
affine hyperplane, W acts faithfully as a group of affine euclidean motions. 
Furthermore, each chamber of W in £* intersects the hyperplane A in a (k — 1)- 
simplex. It follows that the chamber complex (of simplicial cones) in E* gives rise to 
a chamber complex of simplices in A with an equivalent action of W. Since W acts on 
A as an infinite discrete group generated by the euclidean reflexions in the walls of the 
fundamental chamber, this chamber complex covers all of A. Equivalently, 


TOA=A, 


where T is the Tits cone (see Theorem 3A11). Theorem 3B5 discusses the case when 
the chamber complex in 4 can be regarded as the barycentric subdivision of a euclidean 
tessellation. 

Motivated by this, an irreducible Coxeter group and its diagram are said to be of 
euclidean type if the corresponding bilinear form is positive semi-definite (but not 
positive definite). Then we have 


3B4 Theorem 7he irreducible Coxeter groups W = W(M) of euclidean type are 
precisely the groups with a diagram listed in Table 3B2. 


3B5 Theorem The irreducible Coxeter groups W = W(M) of euclidean type which 
have a string diagram are precisely the symmetry groups of the regular euclidean 
tessellations, with a pair of dual tessellations corresponding to a pair of groups which 
are related by reversing the orders of the generators. 


A reducible Coxeter group and its diagram D are of euclidean type if each connected 
component of D is of spherical type or euclidean type, and if at least one of the latter 
kind occurs. It was remarked earlier that every finite euclidean (hyperplane) reflexion 
group is a Coxeter group and thus is covered by Theorem 3B2 (and Proposition 3A4). 
A similar remark also applies to infinite discrete euclidean reflexion groups. Call a 
group generated by euclidean reflexions in (affine) hyperplanes irreducible if its set 
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of reflexion hyperplanes cannot be decomposed into two non-empty subsets such that 
every two hyperplanes in different sets are perpendicular; it is reducible if it is not 
irreducible. Clearly, every reducible group is the direct product of irreducible groups. 
Now, if W is an infinite irreducible group generated by euclidean reflexions in (affine) 
hyperplanes, and if W acts discretely on the underlying euclidean space, then W is an 
(irreducible) Coxeter group with a diagram among the diagrams of Table 3B2, and its 
action on the underlying space is equivalent to its action (as a Coxeter group) on the 
affine hyperplane A of E*. 

To conclude this section, we draw attention to a class of finite Coxeter groups 
which is especially interesting in Lie Theory. These groups are defined by (crystallo- 
graphic) root systems and are known as Weyl groups; see Bourbaki [40, Chapter VI] 
or Humphreys [222, §§1.2, 2.9]. 

A root system R in a euclidean k-space E‘, with scalar product (., -), is a finite set 
of non-zero vectors, the roots, satisfying the conditions: 


1. R spans E*, and RM Ra = {+a} for alla € R; 

2. RSa = R for all a € R, where S, is the euclidean reflexion in the (linear) 
hyperplane H, orthogonal to a; 

3. 2(a, b)/(b, b) is an integer for alla, b € R. 


The integers in (3) are called Cartan integers. Every root system FR has a base; that is, 
a subset S of R which is a basis of E* such that every a € R is a linear combination 
of vectors in S with integer coefficients which are all non-negative or all non-positive. 
The vectors in S are called simple roots. 

The group W generated by the reflexions S, (a € FR) is a finite Coxeter group, 
called the Weyl group of R, whose distinguished generators are given by the reflex- 
ions S, (a € S) from some base S of R. By Theorem 3B2, the Coxeter diagrams for 
the irreducible Weyl groups (those given by an “irreducible” root system) are among 
the diagrams listed in Table 3B1. However, not every diagram of this table belongs 
to a Weyl group. In fact, among the diagrams in Table 3B1, precisely the diagrams 
An, Bn, Cn, Eo, E7, Es, Fs and D8, namely, those whose branches carry only the 
labels 2, 3, 4 or 6, correspond to Weyl groups and root systems; C,, actually corre- 
sponds to a pair of dual root systems. (Compare also Theorem 9C9 for the complex 
analogue.) 

To see how Weyl groups W = W(M) fit into the earlier discussion on general Coxeter 
groups, we note that, by Theorem 3B1, the corresponding bilinear form (-, -) 4 on E 
is positive definite, and so defines a euclidean geometry. Thus we can identify E and 
i Then W acts on its finite chamber complex as a euclidean reflexion group, and up 
to multiplication by positive scalars, the roots in 7 are precisely the normal vectors of 
the reflexion hyperplanes for W, with a set of simple roots given by the outer normal 
vectors of the walls of a fundamental chamber for W. The exclusion of G3, G4, and 
D;' with m # 3,4, 6 from the list of diagrams guarantees that these normal vectors 
(after rescaling) meet the third requirement on the Cartan integers. Further, W stabilizes 
the lattice spanned by a base S of 7, the root lattice of R. These lattices have many 
interesting geometric properties (see [91, Chapter 4]). 
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The irreducible Coxeter groups W = W(M) of euclidean type, or, equivalently, the 
infinite discrete irreducible euclidean reflexion groups, are intimately related to Weyl 
groups. They are also called affine Weyl groups. In fact, any such group W has an 
isotopy group (point stabilizer) which is a Weyl group; this Weyl group is a maximal 
distinguished subgroup of W, so that its diagram is obtained from the diagram of W 
by removing a suitable node and the branches containing this node. Every Weyl group 
occurs as an isotropy group in an affine Weyl group. Further, affine Weyl groups are 
crystallographic groups (discrete groups of isometries acting with compact quotient). 
For more details, see Coxeter [120, §11.2]. 

The complexifications of the reflexion hyperplanes for a finite Coxeter group give 
an example of a complex “hyperplane arrangement” (see [31, §2.3; 336, §6.2]). The 
topology of the set-theoretic complement of these “Coxeter arrangements” in complex 
space has been extensively studied. 


3C Groups of Hyperbolic Type 


An irreducible Coxeter group W = W(M) of rank k and its Coxeter diagram D are 
said to be of hyperbolic type if the canonical bilinear form (-, -) 4 of W has signature 
(kK — 1, 1), and if (x, x)y < 0 for each x in the open fundamental chamber 


Dg = {x € E | (x,e)y > Ofori =1,...,k} 


in the chamber complex of W in FE. Note that the latter condition says that Dg lies 
in one, Q (say), of the two components of the (open) quadratic cone defined by the 
inequality 


(z,zZ)m <0 (ze B£), 


while the closed fundamental chamber Dy lies in the closure of Q. For a hyperbolic 
Coxeter group, the interior of the Tits cone T coincides with Q. 
Let W be of hyperbolic type, and let H*—! be the component of 


{2 € £ | (z,z)m=—V} 


which intersects 7. Then H*~! has the natural structure of a (k — 1)-dimensional 
hyperbolic space on which W acts as a hyperbolic reflexion group; here we are us- 
ing the hyperboloid model of hyperbolic space (see [344, §3.2]). Now the chamber 
complex of W on E induces a chamber complex on H‘~! (or more exactly, on Hi! 
extended by points on the absolute of HI*~'), on which W acts in the same way. 

The following proposition characterizes the Coxeter groups of hyperbolic type, and 
can be used to prove Theorem 3C4. 


3C1 Proposition An irreducible Coxeter group W = W(M) with a diagram D and 
a non-degenerate bilinear form (-,-) is of hyperbolic type if and only if D is not of 
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Figure 3C1. The diagram for a triangle group. 


spherical type; yet, for each node i of D, the Coxeter diagram D; obtained by removing 
i from D is of spherical type or of euclidean type. 


A Coxeter group W and its diagram D are said to be of compact hyperbolic type if 
D is of hyperbolic type and all the subdiagrams D; of Proposition 3C1 are of spherical 
type. The latter condition says that the chamber complex of W in H*~! (or in E, or in 
E*) is locally finite in the sense that the link of each non-empty simplex (cone of non- 
zero dimension, respectively) is finite. A Coxeter group is of non-compact hyperbolic 
type if it is of hyperbolic type but not of compact hyperbolic type. 

Coxeter groups of hyperbolic type exist only in ranks 3 to 10, and there are only 
finitely many such groups in ranks 4 to 10. Groups of compact hyperbolic type exist 
only in ranks 3, 4 and 5. 

The irreducible Coxeter groups W of rank 3 are also called triangle groups and 
are represented by triangular diagrams as in Figure 3C1, possibly with one improper 
branch (with mark 2). Here, W is of spherical, euclidean or hyperbolic type according 
as 

1 1 1 


4+ >1,=1, or <l. 
m2 M3 -M23 


This corresponds to the fact that a (fundamental) triangle with angles 2/m42, 7/my3 
and z/m 3 1s necessarily a spherical, euclidean or hyperbolic triangle, respectively. If 
the group is irreducible and of spherical type, then up to relabelling of nodes, we must 
have 


3C2 (m12, 43, M23) = (3,3, 2), (3,4,2), or (3,5, 2) 


giving the diagrams 43, C3 and G3 of Table 3B1. The groups of euclidean type are 
determined by 


3C3 (m12, 43, M3) = (3, 6, 2), (4, 4, 2), or G3, 3,3) 


and correspond to the diagrams V3, R3, and P; of Table 3B2. All other triangle groups 
are of hyperbolic type (including those with marks oo). 

For the classification of hyperbolic Coxeter groups of rank at least 4, see 
Humphreys [222, §§6.8, 6.9]. We are mainly interested in groups with a string dia- 
gram. Here we have 
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Table 3C1. Coxeter Groups [p\, ..., Pn] of Hyperbolic Type, and Related 
Regular Honeycombs {p\,..., Pn} in HI" 


Dimension Group Honeycomb 

2 [p. 4] {p,q} 
SSD a os 

3 Ir, 3, 5], [5.3.7] {r, 3, 5}, {5, 3, r} 
r=4,5 
[3, 5, 3] {3, 5, 3} 
Ir, 4, 4], [4.4.7] {r, 4, 4}, {4.4.7} 
r=3,4 
Ir, 3, 6], [6, 3,7] {r, 3, 6}, (6, 3,7} 
r =3,4,5,6 
[3, 6, 3] {3, 6, 3} 

4 [r, 3, 3, 5], [5, 3, 3,7] {r, 3, 3, 5}, {5, 3, 3,7} 
r=3,4,5 
[3, 4, 3, 4], [4, 3, 4, 3] {3, 4, 3, 4}, {4, 3, 4, 3} 

5 [3, 3, 4, 3, 3] {3, 3, 4, 3, 3} 
[3, 3, 3, 4, 3], [3, 4, 3, 3, 3] {3, 3,3, 4, 3}, {3, 4, 3, 3, 3} 
[3, 4, 3, 3, 4], [4, 3, 3, 4, 3] {3, 4, 3, 3, 4}, {4, 3, 3,4, 3} 


3C4 Theorem The Coxeter groups of rank n+ 1 (n > 2) with a string diagram of 
hyperbolic type are precisely the symmetry groups of the regular honeycombs in hy- 
perbolic n-space, with a pair of dual honeycombs corresponding to a pair of groups 
which are related by reversing the order of the generators. In particular, the only such 
groups and honeycombs are those listed in Table 3C1. 


For a discussion of regular hyperbolic honeycombs see Coxeter [113] or Section 6J. 
If a string Coxeter group of rank n + | is of compact hyperbolic type, then the cor- 
responding honeycomb is actually a (locally finite) regular tessellation of hyperbolic 
n-space by hyperbolic regular n-polytopes. Well-known examples are the symmetry 
groups [p, q] of the regular tessellations in the hyperbolic plane. 

For the general theory of hyperbolic reflexion groups, the reader is referred to 
Vinberg [431-433]. We remark that there are examples of discrete groups generated 
by hyperplane reflexions in a hyperbolic space which are Coxeter groups, but do not 
have a simplex as a fundamental region. 


3D The Universal Polytopes {p1,..., Pn—1} 


In this section, we study Coxeter groups with string diagrams from the point of 
view of (abstract) regular polytopes. We shall see that, for each Coxeter group 
W =[p,---, Pn—1] (with diagram 3D1), there exists a regular n-polytope P of type 
{P1,---, Pn—1} whose group is W. This polytope is universal among all regular poly- 
topes O of the same type {p1, ..., Pn—1}; that is, any such polytope Q is a quotient of P. 

Among these universal polytopes P, we find the convex regular polytopes and the 
regular tessellations of euclidean or hyperbolic spaces, whose type is given by the 
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ordinary Schlafli symbol (see Theorems 3B3, 3B5 and 3C4, as well as Theorem 3D6). 
We take this as motivation to denote a universal polytope P simply by its Schlafli 
symbol {p1,..., Pn—1}. As in the classical case, these polytopes {p1,..., Pn—1} admit 
a geometric represention in real n-space, which we shall construct from the canonical 
representation of the corresponding Coxeter group [/1,..., Pn—1]. Note that, forn = 1, 
the Schlafli symbol becomes { } and represents the unique 1-polytope. 

Historically, these polytopes P were first discovered by Tits [415]; in the notation 
of Tits [417, Chapter 12], they occur as the shadow geometries Sp(2’, {1}), where 
» denotes the Coxeter complex for W. However, our approach and notation follow 
Schulte [362, Chapter 4; 363, §§5, 6], where these polytopes were rediscovered. For 
related work, see also Maxwell [275] and Scharlau [353]. 


Let n > 2 and pi,..., Pn—1 > 2, possibly with p; = co for some i. Consider the 
Coxeter group W = [p,,..., Pn—1], with generators o9, ..., 0,—-, and diagram 
3D1 eo—___-e_____-e__ - - - - ——_®—_-e__® 
Pi P2 Pn-2 Pn-1 


(Recall our convention that we regard a branch with mark 2 as missing, or, equivalently, 
as an improper branch.) Then the group has the presentation 


o? =e for0<i<n-l1; 


3D2 (ojo; =e for0<i<j—l<n-2; 


<i<j- 
(o;-10;)" =e forl<i<n-1. 
The first proposition shows that we can apply the results of Section 2E to W. 


3D3 Proposition With respect to its canonical generators 09, ..., On —1, the group W 
is a string C-group. 


Proof. This follows from Theorem 3A2. 


Then we obtain 


3D4 Theorem Let n > 2 and2 < pi,...,Pn-1 < ~. Let W=[pj,.--, Pri] = 
(00, +++» On—1), and let P := P(W) be the poset associated with W as in Section 2E. 
Then P has the following properties. 


(a) P is a regular n-polytope of type {pi, ..-, Pn—1}, which hereafter is denoted by 
the Schlafli symbol {p,,..-, Pn—1}- 

(b) I'(P) = W, and oo, ...,On—1 are the distinguished generators of I'\(P) with 
respect to some base flag of P. 

(c) The facets and vertex-figures of {p\,..-, Pn—1} are isomorphic to {pj,..., 
Pn—2} and {p2,..., Pn—1}, respectively. More generally, if-1<i< j-2< 
n—2 and F is an i-face and G a j-face of {pi,..., Pn—1} with F < G, then 
the section G/F is isomorphic to {pi+2, ..., pj-1}- 
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(d) The polytope {pi,..., Pn—1} is self-dual if and only if pj = pn-i for i= 
1l,...,n—1. 


Proof. Apply Theorem 2E11 with = W and p; = 0; for each i to prove parts (a) 
and (b). For the proof of (c), we use the fact that the subgroup (o;41,...,0j;-1) of W 
is (isomorphic to) the Coxeter group [pj+42,..., p;-1]; see Theorem 3A2(a). Then (c) 
follows from Theorem 2E11(b). Finally, part (d) follows from Proposition 2E15. 


From the results of Section 2B, we know that the group I"(Q) of a regular n-polytope 
O of type {p1, ..., Pn—1} 1s necessarily a quotient of the group W = [pi,..., Pn—1] of 
the n-polytope {p1,..., Pn—i}. The next theorem deals with the corresponding state- 
ment for polytopes. For the definition of a covering, see Section 2D. 


3D5 Theorem Let n > 2 and2 < p,..., Pn—1 < ©. Then the regular n-polytope 
{P1,--+, Pn—1} is a 2-covering of every regular n-polytope Q of type {pi,.--, Pn—1}: 


Proof. The proof is straightforward. Define the surjective homomorphism 
a:W = (00,.--,On-1) > F'(Q) = (po, ---s Pn—-1) 


by o;a := e; fori = 0,...,n — 1. Then (0; | i € J)a = (p; | i € J) for each J. Let 
{F_1, Fo,..., F,} and {G_1, Go, ..., Gy} be the base flags of {p1,..., Pn—1} and Q 
which belong to the distinguished generators 09, ..., O,—; and (0, ..-, Pn—1, respec- 
tively. Consider the mapping 


B:{pi,---, Pn—i} a a) 
Fiwe Giwa) weW; i=-1,0,...,n). 
By Proposition 2B14, this mapping # is a covering. For i = 0,..., — 2, the re- 
striction of a to (0;,0;41) 1s one-to-one, so that the two sections F;,./F;_; and 


G;j42/G;_; are isomorphic to {p;,1}. Hence f is indeed a 2-covering. In particular, by 
Proposition 2E18, 


QO= {pi,.--, Pn—-1}/N 


with N = kera. 

Theorem 3D5 says that each regular n-polytope QO of type {p1,..., Pn—1} can be 
obtained from the regular n-polytope {p1, ... , Pn—1} by making suitable identifications. 
Because of this universal property, we shall refer to the polytope {p1, ..., Pn—1} as the 


universal polytope of type {P1, .--, Pn—1}- 

The next theorem characterizes the regular convex polytopes and regular tessella- 
tions among the polytopes {p, ..., Py_1}. We confine our attention to the (irreducible) 
case where p},..., Pn—| > 3. See also Section 6B, which includes a discussion of the 
finite reducible case. 


3D6 Theorem The following characterizes certain families of universal regular n- 
polytopes P := {p,..., Pn_1} and their groups W = [p,,..., Pnr-i], withn > 2 and 
3 < Pi,-++s Pn-1 < Ow. 
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(a) The finite polytopes P are precisely the convex regular n-polytopes (with the 
same Schlafli symbol). 

(b) The polytopes P with a (Coxeter) group W of euclidean type are precisely the 
regular tessellations of euclidean (n — 1)-space. 

(c) The polytopes P with a (Coxeter) group W of (compact) hyperbolic type are 
precisely the regular honeycombs (locally finite tessellations, respectively) of 
hyperbolic (n — 1)-space. 


Proof. From Theorem 3B3, we know that the finite groups W are precisely the symme- 
try groups of the convex regular n-polytopes Q (with Schlafli symbol {p, ..., Py_1}), 
with the systems of distinguished generators corresponding to each other. Part (a) now 
follows from the fact that QO and {p),..., Pn—1} are constructed from W in the same 
way. The proofs of (b) and (c) are similar, and use Theorems 3B5 and 3C4. For a more 
geometric proof, see also Theorem 3D7. 


We shall now employ the canonical representation for Coxeter groups to con- 
struct a geometric model for a universal regular polytope {p1,..., Pn—i1} in real n- 
space. In particular, this will provide a natural geometry for the ambient space on 
which the Coxeter group operates as the “symmetry group” of this polytope. However, 
note that this geometric model for {p),..., p,—1} 1S not a realization in the sense of 
Chapter 5. 

As before, let W = [pi, ..-, Pn—1] = (00,---, On—1), and let P = {p1,..-, Pn—1}.- 
In Proposition 2C1, we described how a regular polytope can be recovered from 
its order complex. On the other hand, as was proved at the end of Section 2C, the 
order complex of a regular polytope with a group I" is isomorphic to the abstract 
simplicial (n — 1)-complex Cr whose simplices are the right cosets of the subgroups 
I";, with incidence given by the reverse of inclusion; see (2C2) and (2C3). It follows 
that Proposition 2C1 translates into a reconstruction of this regular polytope from its 
complex Cr. Now, for the universal regular polytope P with group W, the complex 
Cy is the Coxeter complex of W. But as was pointed out in Section 3A, the Coxeter 
complex of W is isomorphic to the chamber complex of W which is associated with 
the contragredient representation r*: W — GL(E*) of the canonical representation 
r:W — GL(E£) of W, with E = R” and E™* the dual space of £. This in turn allows 
us to recover P from its chamber complex. 

Equivalently, we can construct the realization of P in a more direct way from the 
chamber complex of W using Proposition 2C1 as guidance. For the notation, see 
Section 3A. 


3D7 Theorem Let n > 2 and2 < pi,..., Pn-1 < &, and let P := {pi,.-., Pn—1} 


andW =[p\,.--, Pn-1] = (00, ---, On-1). Fori = —1,0,...,n, define the subset F; 
of the dual space E* of E = R” by 


WE€(00,.--,0i-1) 
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Set 
={Fiw|-l< i<n,weW}, 
and order P by inclusion. Then the following hold. 


(a) P and P are isomorphic regular polytopes (with the same groups). 
(b) The generators oo, ...,0—1 are the distinguished generators of '(P) = 
with respect to the base flag 


={(O=F_4,Fo,..., Fra, Fn =T} 


of P, where T is the Tits cone of W (see Theorem 3A11). 

(c) Fori =0,...,n —1, the i-faces of P are (i + 1)-dimensional convex cones 
in E*, 

(d) As posets, P (and P) are lattices. In particular, in P, the (set-theoretical) inter- 
section of any two faces is again a face. 


Proof. Let ® = {F_), Fo, ..., Fy} be the base flag of P. By Proposition 2B a we have 
Fiw < F\w in P ifand only if-l<i<j<n andww!e Wiis...., 
To prove the isomorphism between P and P, it suffices to check the Srreepondide 
property for P and the F;. We may assume that w = e. 

Recall that, by Theorem 3A8, the stabilizer of a cone C; equals the subgroup W, of 
W. Now let Fiw G F;, so that 


for some u € Woo See j-\} Hence te neh 
Wei+t,...n—1} W0....,)—1}- 
Conversely, if i < j and w € Wr41,.n—1;M0,...,;-1), SAY W = WiW2 with w; € 
West... and w2 € Wio,..., ;-1), then 
F = 3 = Fiw2 © Fjwo = F; 
This proves (a). 


For (b), note that the isomorphism between P and P carries the i-face F; in ® onto 
the i-face F’; in ®. For the proofs of (c) and (d), the reader is referred to Tits [415, 417]. 
In the notation of [417, Chapter 12], P = Sp(%, {1}). 


By Theorem 3D7, every universal regular polytope P = {pi, ..., Pn—1} has a real- 
ization P as a system of convex cones in the dual space E*. If the canonical bilinear 
form (-,-) for W is non-degenerate on EF, then we can identify E with E* via the 
isomorphism L~!: E* — E, with L as in (3A12). Then we also obtain a realization of 
P as a system of convex cones in the original space E, namely, PL: 

For the remainder of this section, let p),..., Py_1 > 3. By Theorem 3D6(a), if P 
is finite, then it is isomorphic to a convex regular n-polytope. This isomorphism can 
be seen geometrically. In fact, if W is finite, the form is positive definite and PL 
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a finite system of “polyhedral” cones whose intersections with the unit sphere 
Su = {z | (z,z)m = 1} 


determine a spherical tessellation on Sy. The convex hull of the vertices in this tessella- 
tion is a convex regular n-polytope in E whose faces are in one-to-one correspondence 
with the cones in PL~!. This polytope is indeed the ordinary convex regular polytope 
{Pi,---, Pn—1} in the euclidean geometry on E which is defined by (-, -) yv. 

Similarly, by Theorem 3D6(b, c), if P has a group W of euclidean or hyperbolic type, 
then it is isomorphic to a regular tessellation in euclidean (nm — 1)-space or a regular 
honeycomb in hyperbolic (n — 1)-space, respectively. For the euclidean case, we recall 
from Section 3B, that the bilinear form (-, -) yy now induces a euclidean geometry on 
the affine hyperplane of £* 


A={y€ E* | (v,y) = 1}, 


with rad M = (v), on which W acts as a euclidean reflexion group. Then the intersec- 
tions of A with the cones in P determine a euclidean regular tessellation in 4 which is 
isomorphic to P. Finally, in the hyperbolic case, the component HH"! of 


{Z€ E | (z,z)m@=—V 


which intersects the Tits cone T has the structure of a hyperbolic (m — 1)-space on 
which W acts as a hyperbolic reflexion group (Section 3C). Then the intersections 
of H”~! with the cones in PL~! (possibly extended by points on the absolute) form a 
hyperbolic regular honeycomb which is isomorphic to P. If W is of compact hyperbolic 
type, then this honeycomb is a locally finite regular tessellation of H”~!. 


3E The Order of a Finite Coxeter Group 


In this section, we shall describe how the Brianchon—Gram theorem for angle sums of 
convex polytopes can be employed to calculate the order of a finite Coxeter group in 
a purely elementary manner. We shall largely follow McMullen [285], but with some 
subsequent simplifications. 

Let G be a finite group generated by reflexions in hyperplanes or mirrors in n- 
dimensional euclidean space E”. We shall adopt the convention of identifying a reflexion 
R (or, more generally, an involutory isometry of E”), with its mirror of fixed points 
{x € E” | xR = x}. These hyperplanes must contain a common point; if we take this 
point to be the origin o of coordinates, then G is an orthogonal group. Recall that these 
groups are listed in Table 3B1. 

The images under G of the mirrors of the generating reflexions R; dissect the space 

into congruent convex cones, which are fundamental regions for G, and whose 
number is obviously the order |G| of G. Thus, to find |G], it is only necessary to count 
these cones, or, equivalently, measure their normalized volumes or angles. However, 
until recently [285], ifn > 4, no strictly elementary way of doing this was available. 

Let us assume that G is irreducible, that is, acts irreducibly on E” (with no non-trivial 
invariant subspaces). Then, as we saw in earlier sections (see also [120, Chapter 11]), 


yi 
4 
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G is generated by precisely n reflexions, whose mirrors may be chosen to bound any 
one of the fundamental cones in the dissection of E” just described. 

Ifthese mirrors are R;,..., R,, then, for! < j < k <n, the dihedral angle between 
R; and Rx is 1/p jx for some integer pj; > 2, and G has the presentation 


G=(R,...,Ry | (R)Ry?* = E forl <j < k<n), 


where p;; = 1 for 1 < j <n, and E£ is the identity. (We begin the indexing of the 
reflexions with 1, for reasons which will soon become clear.) Abstract groups with 
such presentations are known as Coxeter groups; we saw in Sections 3A and 3B (see 
also [102]) that all finite Coxeter groups are, in fact, isomorphic to reflexion groups. 
(Since the groups are now geometric, we use the notation G rather than W.) 

As in Section 3A, we denote G by its Coxeter diagram G (see also [120, 11.3]), 
which is a graph with a node corresponding to each reflexion R; or mirror H;, with 
nodes j and k joined by a branch labelled px if the dihedral angle between H; and 
Hj, is 1/p jx. This formulation will later permit us to generalize to fractional labels 
Pjk > 1. We recall that it is customary to omit branches labelled 2 and, because of 
their frequency, to omit labels 3 on branches. The condition that G be irreducible is just 
that its Coxeter diagram G be connected; if G is reducible, then it is the direct product 
of the reflexion groups corresponding to the connected components of G. Thus the 
connectedness condition on G is equivalent to G being irreducible as a Coxeter group 
(see Section 3A). As an example (which we shall use in the following), the Coxeter 
diagram of the infinite group 77 = [37] is as shown in Figure 3E1. (Refer also to 
Table 3B2. Recall that [3“!-”"] denotes the Coxeter group whose diagram is a star-like 
tree with a centre from which three strings with &, / and m unmarked branches emanate; 
see [120, p. 200]). 

Let us briefly survey the earlier methods for calculating the order |G| of G. First, 
we may associate with G a convex polytope, the numbers of whose faces of various 
kinds are the indices [G : H] of certain subgroups H of G which are also generated 
by reflexions. If is odd, then Euler’s theorem (see, for example [197, Chapter 8]) and 
the knowledge of the orders | H| will yield |G| (see also the following remarks), so that 
the actual polytope need not be constructed. When n is even, so that Euler’s theorem 
on its own can only yield the ratios of the numbers of faces, a suitable polytope can 
often be constructed by synthetic methods, and again the value of |G| results. (From 
an historical point of view, of course, reflexion groups arise from polytopes, rather 
than the other way round.) In fact, various simplex dissection results (for example, in 
the case of the group [3, 3, 5] in the following; see also [125], which contains many 


Figure 3E1. The simplex 7,. 
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other useful references) enable us to avoid such arguments in all but a very few cases; 
unfortunately, such cases are the most interesting. 

Second, for n = 4, the order of the symmetry group of a regular polytope (which 
excludes only one of the five cases, and this is in any event a subgroup of index 2 in one 
of the others) can be calculated with the aid of a solution of a certain trigonometrical 
equation (see Section 7D, and the remarks on the Petrie polygon in the following). An 
alternative method involves the evaluation of certain integrals due to Schlafli; since 
the most relevant one of these cannot be evaluated directly, recourse must be had once 
more to the simplex dissection results (again, see [125]). 

Finally, for other even n > 6 (n = 6 and n = 8 are the only important cases), the 
group G can be associated with a honeycomb, and |G| can be found from the rel- 
ative numbers of faces of this honeycomb. However, none of these last three meth- 
ods is elementary; in particular, the last depends upon the somewhat deep result (see 
[120, §9.8]) that these relative numbers exist, and that the analogue of Euler’s theorem 
holds for them. (A variant of this technique appears in [95], but it is used there with 
knowledge of the order of the group [3, 3, 5] to calculate the densities of the regular 
4-dimensional star-polytopes. It is described in [120, Chapter 14] as resting “on rather 
flimsy foundations”; however, see the case of [3, 3, 5] in the following. The Schlafli 
function provides an alternative approach to calculating the densities; see [125] once 
more.) 

The method which we shall describe here is, in a vague sense, related to the last of 
these approaches (we shall make the connexion more explicit later), but the result to 
which we shall appeal (the Brianchon—Gram theorem) relies only on the ordinary Euler 
theorem (in E”~'). We shall give this result, and a closely related one, in our discussion 
of angle-sum relations, and then apply them to our problem of determining the orders 
of reflexion groups in what follows. 

It is worth making an additional remark at this stage. Our calculations will be purely 
geometric; in other words, though we often use the language of group theory, we do 
not really make use of the fact that the cones whose sizes we find are the fundamental 
regions of groups. What we do use is the fact that certain hyperplanes, with given 
angles between them, determine either simplicial cones or finite euclidean simplices; 
the criteria which must be satisfied (the Schlafli determinant condition, for which see 
Section 7D or [120, §7.7]; we shall take its particular applications for granted) pay no 
regard to whether the reflexions in these hyperplanes generate a finite or discrete group. 
We shall refer to this again several times later. 


Angle-Sum Relations 


Let K be an n-dimensional polyhedral set in E” (that is, the intersection of finitely many 
closed half-spaces), and let F be a non-empty face of K. The (inner) angle a(F, K) 
of K at F is that proportion of a sufficiently small ball centred at a relatively interior 
point x of F' which lies in K: 


ER) a 
a0 Vol(B(x, A)) 
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where B(x, i) is the ball of radius A > 0 with centre x, and Vol denotes volume. We 
shall employ two angle-sum relations. 


3E1 Theorem (Brianchon—Gram) /fn > 1 and P is a convex n-polytope in E”, then 


Y> (D8 a(F, P) = 0. 


F 


3E2 Theorem (Sommerville) Jf P is a polyhedral cone in E”, then 
> (- 1" a(F, P) = (-1)"a(A, P), 
F 


where A is the face of apices of P. 


In both theorems, the sums extend over all non-empty faces F (including P itself). 

A common generalization of these theorems to arbitrary polyhedral sets is proved in 
[281]; it is perhaps worth noting that there it is made clear that the results hold on the 
level of equidissectability (in Sommerville’s theorem, the cone P must be replaced by its 
negative on the right of the equation). Further details about the background to these re- 
sults can be found there and in [197, §14.1]; for an easy proof of Theorem 3E1, see [386]. 

We could employ Theorems 3E2 or 3E1 directly; this is what was done in [285]. 
However, it is better to make a simplification of the resulting formula first. In applying 
Theorem 3E1, we need only consider an n-simplex 7. We label the facets of T by 
To, ..-, In, with Tp subsequently playing a distinguished role. The angle graph G of T 
has node-set N := {0,...,}, andthe branch-set B contains {j,k} (for0 < j <k <n) 
precisely when the dihedral angle between 7; and 7; is not 2/2. In the case when T is 
the fundamental region of some Coxeter group G, this means that G is just the Coxeter 
diagram of G, but with the labels left off (a branch corresponding to a label 2 is still 
omitted). We may then talk about connected subgraphs, components, and so on, of G. 
Since 7 is an euclidean simplex, it is not hard to see that G itself is connected. 

If J CN, then we write T, := (){TZ; | i € J} (thus 7; is an abbreviation for 7; ;;). 
If J Cc N (a proper subset), then Theorem 3E2 implies that 


Yo (HD Sa Tx, T) = a(Ty, T), 

KG 
since dim Tx = n — card K. We can now decompose the formula in Theorem 3E1 in 
the following way. Let M Cc N bea proper subset which induces a connected subgraph 
G(M) of G containing node 0; formally, we also allow M = G here. We write M := 
M(N) for the set of such M. Define 


M :={i € N | {i, 7} ¢ B for any j € M}, 


with M := N \ {0} if M = 9. Thus M is the set of nodes of G obtained by deleting 
M and any neighbours of M in G, with 0 itself taken as the sole neighbour if M = 9. 
In other words, M induces the disjoint subgraph of G, namely, the maximal subgraph 
G(M) of G \ {0} which is disconnected from G(M). 

We now collect together the contributions (—1)""“a(F, T) from faces F of T as 
follows. Suppose that F = T;, with J C N (note that Ty = @, which is not counted 
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in Theorem 3E1; however, 7j = T is counted). Write M(F) for the node-set of the 
connected component of the induced subgraph G(/) of G which contains 0, and let 
M(F) be the corresponding vertex-set of the disjoint subgraph. 

Writing M := M(F), wesee that F = Tyux forsome K C M,and, since our angles 
are scaled so that the total angle is 1, we have 


a(F, T) =a(Ty, T)a(Tr, T). 
Adding together first the contributions for a fixed subset MV yields 


2 (-1)¢"  a(F, T) = y (1) a Tasks T) 


M(F)=M KCM 
SS Cay ee aT: T)a(Tx, T) 
KOM 


= (1) a(Tu, T)o(Ty, T). 


We can summarize the discussion as 
3E3 Theorem [fT is a euclidean n-simplex, then 


So (HoT, T)a(Tiz, T) = 0 
MeM 
Exactly similar considerations yield a simplification of Theorem 3E2. The only 
difference in the calculations is that we now have a simplicial n-cone T, bounded 
by 7p, ..., T,-1 (we have changed the notation for future convenience); we thus take 
N := {0,...,2— 1}. We now allow M = N to give a connected subgraph of G(T), 
and our conclusion is 


3E4 Theorem /fT is a simplicial n-cone, then 


Ye Ep a(Tv, Ta(Ty, T) = (-1)"a(O, T), 
MeM 


where O := {o} is the apex of T. 


We now apply Theorems 3E4 and 3E3 to finite groups G generated by reflexions 
in E”. Actually, while we talk about orders of subgroups, we are really only making 
angle-sum calculations, and so our results sit in a wider context. Suppose that G = 
(R; | 7 € N) isa finitely generated reflexion group in E”; we may have to allow G to 
be infinite, or even non-discrete. We write G; := (Rj; | j € J) foreach subset J C N, 
and gy := |G,| when this order is finite. 

We begin with the easier cases. First, let G be a finite Coxeter group; we may suppose 
that G acts irreducibly on E”, so that N = {0,..., — 1}. Then the mirrors R; bound 
a simplicial n-cone T with facets 7p,..., T,-1. Moreover, T is a fundamental region 
for G, and T and its images form a dissection of E” into congruent cones. Indeed, for 
each J C N, the images of T under G, surround the face T; of T, so that the total 
angle of these cones at 7; is 1. The initial discussion and the definition of angle yield 
at once 
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3E5 Lemma For each J C N, 
1 
a(7T;,T)= —. 
8 


Note here that, for the case J = @, we have Ty = {EF}, the identity subgroup, and 
2g = 1. We use the abbreviation g := gy = |GI. 

Now, if is even, the term a(Ty, 7) = a(O, T) = 1/g occurs on each side of the 
formula of Theorem 3E4 (or of Theorem 3E2); hence the formula yields no useful 
information about g. However, if 1 is odd, then we can move the term 1/g from the 
left to the right side of the equation, and deduce 


3E6 Theorem Let G = (Ro,..., Rn—1) be a finite Coxeter group, with n odd. Then 
9) (—1)rd M1 
§ memny 8&8 


As an example of Theorem 3E6, if n = 3, p, qg are integers, and G := [p, qg] has 
Coxeter diagram as in Figure 3E2, then g := g(p, q) = |G| is given by 
2 1 1 i 1 
ge 2%q 2-2 2p 


Hence, after simplification, 


8pq 
4—(p—2)q-2)' 
a formula familiar from [120, 5.43]. We stress here that, if we interpret the left side 
of the first expression as an angle, we do not actually have to assume that p and g are 
integers (or even rationals). 

Whether 7 is even or odd, in the particular case when G = [p},..., Pn-1] 18 a 
string group, with the usual labelling of its generators, it is the symmetry group 
G(P) of the regular convex n-polytope P = {pi,..., Pn—i}. The base m-face F,,, of 
P is stabilized by (R; | 7 4m), so that the number fn = fm(P) of m-faces of P is 
&/Zn\{mj- Indeed, this also holds for the single n-face P itself of P. Since gym} = 
Z(0,....m—-Z(m-+l,....n—1}, and since a subset M C M is of the form M = {0,...,m — 1}, 
with M={m+1,...,n—1}, then multiplying the formula of Theorem 3E4 by g 
yields Euler's Theorem: 


g= 


3E7 Theorem Let P be a regular convex n-polytope, and let the number of m-faces 
of P be fm, form =0,...,n. Then 


ICD" fa = 1. 
m=0 


P q 
Figure 3E2. The simplex S(p, q). 
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In order to treat the case when n is even, we need to embed the finite Coxeter group G 
in an infinite group. We call G crystallographic if it is a subgroup of an infinite discrete 
group G generated by reflexions (in the same euclidean space). Similar considerations 
to those of Section 3B apply; the mirrors of all the reflexions in G dissect E” into 
fundamental regions, which are simplices if G (or even G) is irreducible. We apply 
Theorem 3E3 to these simplices. 

Let T be such a simplex, bounded by the mirrors Ro, ..., R,, which we iden- 
tify with the corresponding reflexions. We shall always be able to suppose that G = 
(Ry,..., Ry), and that any subgroups generated by other proper subsets of the R; are 
isomorphic to subgroups of G (that is, that G is the special subgroup of G in the sense of 
[120, p. 191]); some of these subgroups may actually be isomorphic to G itself. In any 
event, for each proper subset J C N := {0,...,}, we see that G; := (R; | j € J) is 
a finite subgroup of G, which leaves invariant the flat Hy := (\{R; | 7 € J}; hence the 
face Ty := H,T of T. (The discreteness of G ensures that all these subgroups G, 
are actually finite, but we emphasize once again that we shall be performing pure angle 
calculations, which do not depend on this discreteness.) Theorem 3E3 and Lemma 3E5 
immediately imply. 


3E8 Theorem Let G be an irreducible discrete infinite reflexion group in E”, with 
generating reflexions Ro, ..., Ry, in the bounding hyperplanes of its fundamental region 
T. With N := {0,...,n} and M := M(N) as before, 


—] card M 
ay. 
MeM &M&M 


We shall give the important examples of this result; in view of Theorem 3E6, of 
course, we are mostly interested in the cases when n is even. The interested reader 
will easily determine which infinite discrete reflexion group has a given finite crystal- 
lographic reflexion group as its special subgroup (comparing the lists in Tables 3B1 
and 3B2 or in [120, Table IV] makes this straightforward). Let us find the orders 
of the groups [3, 3, 4], [3, 4,3], £o, Z7 and E's. (We should remark that the order 
of [3, 3, 4] can be found more simply with the aid of the generic simplex dissection 
results we shall discuss later; [3, 4, 3] can be dealt with by another generic simplex 
dissection which we shall not need here, but E« and EF provide problems of a deeper 


kind.) 
For convenience, let us denote by S(p1,..., Pn—1) the simplicial cone or simplex 
corresponding to the diagram of Figure 3E3, and let a(p,..., P,_1) denote its an- 


gle, which is taken as 0 for a euclidean simplex — we shall only use the cases n = 4 
or 5. 


Figure 3E3. The simplex S(p1, ..., Pn—1)- 
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eo—____e_-e___-e——_ 


4 4 
Figure 3E4. The simplex S(4, 3, 3, 4). 


First, [3,3,4] is the special subgroup of the group [4,3,3,4]. Applying 
Theorem 3E8 to the simplex of Figure 3E4 yields for the unknown order g = g(3, 3, 4): 


(We have substituted the (assumed known) orders of the lower-dimensional groups.) 
From this easily follows g = 384. 

In turn, [3, 4, 3] is the special subgroup of [3, 3, 4, 3]. Using the just found order 
2(3, 3, 4) = 384, Theorem 3E8 applied to the simplex of Figure 3E5 yields for the 
order g: 


from which follows g = 1152. 

We next come to Es = [37]. This is the special subgroup of 77 = [37] (see 
Figure 3E1 for its diagram), and assuming that we have already found the orders of the 
lower-dimensional groups (|A,z| = (k + 1)! and |B,| = 2"~'k! for k = 4 or 5 are the 
only extra orders we need; see [120, Table IV]), the order g satisfies 


pat ge ae ee 2 Ly 2 
Eo Ol BES) Aine SI OSL Tg 


= 0, 


which yields g = 72 - 6!. 
For £7, Theorem 3E6 applies, and we have 


2 1 is 1 1 Pyne 1 
g 72-6! 2.24.5! 31-5! 41-31-29 7! 25-6!’ 


hence g = 8- 9!. 
Finally, we regard Eg as the special subgroup of 75, and Theorem 3E8 yields 


1 1 4: 1 1 i. 1 1 siete Foe 
g 2-8-9! 3!-72-6! 41-2-24.5! °° S!.5! 61-31-29! 27.81 


0, 


from which we deduce that g = 192 - 10!. 


eee 


4 
Figure 3E5. The simplex S(3, 3, 4, 3). 
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The Group [3, 3, 5] 


The non-crystallographic reflexion groups have not been dealt with thus far. However, 
the only group which actually escaped our treatment was [3, 3, 5], the group of the 
regular 600-cell (or 120-cell) in E+. We shall now see that even this group is amenable to 
our approach; as a bonus, we shall also be able to calculate the densities of the regular 
star-polytopes in E*. We shall discuss the star-polytopes in Section 7D. (The precise 
geometric meaning of density is defined in [120, p. 94], and we shall not concern 
ourselves with it overmuch. In any event, we are performing pure angle computations.) 

Our basic result, which is just Theorem 3E3 with substitution for the angles of 
products of cones of dimension at most 3, is 


3E9 Theorem Let S(p, q,1r, 5) be a euclidean 4-simplex. Then 


1/1 1 1 1 2 
a(p,g,r)+a(q,r,s)= ( +-—-+-4+ 1) 

8\p q rs ps 
(The result of [95] which Coxeter held in [120, Chapter 14] to “rest on rather flimsy 
foundations” is basically this, interpreted in terms of orders of groups and densities.) 

We now apply Theorem 3E9 to various simplices arising in the dissection of E* by 

the fundamental cones of [3, 3, 5]. But first we need some simplex dissection results; we 
refer to these as generic, because they do not depend on our working in any particular 
group (in fact, the simplices involved do not have to correspond to any group). Those 
we use all occur in [125]. 


3E10 Theorem Let p > 2. Then 


(a) «(3, p, $) = 4a(3, 3, p), 
(b) a(p, oe P) = 6a(3, 3, Pp). 


Proof. To see this, we merely observe that the simplicial cone whose dihedral angles 
are all 277/p can be dissected into 24 cones S(3, 3, p), 6 cones S(3, p, 4), or 4 cones 
S(p, §, p). The result follows at once. 


As a useful convention, whenever p > 1 we shall define p’ by 


1 1 
+ 


Then we have 


3E11 Theorem Let C be the simplicial cone in E* with dihedral angles m/ pi; for 
l<j<k <4 andletC' be the cone obtained by replacing pj4 by Pia for j = 1, 2,3. 
Then 


’ lf 1 1 1 
a(C)+a(C) = + + 1}. 
4lp2 pix P23 
Proof. The two cones C and C’ fit together along their common 4th face to form the 
product of a line with a 3-dimensional cone D whose dihedral angles are 2 /pj;; for 
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1<j <k <3.Thus a(C) + a(C’) is the angle of this product cone, which is just that 
of D, and so the number given in the theorem. 


We shall need two consequences of Theorem 3E11. 


3E12 Corollary 


oe No | 
a(p.g.r)y= ‘| 4 a(p,q,r). 
Pq 2 


3E13 Corollary 
: 1fl 1 
a(p,q T= AD. gr) +7 a (i 
Proof. Corollary 3E12 is a direct application of Theorem 3E11, which also yields 
1 1 1 


1 
qd; = 1 gr’), 
a(p,q.r) aletsts a(p,g,r) 


and Corollary 3E13 follows at once from Corollary 3E12. 


We now employ these results to calculate g := g(3, 3,5) and the densities of the 
related regular star-polytopes. We begin by defining two numbers d and d, by 


a (3,3, 5) =d) a(3, 3, 5), 
a (3,3, 3) =a a(3, 3, 5). 


It is worth stressing at this point that we shall make no prior assumption that d; or 
d> is even rational, let alone an integer. (Of course, [280, Theorem 4.1] — see also 
Section 7D — shows that they must both be integers, because the regular star-polytopes 
{3, 3, 5} and {3, 3, 3} have the same symmetry group [3, 3, 5] as {3, 3, 5}, but that 
result is completely independent of the present one.) We shall take for granted [120, 
14.14], which we can read as saying that certain simplices are euclidean. 

Since the simplex SG, 3, 3, 5) is euclidean, we have 


a (3,3, 8) +a(3,3,5)= ae ees |e 
pone men re RE Bet aka ae, Re OS : 
hence 
dt+1 1 192 
g 75 14400° 


Next, the simplex S(3, 3, 5, 3) 1s euclidean, and so 


iy Gee” ae Ss Se 1 
0(3.§.5) 4065 )=5(s+e+s+ ; i} = 


a (3,5, 3) =4a(3,3,5) == 
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from Theorem 3E10, while 


1f1 2 1 
0(8.$.3)=3]5 45-5] -2 Ghd) 
if; 
= to 7423.3: 5) 
_ 7 Ady 
207g 


from Corollary 3E12 and Theorem 3E10. Substituting, we have 
dg—1 _ 1f{7 1] 19 — 190 
g 4 |120 180} 1440 14400° 


We deduce immediately that g = 14400 and d, = 191. 
If we write 


d(p,q.r) = ga(p,q,r) = 14400 a(p, q,r) 


for the density of S(p, q,r) (for appropriate p, g,1r), we have the obvious values 


d (3,5,3) =4, 
d (5, 3,5) =6 
from Theorem 3E10, while that result and Corollaries 3E12 and 3E13 yield 
d(3,5,3)= 14400 {a (3,3,3)+ ; E — =| = 6d) — 1080 = 66, 


7 
d (3, 3,5) = 14400 19 7 42 = 76: 


where in the last equation we have not repeated our previous calculations. 

It remains to find d,. Since the simplex SG, 3,5, ») is euclidean, we have 
1/2 af 1 mn 1 x ile ; 
BUS 38° 5 5 85 ~ 600’ 


a (3,3, 5) +a (3,5, 3) = 
hence 


1 
d, = 14400 —- —4= 20. 
600 
This completes our calculations. We may observe that we have not used the euclidean 
simplices S(3, 5, 3, 5) or S(5,3, 3, 5), which yield no new information. 


The Petrie Polygon 


We end by briefly discussing the trigonometric calculation for g when n = 4. Recall 
from [120, §12.4] that a Petrie polygon of a convex regular n-polytope (or an (n — 1)- 
honeycomb) is a skew polygon such that any n — | consecutive edges, but no n, belong 
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to a Petrie polygon of a facet. For this inductive definition, we declare that the Petrie 
polygon of a convex polygon is that polygon itself. 

The length h of the Petrie polygon of the regular convex polytope {p, g,r} is the 
integer solution of the equation 


u 1 ue a a IW 
cos” — — cos* — } { cos? — — cos* — } = cos* — cos* — 
h 2) h r h q 


(see [120, 12.35]; of course, such an equation holds when p,gq,r are not integers, 
except that there may only be rational solutions ). However, / is also related to g by 


64h 4 4 
=12-—p-—2qg-r+—-+ 
p or 


(see [120, 12.81]). In view of our independent calculations for g, this last equation 
yields an alternative way of finding h. 


4 


Amalgamation 


A main thrust in the theory of regular polytopes is that of the amalgamation of poly- 
topes of lower rank. Traditionally, the regular convex polytopes are constructed in- 
ductively, beginning with the regular polygons in the plane. The geometry of the am- 
bient space considerably restricts the number of ways in which two regular convex 
n-polytopes P and P2 can occur as facets and vertex-figures, respectively, of a regular 
convex (n + 1)-polytope Q. Even when the simple necessary condition is satisfied that 
the vertex-figures of P| are isomorphic to the facets of P2, the polytope QO need not 
exist in general. However, if we allow Q to be an infinite regular tessellation and the 
ambient space to be hyperbolic, then any two regular convex n-polytopes P, and P2 
can be “amalgamated” to form either a finite regular convex (n + 1)-polytope or an 
infinite regular tessellation of euclidean or hyperbolic n-space. 

This amalgamation problem generalizes readily to abstract regular polytopes. Now, 
in the absence of an ambient geometry, obstructions to amalgamation must necessarily 
come from the combinatorics of the polytopes P; and P2. Also, as a new phenomenon, 
if there does exist an abstract regular (n + 1)-polytope Q with facets P, and vertex- 
figures >, then in fact there can be many such polytopes, and all these are covered by 
a single polytope denoted {P1, P2}, and called the universal polytope. It is important to 
identify these universal polytopes and find criteria for their finiteness or non-finiteness. 

On the level of groups, the amalgamation of polytopes translates into a problem 
closely related to the amalgamation of groups, which in many cases can be solved 
using techniques from combinatorial group theory. This approach also allows us in 
later chapters to study the classification of regular polytopes by local topological 
type. 

This chapter is organized as follows. In Section 4A we introduce amalgamation 
of polytopes. Section 4B discusses the classification problem for universal polytopes 
{P1, P2}, which lies at the heart of the topological classification. Then, in Section 4C, 
finite quotients of infinite universal polytopes are investigated. In Section 4D we con- 
struct the “free” regular polytope with a given kind of facet. Finally, in Sections 4E 
and 4F, we study flat polytopes, and describe a construction of flat polytopes with 
pre-assigned faces and co-faces. 
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4A Amalgamation of Polytopes 


In this section we discuss the amalgamation of polytopes, and explain how it is related 
to the amalgamation of groups. 

Throughout the section, P, and P will be two regular n-polytopes with n > 2. We 
write (P|, P2) for the class of allregular(n + 1)-polytopes whose facets are isomorphic 
to P; and whose vertex-figures are isomorphic to P. 

For instance, if P| is the triangle {3} and P2 the pentagon {5}, the class (P, P2) con- 
tains exactly two regular 3-polytopes, the icosahedron {3, 5} and the hemi-icosahedron 
{3, 5}5. The hemi-icosahedron is constructed from the icosahedron by identifying an- 
tipodal vertices; see Section 1D for the notation {3, 5}; employed here. Similarly, in 
rank 4, the cube {4, 3, 3} and the hemi-cube {4, 3, 3}4 (obtained by identifying oppo- 
site vertices of the cube) are the only members in the class ({4, 3}, {3, 3}) of regular 
4-polytopes with cubical facets {4, 3} and tetrahedral vertex-figures {3, 3}. 

We begin with a simple observation. Suppose that (P|, 72) #@ and that O € 
(P|, P2). Let F_; and F,,,, be the faces of Q of ranks —1 and n + 1, respectively. 
If F is a vertex and H a facet of OQ such that F < H, then the (medial) section H/F 
of O is a vertex-figure of the facet H/F_, of QO as well as a facet of the vertex-figure 
Fi+1/F of Q. Therefore, if (P|, 2) 4 @, then the vertex-figures of P; must be iso- 
morphic to the facets of P2. The class (P1, P2) is empty if this condition fails to hold. 
However, as we shall see later, satisfying this condition alone by no means ensures that 
the class (P,, P2) is non-empty. 

Unless stated otherwise, we shall assume from now on that the vertex-figures K of 
P| are isomorphic to the facets of P,. Then any regular (n + 1)-polytope with facets P| 
and vertex-figures P2 has medial sections isomorphic to the regular (n — 1)-polytope K. 

Assume that the group of P; is ''(P1) = (ao, .-.,@n—1), Where a, ..., @p—1 are 
the distinguished generators of '(P1). As P2 will be the vertex-figure of the polytopes 
in (P1, P2), we shift the indices of the generators for (P22) by 1, and write (P2) = 
(B1,.--, By); that is, B; fixes all but the (i — 1)-face of the base flag of P2. Note that, 
by our assumption on P; and 72, the subgroups (XK) = (a,...,@n-1) of I'(P)) 


and (6;,..., By-1) of I'(P2) are isomorphic under the mapping a; + f; for i = 
l,...,n—1. 

If Q is any regular (n + 1)-polytope in (P), P2) with group '(Q) = (yo, ---. Yn) 
(where yo, ..., Y» are its distinguished generators), then y; a; fori =0,...,n—1 
and y; +> 6; fori = 1,..., define isomorphisms from the subgroups (yo, ..-, Yn—1) 


and (yi,..., %) of /(Q) onto (P;) and I'(P2), respectively; the former subgroup 
is the group of the base facet of QO and the latter is that of the vertex-figure at the base 
vertex of Q. In particular, these isomorphisms translate into the same set of defining 
relations for the groups. 

As a consequence, the search of the “largest” polytope in (P, P2) involves analysis 
of the group 


4A1 P := (0,--+1 Pn)> 


given by the following three sets of defining relations: first, for p9,..., On—1, the 
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relations for ’(P)) in terms of a@,..., @,—1 but with a; replaced by p;; second, for 
P1,--+> Pn, the relations for (Pz) in terms of 61,..., 6, but with 6; replaced by 
pi; third, the (necessary) commutation relation (p9p,)? = ¢. We can now prove the 
following important result. 


4A2 Theorem Let P, and P2 be regular n-polytopes such that (Pi, P2) 4B. Then 
(P1, P2) contains a polytope which covers (in fact, (n — 1)-covers) every other polytope 
in (P1, P2). Its group is I. 


Proof. Let QO € (P|, P2), and let [(Q) = (yw, .--, Y%), with y; as before. We shall 
apply the quotient criterion of Theorem 2E17 to /'(Q) and the group I" = (po, ..., Pn). 
By construction of I”, the generators y; of J”(Q) satisfy all the defining relations for I” 
in terms of the ;, but in general further independent relations too. It follows that the 
mappings p; +> y; fori = 0,..., induce a homomorphism ¢: I’ + I(Q). Further, 
again by construction of I", the mappings (@; =) y; + p; fori = 0,...,n — 1 givea 
homomorphism y: (yo, .--,; Yn—1) > (P0,---> Pn—1), Which inverts the restriction of 
y to (00, ---, Pn—1). It follows that gy is one-to-one on the subgroup (0, ..., On—1), and 
similarly on ((),..-., On). By the quotient criterion, I" is a string C-group and ¢ induces 
a covering P(I”) > Q, where P(J’) is the regular (n + 1)-polytope corresponding to 
I. Here we have also used Lemma 2E14 to obtain OQ = P(I"(Q)). 

We conclude the proof by noting that P(”) € (P;, P2). In fact, the facets and 
vertex-figures of P(/~) are the regular n-polytopes corresponding to the C-(sub) groups 
(00,-++» Pn—1) and (p1,..., On), and these are P; and P2, respectively. In particular, 
the given covering is an (n — 1)-covering, since it preserves the facets and vertex- 
figures. 


The polytope of Theorem 4A2 is denoted by the generalized Schlafli symbol 
{Pi, P2}, and is called the universal regular (n + 1)-polytope with facets P, and 
vertex-figures P2, or simply, the universal polytope in (P, P2). In the following, we 
shall elaborate on the structure of its group = I'({P, P2}), using free products with 
amalgamation [368]. We also mention that Theorem 4A2 can be derived from more 
general results on coverings of “chamber complexes” [350, 418, §§2, 3, 5]. The uni- 
versal polytopes provide the formal concept for the structures which Griinbaum [199, 
p. 196] had in mind when he investigated the “naturally generated polystromata”. 

The following proposition describes duality in the context of classes and universal 
polytopes. 


4A3 Proposition Let P, and P2 be regular n-polytopes such that (P\,P2) 4 @. Set 
(Pi, P2)* :={P* | P € (Pi, P2) }, where P* denotes the dual of P. Then (P\, P2)* = 
(Px, Pi) and {P, P2}* = {Pz, Py}. 


Proof. For any polytope P, the facets and vertex-figures of P* are the duals of 
the vertex-figures and facets of P, respectively. This proves the first statement. 
Also, '(P*) = I'(P), and the distinguished generators for ['(P*) are just those for 
I(P) in reverse order. It follows that {P), P2}* is indeed universal in (P3, Py), as 
required. 
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We next review the concept of a free product of groups with amalgamation [269, 
§II.11]. We shall also use this in later sections. Each presentation of a group A can be 
written in the form A = (X | R), where X is the set of defining generators and 7 is 
the set of defining relations of A. 

Let {A; | i € J} be a family of mutually disjoint groups indexed by a set J. Let 
A; = (X; | R;) for each i € J, where X; is the set of generators and 7; the set of 
relations for A;. Suppose that A is a group and that {g; | i € /} is a family of maps 
such that y;: A +> A; is an injective homomorphism for each i € J. Then the free 
product of the groups A; amalgamating the subgroups Ag; is the group 


IT = (Ux | R; fori e J, andag; = ag; fora € Aandi, j € i) 
iel 

In other words, the generators of IT are all the generators of the groups A;, and the 
defining relations for J7 are all the defining relations for the A;, as well as the extra 
relations which identify the elements ag; of A; and ag; of A; for each a € A and 
i, 7 € I. Note that the group JT depends on the groups A and A; as well as on the 
homomorphisms g; fori € J, but not on the sets X; of generators and 7; of relations 
for each A;. Ifthe subgroup A is trivial, then /7 is called the free product of the groups 
Aj; in this case, there are no extra relations. 

In our applications, we usually have two groups A; and A» with a pair of isomorphic 
subgroups A and &2, respectively. Ifg;: A — A, isthe canonical injection and g2: A > 
Ay is the injective homomorphism such that 82 = A@, then the extra relations take 
the form ag, = a fora € A. In this case, we simply write 


IT = A, * Ad, 
A 


with the understanding that the corresponding map ¢ is specified. 
In the general situation, a sequence 1),..., t% of elements of IT will be called 
reduced if the following conditions hold. 


1. Each t; is in one of the factors A; of JT fori € J. (More precisely, tT; 
can be written as a product in the corresponding generators from Xj.) 

2. Successive T;, Tj4; come from different factors. 

3. Ifk > 1, then no 7; is in one of the subgroups Ag; for 7 € J. (More 
informally, no t; comes from A.) 

4. Ifk=1,thent; #e. 


4A4 


We also define the empty sequence (with no elements) to be reduced. It is immediate that 
each element of /7 is the product of the elements in a reduced sequence. In particular, ¢ 
is regarded as the product of the empty sequence. However, less obvious is the following 
converse, known as the Normal Form Theorem for Free Products with Amalgamation. 
This theorem justifies calling the groups A; the factors of IT. 


4A5 Theorem Let IT be a free product with amalgamation as before. If t, ..., T; is 
a reduced sequence and k > 1, then 1%) ---t™ 4 & in IT. In particular, the groups A; 
fori € I are embedded into IT by the maps t > t fort € Aj. 
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The following result is known as the Jorsion Theorem for Free Products with 
Amalgamation. 


4A6 Theorem Let IT be a free product with amalgamation as before. Then each 
element of finite order in IT is conjugate to an element of finite order in one of the 
factors Aj. 


Returning to the discussion of classes of polytopes, let P,; and 72 be regular n- 
polytopes such that the vertex-figures K of P; are isomorphic to the facets of P>. 
As before, let '(P) = (ao, ...,@n-1) and '(P2) = (Bi, ..., Bn), so that P'(K) = 
(Q1,...,@n—1). Recall the definition of = (p9,..., On) in (4A1), and note that it 
did not assume that (P), P2) 4 @. 

Now consider the free product with amalgamation 


4A7 T= By) el a) 


which is defined by the canonical injection g,: "(K) > I'(P;) and the injective 
homomorphism g: "(K) > I'(P2) given by a; h 6; fori =1,...,n —1. Then 
IT = (a,...,@n—1, Bn), and a; = B; in TT fori = 1,...,n —1. All products aja;, 
f; 6; and a;B;, save for aoB,, are contained in one of the factors '(P) or I'(P2), 
and so are determined solely by P; and ?2. However, by Theorem 4A6, the element 
ao Bn has infinite period. In particular, it does not have period 2 as is required for a 
string C-group. Thus, to make a and 6, commute, we must factor out by the rela- 
tion (a9B,)° = €. On the other hand, while the intersection property can be shown to 
hold for [7 (using Theorem 4A5), it is not true in general that it also passes on to a 
quotient. 

Now let N be the normal closure of (a8,) in I7, and consider the quotient I7/N. 
Then (Nag NB,)° = ¢ in IT/N. More generally, I7/N has exactly the same presentation 
in terms of its generators Nao,..., Na@n—1, NB, as I” has in terms of (0, ..., Pn- 
Therefore ’ = I7/N, and the mapping given by p; + Na; fori = 0,...,2— 1, and 
Pn +» NB, induces an isomorphism I + JT/N. 


4A8 Proposition Let P, and P2 be regular n-polytopes such that the vertex-figures 
K of P\ are isomorphic to the facets of P2. Let P = (po,..-, Pn) be as in (4A1), and 
let IT = I'(P\) *rucy) P(P2) and (ao, ..-, n—1, By) be as in (447). 


(a) [ = T1/N, where N is the normal closure of (coBn)° in IT. 

(b) If (P1, Po) & GY, then PUP\, P2}) = FS M/N. 

(c) The polytope {P, P2} exists (or, equivalently, (P,,P2) 4 B) if and only if I is 
a string C-group, (fo, -.+, Pn—1) = U'(P), and (p1,.--5 Pn) = U'(P2). 


Proof. Part (a) has already been proved, and both part (b) and the necessity of part 
(c) restate Theorem 4A2. For the sufficiency of part (c), note that the conditions on 
I imply that I” is the group of a regular (n + 1)-polytope P with facets isomorphic 
to P, and vertex-figures isomorphic to P. In particular, (P), P2) 4 Y. Therefore, by 
Theorem 4A2, P = {P), P>}. 
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This proposition explains why the polytope {P, P2} can be thought of as the uni- 
versal amalgamation of P; and P2 along K. (The notation P; *< P2 which was used 
in [368, p. 311] in place of {P, 2} emphasized this fact.) In essence, the proposition 
translates the existence problem for {P, ?2} into a problem for presentation of groups. 
This is the form in which we shall later attempt a solution for specific P, and P2. 

We illustrate these concepts for the regular polytopes {p),..., Pyx_1}. Recall 
from Section 3D that {p;,..., Py—1} is the regular n-polytope with (Coxeter) group 
[P1,---> Pn—1], and that this is universal among all regular n-polytopes of the same 
type {p1,---, Pn—1}. 


4A9 Proposition Letn > 2, and let2 < pj,..., Py < 0. Then 
{{p1,---, Pn—1}, {(P2,--+, Pat} = (Pi, ---5 Dn}. 
Hence, ({p1, +++, Pn—1};{P2,--+» Pn}) FG. 


Proof. Now we have P| := {pi,---, Pn—1}, P2 := {P2,---, Pn}, and K := {po,..., 
Pn—1};ifn = 2, thenXK is ofrank 1. Then the class (P|, P2) isnon-empty, because it con- 
tains {p1,--., Pn}. Since '(P) = [pi,---, Pn-1] and '(P2) = [p2,.--, Pn], we also 
have '({P1, P2}) = [pi,---, Pn]. Hence, by Theorem 3D4, {P, P2} = {p1,.--, Pn}. 


Proposition 4A9 says that the regular n-polytopes {p1,..., Pn} are also univer- 
sal in the class of regular polytopes with facets {p),..., P,_1} and vertex-figures 
{P2,---, Pn}. For example, the 24-cell {3, 4,3} in euclidean 4-space is the univer- 
sal regular 4-polytope with octahedral facets {3, 4} and cubical vertex-figures {4, 3}. 
This is a finite polytope, in contrast to the cubical tessellation {4, 3, 4} of euclidean 
3-space, which is the universal regular 4-polytope with cubical facets and octahedral 
vertex-figures. 

The enumeration of the finite universal polytopes {P, 2} will be a central topic in 
later chapters. We conclude this section with a result on self-dual polytopes. 


4A10 Proposition Let P, and P; be two regular n-polytopes such that (P, P2) 4 @. 
Then {P, P2} is self-dual if and only if P2 is the dual of P\. 


Proof. The facets of the dual of any polytope are the duals of the original vertex-figures. 
Thus, if {P, P2} is self-dual, then ?,; and P, must be duals. 

For the converse, let ['(P)) = (a@o,.--,@n-1), I(P2) = (Bi,-.--, Bn), and 
I'({P1, P2}) = T = (p0,---, On). By Theorem 2E11, the polytope {P), P2} is self- 
dual if there is an involutory group automorphism w of J” such that p;w = p,_; for 
i=0,...,n. If P2 is the dual of P), then a presentation for (P2) is obtained from 
one for I(P) by simply exchanging in each relation each generator a; by 8, _;. This 
in turn gives a presentation for JT := I'(P,)*r(c '(P2) which is symmetric under 
the exchange a; <> 6,_; fori =0,...,n— 1. Note for this that K is self-dual, and 
that a; <> 6; fori = 1,...,n — 1 gives the corresponding involutory group automor- 
phism for I’(X). By Proposition 4A8(a), ’ = I7/N, where N is the normal closure of 
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(a0 Bn)” in IT. However, if wo and B,, are exchanged, then (a,)* is changed to its inverse 
(Bro), and therefore WN is invariant. It follows that a; = 6,_; fori =0,...,n —1 
induces the required group automorphism @ on I’. 


4B The Classification Problem 


A central problem in the classical theory of regular polytopes is the complete enumera- 
tion of all regular polytopes and tessellations and their groups in spherical, euclidean or 
hyperbolic space. When asked within the theory of abstract polytopes, the classification 
problem must necessarily take a different form, because a priori an abstract polytope is 
not embedded into the geometry of an ambient space. An appropriate substitute is now 
the enumeration of abstract regular polytopes by their local or global topological type. 
In the first place this necessitates associating with abstract polytopes a natural topology, 
a problem which is very subtle and which in general cannot be solved uniquely. On the 
other hand, many polytopes admit a natural topology, and so are subject to the classi- 
fication with respect to such a topology. In this context, the convex regular polytopes 
occur as spherical polytopes and the regular tessellations in euclidean or hyperbolic 
space as locally spherical polytopes. 

In this section, we shall clarify the concept of combinatorial classification. This un- 
derlies the topological study which will be the subject of later chapters. Our discussion 
is carried out in terms of the universal polytopes {P, ?2} which were introduced in the 
previous section. We begin with two simple geometric examples to illustrate several 
natural questions which can be asked about these polytopes. 

Let us assume that we wish to construct a triangulated surface in which every vertex 
of the triangulation is contained in exactly 5 triangles; that is, the vertex-figures are 
pentagons {5}. This can be done in only two ways, both of which lead to finite trian- 
gulations. If the triangulation is “freely” generated, then the resulting surface is the 
2-sphere and the triangulation is isomorphic to the icosahedron {3, 5}. However, if ad- 
ditional identifications are permitted, then we can also construct the hemi-icosahedron 
{3, 5}5, the triangulation of the real projective plane obtained from {3, 5} by identifying 
antipodal points. In the notation of the previous section, {3, 5} and {3, 5}; are members 
of the class ( {3}, {5}); in particular, they are regular. Furthermore, by Proposition 4A9, 
{{3}, {5}} = {3, 5}; that is, the icosahedron is the universal 3-polytope with triangular 
facets and pentagonal vertex-figures. The important point to make here is that this 
universal polytope is finite. 

The picture changes completely if we require exactly 6 triangles around a vertex. 
Now there are many ways to generate triangulations, which include the infinite triangu- 
lar tessellation {3, 6} of the euclidean plane; this covers all other polytopes in the class 
({3}, {6}). This class also contains infinitely many finite triangulations, such as the tri- 
angular torus map {3, 6}(s,9, which is derived from a skew s x s “chess board” of 2s? 
triangles by identifying opposite sides; see Figure 1D2 for the case s = 3. In contrast 
to the previous example, the universal polytope {{3}, {6}} = {3, 6} is now infinite. 
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These two examples illustrate the following general problems about universal 
polytopes {P, 72}, with a given pair of regular n-polytopes P, and 7 such that 
the vertex-figures K of P are isomorphic to the facets of P. 


* When is the class (P;, P2) non-empty? Or, equivalently (by Theorem 4A2), when 
does the universal polytope {P, P2} exist? 

* Given finite polytopes P; and P2, when is {P, P2} finite? That is, when does this 
universal polytope behave like a finite convex polytope, and when like an infinite 
tessellation? 

* Construct {P1, P2} explicitly, and recognize its group '({P1, P2}). 


In this and later chapters, when we use the term “combinatorial classification” of regular 
polytopes, then in the given context we mean the classification of all the finite universal 
polytopes. 

Ina typical application, the facets P| or the vertex-figures P will belong to a family 
of n-polytopes, each defined in terms of one or more parameters, and the task is then 
to determine exactly for which parameters the universal polytope {P, 2} is finite. We 
shall give an example in the following. Our usual approach is to translate this problem 
into an equivalent one for groups with presentations which depend on parameters, and 
then to determine the finite groups with these presentations. 

As explained in the previous section, given P; and P2, the search for the universal 
polytope {P, P2} involves analysis of the group I” of (4A1) generated by involutions 
f0;+++> Pn, Subject to the relations dictated by '(P) (for po, .--, On—1) and I'(P2) 
(for p1,--.-, On), together with the commutation relation (/ res = €. By Proposi- 
tion 4A8(a), this group is a quotient of the free product 7 of '(P) and '(P2) with 
amalgamation along their joint subgroup I"(X-), the quotient being defined by the 
additional relation (9 0,)? = €. Now, according to Proposition 4A8(c), the universal 
polytope {P, P2} exists if and only if I” is a string C-group and its two subgroups 
(P0,-+++> Pn—1) and (1, ..., Pn) are isomorphic to ’(P) and I'(P2), respectively. In 
practice it is usually difficult to verify these conditions. 

Of course, the case n = 2 is easy and follows from Proposition 4A9. Here P; = {p} 
and P2 = {gq} (for some p and q), and the universal polytope {P;, P2} of rank 3 is 
precisely the regular tessellation {p, qg} on the 2-sphere, in the euclidean plane, or in the 
hyperbolic plane. However, in higher ranks the structure of abstract regular polytopes 
is far less obvious, and is complicated by the lack of easily accessible non-classical 
examples. To illustrate this, we conclude with a typical example of a combinatorial 
classification problem in rank 4. 

Let P; be the torus map {6, 3}(;,9), which is the dual of the map {3, 6},,,9. mentioned 
earlier in the section, and let P2 be the tetrahedron {3, 3}. Then, if it exists, {P), P2} = 
{{6, 3}(s,0), {3, 3}} is a regular 4-polytope with toroidal facets and spherical vertex- 
figures. The corresponding group I” now has the presentation 


00 = PT =p, = 03 = 
(pop1)° = (pip2)’ = (6203) = (pop2)” = (pops) = (p1p3)” = €, 
(popipr)* = €. 


4C Finite Quotients of Universal Polytopes 103 


There are two ways of looking at this presentation. First, we can think of it as the 
presentation for I” expressed as the amalgamated free product IT, factored by the 
commutation relation (9 3)” = ¢. In other words, I is defined by the relations for 
I’(P,) and I'(P2) as well as the commutation relation. Here we use the fact that the 
relation in the third row is the one extra relation (in addition to those for the group [6, 3]) 
which defines the torus map {6, 3}(.,9) as a quotient of the euclidean plane tessellation 
{6, 3}; see Section 1D. Second, and equivalently, we can also observe that the relations 
in the first two rows are the standard relations for the Coxeter group [6, 3, 3], which 
is the symmetry group of the regular honeycomb {6, 3, 3} in hyperbolic 3-space; see 
Section 3C. The group I” is now the quotient of [6, 3, 3] by the relation (090 02)** = &; 
in the notation of (2F1), 


{{6, 3},,0), (3, 3}} = {6, 3, 6}/(((012)"")). 


The extra relation involves only the first three generators (but a priori it cannot be ruled 
out that it also affects the group of the vertex-figure). 

In this example, only the facets P are determined by a parameter s, while the vertex- 
figures P remain fixed. The corresponding polytopes {P, 2} and their groups I’ will 
clearly also depend on s. We shall see in Section 11B that these polytopes {P), P2} 
exist for all s > 2, but that they are finite only for s = 2, 3, 4 (that is, when the torus 
map is “small’”’). 


4C Finite Quotients of Universal Polytopes 


It is folklore in Riemann surface theory that each regular tessellation {p,q} of the 
euclidean or hyperbolic plane is the universal 2-covering for an infinite number of finite 
regular maps of the same type {p, g} on closed compact surfaces. Restated in terms 
of groups, this says that each infinite Coxeter group [p, q] has infinitely many finite 
quotients which are C-groups for the same Coxeter diagram. (For example, except 
perhaps for finitely many values of p and q, the hyperbolic Coxeter group [p, q] 
admits representations onto almost all symmetric and alternating groups (see [331, 
Theorems 1-—3]).) 

In this section, we follow [298] and extend this result to universal polytopes 
(P|, P2) which are infinite and satisfy certain conditions. Our method of proof is 
non-constructive and employs the concept of residual finiteness of groups. We gen- 
eralize a technique used in Vince [436, Theorem 6.3] to establish a similar result for 
graph-theoretic structures known as “regular combinatorial maps”, which also yields 
the statement for maps on surfaces (see also [9, 170, 188, 234, 314, 332, 435, 462, 464)]). 
One of the consequences is that the earlier result for the plane carries over to regular 
tessellations in euclidean or hyperbolic spaces of any dimension. Further applications 
to other kinds of polytopes will be discussed in later chapters. 

Let I” be any group. Then I" is called residually finite if, for any a € I’ witha # e, 
there exists a homomorphism g of I” onto some finite group such that ag ¥ « [27], 
p. 116]. The following is a useful extension of the definition. 
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4C1 Proposition A group I is residually finite if and only if, for each finite subset 
{a1,...,Q@m}C TI \ {e}, there exists ahomomorphism y of I" onto a finite group such 
that ajo # € for j =1,...,m. 


Proof. The sufficiency is obvious. For the necessity, let g; be the appropriate ho- 
momorphism associated with a; onto some finite group, and consider the natural 
homomorphism of I” into the finite group g; x --- x IQ». 


The following central result in the theory of linear groups is due to Malcev [272]; 
see also Wehrfritz [439, Chapter 4]. 


4C2 Theorem Every finitely generated linear group over a field (or a finitely gener- 
ated integral domain) is residually finite. 


4C3 Corollary Each (finitely generated) Coxeter group is residually finite. 


Proof. By Corollary 3A10, each Coxeter group has a faithful representation over R. 
Then Theorem 4C2 applies. Note that, in our use of the term, a Coxeter group is indeed 
finitely generated. 


The main result of this section is the following theorem. In its applications, the 
residually finite group will usually be a linear group. 


4C4 Theorem Let?P, and P be finite regular n-polytopes such that (P,,P2) 4 Y. Let 
P be an infinite regular (n + 1)-polytope in (P1, P2) whose group I (P) is residually 
finite. Then the class (P, P2) contains infinitely many regular (n + 1)-polytopes which 
are finite and are covered (in fact, n-covered) by P. 


Proof. Let I'(P) = (po, ---, Pn), With po,..., Pn the distinguished generators of 
I(P). Then 


Ty := (po,-++s Pn—-1) =I(P1), Ta = (01, - +s Pn) = (Po). 


We shall construct an infinite sequence of finite C-groups A; for j > 1, such that the 
regular polytopes Q; with groups A; belong to (P, Pz), are n-covered by P, and are 
mutually non-isomorphic. 

We begin with A. By our assumptions on P and P2, the groups I and I> are finite, 
and hence so isthe set K,; := I I> \ {e}. Note that I \ {e}, I \ {e} C K,.Since P(P) 
is residually finite, there exists a surjective homomorphism g,: '(P) > Aj, with A, 
a finite group, such that ag; 4 € for alla € K,. Let N; denote the kernel of g,. Then 
I, ON, = {e} = 15 M,, so that g, induces an isomorphism when restricted to the 
subgroup I, or I> of I'(P). The intersection property for A; = (p01, ---, PnP1) iS 
now a consequence of Proposition 2E16, if we can check that [g,; N ng; = UN 
I )g,. But this follows from the definition of K,. In fact, ifa@, € I, and a2 € I) are 
such that a; @, = a2), then ay a2 e€ II») and (a; 1a2)91 = €, so that, by construction 
of K;, we must have a; = a2 € I M I>, as required. This completes the proof that A, 
is a string C-group with distinguished generators p91, ..., PnP1- 

It follows that A, is the group of a finite regular (n + 1)-polytope Q; € (P, P2). 
By Proposition 2E19, Q; is also n-covered by P.. The inductive step now also requires 
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two subsets L; and M, of ’(P). First, note that Nj; is an infinite group, because I"(P) 
is infinite and A, is finite. Now choose L; Cc MN, \ {e} such that card(K, UZ )) > 
|A;|, and set M, := fa~'B | a, B € K; UL1,a  B}. To construct the sequence of 
C-groups, we can now proceed as follows. 

Suppose that we have already found A; = [°(Q;), and finite subsets K;, L;, and 
M;:= {a'B la, Be K,;UL;,0 ¢ B} with Kj C K; andcard(K; UL;) > |A;|, so 
that we have a surjective homomorphism g;: '(P) — A; whose kernel N; satisfies 
N,;O K; =@ and L; C N; \ {e}. Now define Kj,; := K; UL; U Mj. By residual 
finiteness we then have a surjective homomorphism ¢;+1: [(P) > Aj+1, with A;+1 
finite, such that wgj+; 4 € if a € Kj41. By construction, the restriction of g;+1 to 
K; UL; is injective; thus 


|Ajzil = (P)ej+il 2 card(K; UL;) > |Ajl. 


In fact, since M; C Kj+1, we have (a~'B)gj4; #e; thus agj41 A Boj+1, if 
a,pBeK;UL;, aA. Furthermore, since K,; C K;41, we can argue as for 9 
and prove that Aj;,; is a C-group, whose subgroups (/0@;+1,.--, Pn—19j+1) and 
(P19j415 +++» PnGj41) are also isomorphic to J, and I>, respectively. 

It follows that the regular (n + 1)-polytope Q;,; with group A;+; belongs to 
(P, Pz) and is also n-covered by P. Finally, since Nj+, is infinite and Aj+, is fi- 
nite, there exists a subset Lj, of Nj+41 \ {e} such that card(K j41 U Lj41) > |Aj+il. 
The inductive step is now complete if we set Mj4) := {a 'Bla, pe Kyu UL ja, 
a # B}. 

Note that this process produces a sequence of C-groups A; whose orders are strictly 
increasing. It follows that the regular polytopes Q; with groups A; are mutually non- 
isomorphic. 


4C5 Corollary Let n >2 and3 < py,..., Pn—-1 < ©, and let {p,,..., Pn} be a 
locally finite regular tessellation of E"” or H". Then the class ({p\,..-, Pn—1}, 
{p2,-+-» Pn}) contains infinitely many finite regular polytopes. 


Proof. We apply Theorem 4C4, with P = {p,..., Py}. By the assumption of local 
finiteness, the facets {p},..., Dn—1} and vertex-figures {p2,..., p,} of P are finite 
polytopes. Now I°(P) is the Coxeter group [p1,..., Pu], which is residually finite. 
Then the result follows. 


For Corollary 4C5, note that locally finite regular tessellations in hyperbolic space 
occur only in dimensions 2 and 3 [113]. Form = 2, the necessary and sufficient condition 
1 


is that x eS i. If n = 3, the only instances are 


{p,q.r} = {3,5, 3}, {4,3, 5}, (5,3, 4}, {5, 3, 5}. 


For euclidean tessellations, Corollary 4C5 is subsumed by the classification of the 
regular toroids in Sections 6D and 6E. 

Among the locally toroidal regular polytopes of a given type (class), we can often 
find an infinite polytope with a group isomorphic to a finitely generated real or complex 
linear group (see Chapters 10, 11, and 12); usually it is the universal polytope itself 
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which has this property. In this situation, we can apply Theorem 4C4 to prove that there 
are infinitely many finite regular polytopes of the same locally toroidal type. 


4D Free Extensions of Regular Polytopes 


The regular tessellation {3, 00} of the hyperbolic plane by ideal hyperbolic triangles is 
famous for its occurrence in several areas in mathematics [54, pp. 40—46]. Its group of 
symmetries is the Coxeter group [3, oo], with presentation 


4D1 2s = bt = by = (pop) = (eop2)” = €. 


This group is isomorphic to the projective general linear group PGL2(Z), the quotient 
of the general linear group GL2(Z) of invertible 2 x 2 matrices over the integers Z by 
its centre {+/} (where J denotes the 2 x 2 identity matrix); it contains the (classical) 
modular group PSL2(Z) as a subgroup of index 2 (see [169, Chapter 3]). We denote a 
typical element of PGL2(Z) by [@ by. Then, using complex coordinates, the element 
Ig by acts on the upper half-plane model H? of the hyperbolic plane by 


az+b 
cz+d 
az+b 
cz +d 


ifad —bc = 1, 


ifad —bc = —-1, 


where Z is the complex conjugate of z. As generators, we can take 


01 25 =i 6 
an m=|\ A a=| al a=|% ‘al 


These correspond to hyperbolic reflexions, the first to inversion in the unit circle, and 
the second and third to reflexions in the lines #(z) = 5 and (z) = 0, respectively. The 
“closed chamber” 


C=1{z7| 3) > 0-0-< Ney <5, lz\ 21} 


is a fundamental region for the action of PGL2(Z) on H’. The six transforms Cy of 
C, with g € (0, ¢1), fit together to form a triangle in the tessellation {3, 00}, whose 
vertices are points at infinity. As the group PGL>(Z) satisfies no relations other than 
those of (4D 1), the whole tessellation is in a sense “freely generated” by triangles. The 
Coxeter complex for the Coxeter group [3, 00] is now realized in H* (augmented by a 
set corresponding to the vertex-set of {3, co}). Its closed chambers correspond to the 
transforms of C under PGL>(Z); see also Section 3A. 

In this section, we shall prove that every regular n-polytope K occurs as the facet type 
ofa “freely generated” regular (n + 1)-polytope P. If K = {3}, then P is the tessellation 
{3, co}. Our construction of P is in terms of free products with amalgamation. For a 
brief introduction to such groups, see Section 4A. 

Throughout this section, let n > 2, and let K be a regular n-polytope. Let P'(K) = 
(P0,+++> Pn—1), With po, ..., Pn—1 the distinguished generators defined with respect 
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to some base flag of K. We write F for the (base) facet of K, so that ['(F) = 
((0,--+> Pn—2). Let py, denote the generator of the cyclic group C2. Consider the 
groups 


Ay := (00,--+; Pn-1) = T(K), 
Az := (00,+++5 Pn—2s Pn) = I(F) x Cr, 


as well as their amalgamated free product 


4D3 Tr :=T(K) no x C2), 


where, fori = 0,..., — 2, the generators p; of the two copies of '(F) in P(X) and 
I'(F) x Cy are identified in the obvious way. We shall prove that this group is a string 
C-group, and that the corresponding polytope has the desired properties. 


4D4 Theorem Let n > 2, and let K be a regular n-polytope of type {pi,..-, Pn—1}, 
with facets F and vertex-figures Ky. Then there exists a regular (n + 1)-polytope P 
with the following properties. 


(a) P is of type {pi, ---, Pn—1, 00}, and has facets isomorphic to K. 

(b) P covers every regular (n + 1)-polytope whose facets are isomorphic to K (that 
is, P is universal among all such polytopes). 

(c) P(P) = T(K)*ry~7)U (F) X C2), the free product of I'(K) and I'(F) x Cz 
with amalgamation of the two subgroups which are isomorphic to '(F). 

(d) P = {K, Po}, the universal regular (n + 1)-polytope with facets isomorphic to 
K and with vertex-figures isomorphic to the regular n-polytope Po which is 
constructed from Ko in the same way as P is from K. (In other words, the 
construction and the properties of the polytope are hereditary in passing from 
it to its vertex-figures.) 

(e) IfK is a lattice, then so is P. 


Proof. First we prove that the group I” in (4D3) is a string C-group. By construction, 
I’ = (00, .--, On). As defining relations for I”, we have those of A, for po, ..., Pn—1 aS 
wellas p? = (p; Pn) = © for 7 = 0,...,n — 2. Further, by Theorem 4AS5, both groups 
A, and A, are embedded into I. 

By Proposition 2E16, for I” to have the intersection property it suffices to check that 


A, (Pj, -++5 Pn) = (Pjr-++5 Pn-1) forj=l,...,n. 


To prove the non-trivial inclusion, let t € A; 1 (p;,..-, On) with t # &. The idea is 
now to write t as the product of the elements in a suitable reduced sequence; see (4A4). 
In particular, since tT € (p;,..., Pn), We Can write it as 


m 
T = T1PnT20n + Tk-1PnTKPy » 


with k > 1, %],..., Te © (Djs -++5 On—-1)s Tas +++ Te F (Pj, ++ +s Pn—2) (C I(F)), and 
m=0, 1. In fact, because A. = I'(F) x (p,) and '(F) C Aj, itis sufficient to assume 
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that, in a reduced sequence for t, each element from A> is equal to o,. Then 


(tT) PnT2Pn +» Th-1PnTRO” = 


Since t € Aj, this expresses ¢ as a product of the elements in a reduced sequence 
(which does not include p”” if m = 0). By Theorem 4A5, this implies that k = 1 and 
m = 0. Hence, t = T € ((;,..-, Pn—1), aS required. 

It follows that I" is a string C-group. Let P := P(L’), the regular (7 + 1)-polytope 
with group I”. The facets of P are isomorphic to K, since A, = I'(K) is embedded 
into I”. Also, by Theorem 4A6, the element p,_1, of I” has infinite order, showing 
that P is of type {pi,..., Pn—1, ©}. This proves part (a). 

Let QO be any regular (n + 1)-polytope with facets isomorphic to K, and let 
I'(Q) = (ao,...,@,). Then the distinguished generators a,...,@, satisfy all the 
defining relations for I’ (with p; replaced by a;), but in general further independent 
relations as well. It follows that the mappings 0; +> a; fori = 0,..., m induce a homo- 
morphism J” = I'(P) + I(Q), whichis also one-to-one on (fo, ..-, Pn—1) (= F'(K)). 
By Theorem 2E17 (for example), P covers Q, which proves part (b). Further, part (c) 
is true by construction. 

Let Po be as described in part (d), and let Pp be the vertex-figure of P at the 
base vertex of P. Then the facets of Py are isomorphic to Ko. By part (b), Po is 
covered by Po. Therefore, if the universal (n + 1)-polytope {K, Po} exists, then it 
must also cover P. To prove that the two polytopes are the same, consider the group 
I = (fo, ---, Bn), Which would define the polytope {K’, Po} (whether it exists or not). 
Then, by Proposition 4A8(a) and (4A7), 


P= (rv Ae rr) N, 


where WN is the normal closure of the square « of the product of the first generator from 
I’(K) and the last from (Po). In particular, we can find a presentation for [* in terms of 
the distinguished generators 6; by taking all the defining relations for (XC) and (Po) 
as well as the extra relation (696,)* = € (corresponding to «). However, since (Po) 
is itself a group of the kind described in part (c), we can break down the relations for 
I’(Po) into two kinds: the relations derived from I"(K) (which are already accounted 
for by "(K)), and the relations 6% = (6;6n)’ =e for j =1,..., — 2. In total, this 
gives a presentation for I in terms of (0, +++, On Which is equivalent to the one for I” in 
terms of 09, ..., Pn. It follows that the mappings 6; > ; fori = 0,..., induce an 
isomorphism [* +> I”. Therefore {K, Po} exists, P({K, Po}) = °, P = {K, Po}, and 
Po = Po. This proves part (d). 

The proof of part (e) is rather elaborate, and we shall omit it. Instead, the reader is 
referred to Schulte [365, Theorem 3] for further details. 


We illustrate our results for the polytopes K = {pj,..., Pn—1}; see Section 3D. 
In this case, I"(X) is the Coxeter group [p},.--, Pai]. Then P = {p,.--, Pn—1, }, 
and I°(P) = [p1,.--, Pn—-1, 0]. Ifm = 2 and p := py, then P is the regular hyperbolic 


tessellation {p, co}, which is “freely generated” from p-gons. Now Theorem 4D4(c) 
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takes the form 
[p,~] =D, #(C2 x C)). 
2 


In particular, if p = 3, then 
PGL,(Z) = [3, ~] = 83 #(C2 x C)). 
2 


If K is the n-simplex {3”~'}, then P is the universal (n + 1)-polytope {3”~!, oo}, 
whose group is 


[3""', 00] = Sn4i #(Sn x Ca). 


In general, there are many ways in which a regular n-polytope can occuras the facet of 
aregular (n + 1)-polytope. Ina sense, Theorem 4D4 deals with the “free construction’, 
which leads to the “largest” polytope with a given kind of facet. In a contrasting spirit, 
the construction of flat polytopes described in Section 4F yields a “small” regular 
polytope with a given facet and vertex-figure. We conclude by remarking that the free 
construction can also be generalized to chiral polytopes [374, Theorem 2]. 


4E Flat Polytopes and the FAP 


In this section, we introduce the concept of combinatorial flatness of abstract polytopes. 
In particular, we discuss the flat amalgamation property, or briefly, FAP, which is crucial 
for a construction of flat regular polytopes described in the next section. 

An n-polytope P is called (combinatorially) flat if each of its vertices is incident 
with each of its facets. More generally, if 0 < k <m <n — 1, we say that P is (com- 
binatorially) (k, m)-flat if each of its k-faces is incident with each of its m-faces. Thus 
a flat polytope is a (0, n — 1)-flat polytope in this more general sense. 

A 2-polytope P is flat if and only if it is a 2-gon; this is degenerate, with group 
Cy x C2. A simple example of higher rank n is the hemi-cube {4, 3-21, which is 
obtained from the n-cube {4, 3”~} by identifying opposite vertices (the suffix n refers 
to the length of the Petrie polygon of ?, or, in other words, to the period of the product 
PoP +++ Pn—1 Of the distinguished generators of its group). Another example of rank 3 
is the torus map {4, 4}(>,9) with four square facets (see Section 1D). On the other hand, 
convex polytopes can never be flat. 

We begin with a number of observations which apply to all flat polytopes. 


4E1 Lemma Let P be an n-polytope, and lett0<i<k<m<j<n-1. If P is 
(k, m)-flat, then P is also (i, j)-flat. 


Proof. Let F, be an i-face and Fy a j-face of P. Choose a k-face G, with F, < 
G, and an m-face G» with G2 < Fy. Since G, < Go, it follows that F; < Fo, as 
required. 


4E2 Lemma 7he dual of a(k, m)-flat n-polytope P is an(n —m — 1,n —k — 1)-flat 
polytope. In particular, the dual of a flat polytope is flat. 
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Proof. The dual P* is obtained from P by reversing the partial order on P. Then, 
for each i, the i-faces of P are the (n — i — 1)-faces of P*, and so the result follows 
immediately. 


We shall often appeal to Lemma 4E2, and analogous properties which directly result 
from duality. 


4E3 Lemma Let P be an n-polytope, and let0<k <m <i <n. If each i-face of 
P is (k, m)-flat, then P is also (k, m)-flat. 


Proof. We use the connectedness of P. Let F' be a k-face and G an m-face of P. Then 
there exist i-faces H),..., H; and m-faces G,,..., G;, such that 


F<H>G, < Wy> G2 <--->Gj;)<H,>G;=G. 


Since Hy is (k, m)-flat, we have F < G, and therefore F < Hy. We may now proceed 
by induction to arrive at F < G; = G. 


Of course, duality yields the same result in the case that i < k, and all co-i-faces of 
P are (k —i — 1,m —i — 1)-flat. 

Now let P be a regular n-polytope, whose group is '(P) = (po, .--, On—1), where 
(0, +-+, Pn—1 are (as usual in such a context) taken to be the distinguished generators 
of I’(P). We can tell from "(P) whether or not P is flat. 


4E4 Proposition Let P be a regular n-polytope with group I'(P) = (po, .--, Pn—1); 
and let0 <k <m <n -—1. Then P is (k, m)-flat if and only if 


T'(P) = (Pett, ++ +s On—1)( 05 ++ +5 Pm-1)- 


Proof. If = {F\, Fo,..., Fy} is the base flag of P, then Fig < Fi, w holds for all 
yg, wv € I (P). But, by Theorem 2B14, 


Fxg < Fnw = gy! € (Pk-+1s ++ +s Pn—1){ Pods wees Om—1)s 


and the required result follows. 


The condition on I’(P) in Proposition 4E4 is easy to check if k = m — 1. In fact, 
if P is of type {p1,..., Pn—1}, then P is (m — 1, m)-flat if and only if p,, = 2 (see 
Proposition 2B16); in this case, "'(P) = (Om, ---; Pn—1) X (P0,-++5 Pm—1): 

We next describe the class (P|, 2), under the condition that one of the n-polytopes 
P, or P2 is flat. For a proof, see [300, Proposition 1]. 


4E5 Proposition Let P; and P be regular n-polytopes such that (P\,P2) 4 @. If 
P\ or P2 is flat, then the universal polytope {P, P} is flat, and is the only member of 
(Pts Pah 


Flatness of polytopes is a counterintuitive phenomenon, which does not occur in 
the classical theory. On the other hand, many classes (P), 2) contain flat regular 
polytopes, and it is therefore desirable to find simple criteria for their existence. In the 
construction of such polytopes described in the next section, an important role is played 
by what is called the flat amalgamation property, or FAP for short. 
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This property is defined in the following; it relies on the following observation and 
the subsequent Lemma 4E7. The term FAP itself is explained by Theorem 4F9(b), 
which yields flat polytopes by “amalgamating” two polytopes which themselves have 
the FAP. 

Let I = (fo, .--, Pn—1) be any sggi, which we recall from Section 2B is a group 
such that p? = (p;p;)? = « for all i, 7 with |i — j| > 2. For convenience, we again 
denote the generators by 9, ..., Pn—1, because I” will usually be the group of a regular 
polytope. Now, if g € I is such that ¢ = 90 0;,910;,--: Ym—1Pj, Pm, then clearly 


9 = Wolvy oan) (Wa! On Vm)s 


where W := @Qr41°++ Gm forr =0,...,m. 


4K6 


In particular, if go, ..., @m are in some specified subgroup of I’, then Wo, W1,..., Wn 
are in the same subgroup. 
Fork =0,...,n — 1, we define 


Ni := (9 ‘pig l|izkandgeTl), 
N, = (9 py li<kandgeTr), 


which are the normal closures of {px,..., Pn—1} and {0,..., ex}, respectively, in 
r = (Pos ence Pao) 


4E7 Lemma for0 <k<n-—1letT, Ni and N,, be as previously described. Then 


G@). TENE iis 52 BEL) Hh Pies PEIN 
(b) Ni = (ge! pig |i > k and y € (po, .--, Px-1)) 
= (97! pxp, pi |i > K+ Land y € (po, -.-, Pk-1))s 
(c) P= Ny (Pk+ts «+65 Pn—1) = (Pktts ++ +s Pn—-1) Ny 
(a) Ne = ("pi |i < Kandy € (pey1,.--s Pn-1)) 
= (01,97! pep |i Sk — Land p € (esis. - +s Pn—1))- 
Proof. We just consider parts (a) and (b); parts (c) and (d) follow by the same arguments 
applied to the dual. Trivially, N,* = I” if k = 0, and so all statements are true in 
these cases. We may thus suppose that k > 0. Part (a) follows from the observation 
preceding the lemma. In fact, in the notation of (4E6), if g € I’, then we can take 
Q0,-++>Pm © (P0,-++, Pk-1) and j1,..., jm > k, so that we have Wo € (0, .--, Pk-1) 
and Vv, 0).Wr € NN; forr =1,...,m. It follows that I = (po, er ee ne The 
other equation of part (a) is clear, because N,* is a normal subgroup of I’. 
For the first equation in part (b), consider a generator g'p;y of N;,’ with g € 
I’. We express g in the form ~ = 900/91 Pj,°-*Pm—1Pj,Pm> With Go, ..-, Pm41 € 
(00,--+> Pk-1) and j,..., jm > k. Noting that i > k, we can rewrite 


QD: = Cm PinPm ir P, Pi Po Pi POP A P1*** Pm—1 Pin Pm: 


as in (4E6). The corresponding element yo is now trivial, and each remaining term 
vy 'p ;W, is a conjugate of one of the generators pz,..., Pr—-1 by an element of 
(00, -++> Pk—1). This proves the first equation. The second follows from the first, with 
the observation that y~!p;y = p; ifi >k+1and@ € (po,..., Pr-1)- 
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We can now define the flat amalgamation property (FAP). Let P be a regular n- 
polytope with group '(P) = (fo, ..., Pn—1), and let 0 << k <n — 1. We say that P 
has the FAP with respect to its k-faces if I'(P) is a semi-direct product of N° by 
(P0, +++» Pk—-1), So that the product in Lemma 4E7(a) is semi-direct: 


4E8 P(P) & Ng » (09, ---5 Pk-1), 
or, equivalently, 


NO Gp cong pea = eh 


Similarly, P has the FAP with respect to its co-k-faces if and only if the product in 
Lemma 4E7(c) is semi-direct; that is, 


4E9 P(P) = Ne ™ (Presi. --+s Pn—1), 
or, equivalently, 


Ny 1 (Pktis+++s Pn-1) = {8}. 


Note that in [368, §4] the term DAP (degenerate amalgamation property) was used in 
place of FAP for the two separate properties which we now call the FAP with respect 
to facets or vertex-figures. The two kinds of FAP are clearly related by duality. In fact, 
P has the FAP with respect to its co-k-faces if and only if its dual P* has the FAP with 
respect to its (n — k — 1)-faces. Note also that each regular polytope P trivially has 
the FAP with respect to both its vertices (k = 0) and co-facets (k = n — 1), because 
No = T(P)=N_- 

From now on, therefore, while we shall often state results involving the FAP in full 
generality, we shall mainly prove them only with respect to faces. The corresponding 
statements for the FAP with respect to co-faces are easily obtained by duality. The 
following lemma describes an effective way to check whether or not a polytope has the 
FAP. 


4E10 Lemma Let? be a regular n-polytope, and let '(P) = (po, .--, Pn-1 | R) be 
a presentation for its group, with R a set of defining relations in terms of the generators 
f0,+++, Pn—-1- Let0 < k <n — 1, and let the k-faces of P be isomorphic to K. Then P 
has the FAP with respect to its k-faces if and only if the addition of the extra relations 
p; = € fori > k gives a presentation for '(K), or, equivalently, 


(P0,-++, Pn-1 | Rand p; = € fori > k) = I(K). 


Proof. Adding the extra relations p; = ¢ fori > k to those in R is equivalent to passing 
from I"(P) to its quotient by the normal closure N;* of {o; | i > k} in ”(P). If P has the 
FAP with respect to its k-faces, this quotient is the subgroup (fo, ..., Px-1) of I'(P), 
which is isomorphic to '(K). Conversely, if the quotient of '(P) by N;,* is isomorphic 
to '(K), then necessarily N,* MO (po, .--, Px-1) = {e} in '(P), and therefore P has 
the FAP with respect to its k-faces. 


4E11 Lemma The FAP is hereditary; that is, if a regular n-polytope P has the FAP 
with respect to its k-faces, then 
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(a) for j > k, the j-faces of P also have the FAP with respect to their k-faces; 
(b) for j <k, the co-j-faces of P have the F AP with respect to their (k — j — 1)- 
faces. 


Proof. By assumption, 


P(P)= Ne (po,---, Pe-1), Ng O(po,.--5 Pk—1) = {6}. 


Given /, consider the normal closures soe8 of {px,..., 0j-1} inthe group (0, ..., 0j—-1) 
of the base j-face F; of P, as well as the normal closure Mi of {pg, .- + Pn—1} in the 
group ((j+41,.--» On—1) Of the co-face at F’;. Then we have 


Lie = Ne 0 (po. +--+ Pj-1)s 
ME = NOON pyre es Pion 


Clearly, the groups on the left are contained in the groups on the right. (In fact, these 
inclusions would already suffice to conclude the proof. However, we shall need the 
stronger statements later.) 

To prove the opposite inclusion for the first equation, let g € (0,..., P;-1). 
Applying Lemma 4E7(a) to (o,.--, Pj-1), we have y= nw with n € Lj and 
W € (p0,---, Pk-1). Since L? C N;,*, this is the factorization of y in the semi-direct 
product I'(P). Now, if we also have gy € N;*, then y = ¢ andy = n € Lj, as required. 
The opposite inclusion for the second equation is proved similarly. 

To conclude the proof, we also have 


4K12 


EPPA py sc2y PE) = ACh MS OND isos Dea) 


because L{, Mt C N;t. Hence, 


(Dosvous Ops) LE MA Dbues a PEA 


(Daves) = My (pay es 9 Pea). 


The flat amalgamation property has an interesting geometric interpretation in terms 
of the order complex of the polytope. Let P be any regular n-polytope, and let @ = 
{F_1, Fo, ..., Fy} be the base flag of P. Recall from Section 2C that the order complex 
C(P) of P is the abstract (n — 1)-dimensional simplicial complex whose vertices are 
the proper faces of P and whose simplices are the chains {2 (totally ordered subsets) of 
such faces; in other words, the improper faces F_, and F,, do not count in this context 
(see [398, p. 120]). The maximal simplices in C(P) are (n — 1)-dimensional, and are in 
one-to-one correspondence with the flags of P. For instance, if P is a regular convex 
n-polytope or a regular tessellation of euclidean or hyperbolic (nm — 1)-space, then C(P) 
corresponds to the barycentric subdivision of P; in this context, it is helpful to regard 
a convex n-polytope as the tessellation of its circumscribing (n — 1)-sphere induced by 
radial projection from its centre. 

In the general situation, let 0 << k <n —1, and define Q; := {F;,..., Fy-1}, re- 
garded as an (n — k — 1)-simplex in C(P). We write D, := st(2;,, C(P)) for the star of 
92; in C(P), which is by definition the subcomplex induced by the simplices of C(P) 


114 4 Amalgamation 


which contain 2;. We then have 
4E13 D, ={We|¥ Cc Pand@ € (po, ..., Px_1)}- 


This subcomplex of C(P) has two kinds of vertices: those determined by the proper 
faces of P with F < Fy; and those given by the base faces Fy,..., F,-1. The link 
Ik(2Q;,, C(P) of $2, in C(P) may be identified with the order complex C(F;./F_1) of Fy 
(or, rather, of the section F;/F_,); hence, as an abstract simplicial complex, 


4E14 Dy = C(Fe/ F_1) * C(Q), 


the join of two subcomplexes, namely, C(F;,/F_,) and the complex C(2,) of all faces 
of the simplex §2,. (Recall that the join C, « C, of two abstract simplicial complexes 
C, and Cz is the abstract simplicial complex whose simplices are the disjoint unions of 
two simplices: one from C, and one from C2.) We repeat that, for (4E14), the improper 
faces of a polytope do not give vertices of its order complex. 

The boundary subcomplex 5; := bdst(2;, C(P)) of Dx is 


4E15 6, = {W¢ | there exists i > k such that F; ¢ W and gy € ((,..., Px_1)}- 


This is the union of the links in D, of the vertices F;,..., F,—1 of Fx. It consists of 
all (n — 2)-simplices of D; which are opposite to a vertex of (2; in an (n — 1)-simplex 
of D;, as well as all their lower-dimensional faces. 

We claim that the (7 — 2)-simplices in 6; are precisely the mirrors or “reflexion 
walls” for the generators of the subgroup N;,’ of '(P) described in Lemma 4E7(b). 
To make things more precise, we consider the action of (P) on the topological space 
|C(P)| underlying C(P) (its polyhedron in technical terms). Recall that the generator 
p; of I'(P) fixes all but the i-face F; of the base flag ® of P, and therefore corresponds 
to the (combinatorial) reflexion in the wall WY; of the (n — 1)-simplex ® of C(P) which 
is opposite to the vertex F;. (We are thus identifying o; with its mirror of fixed points 
in |C(P)|.) Each generator g~'p;g (with i > k) of N° is then the reflexion in the 
corresponding wall Wg of y opposite to F;y. But F}g = F; and gy € D;, since g € 
(0, ++, Pk-1). Consequently, g~! p;¢ is the reflexion in the (n — 2)-simplex @¢@ \ {F;} 
of B;, as claimed. 

For instance, if k = n — 1, then D,,_, is the star in C(P) of the vertex F,,_; of C(P), 
and 


By-1 = Ik(Fr-1, C(P)) = CUPn-1/F-1) 


is the link of F;,- inC(P). In |C(P)|, the generators g~'p,_1g of N,*_, are the reflexions 
in the (n — 2)-simplices of this link. For the polytope P itself, they can be regarded 
as the reflexions in the (n — 2)-faces of the base facet F,,_, of P. If P is a regular 
tessellation of spherical, euclidean, or hyperbolic (n — 1)-space, then the generators 
~ | pn_1y of N+, can be realized by geometric hyperplane reflexions acting on the 
barycentric subdivision of the underlying space given by C(P). In particular, N*" , is 
the group generated by the reflexions in the hyperplanes which contain an (n — 2)-face 
of the base facet F,_; of P. 
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In the general situation when 0 < k <n — 1, the FAP can now be described in 
terms of the action of the subgroup N° of '(P) on |C(P)|. This subgroup is the group 
generated by the reflexions in the walls of |D;| opposite to a vertex from {F;,..., Fy—1}. 
In fact, 


4E16 Proposition P has the FAP with respect to its k-faces if and only if \Dx| is a 
fundamental region for the action of Nj on |C(P)\. 


Proof. This means that the subspace |D;,| of |C(P)| is such that |C(P)| is the union of 
all transforms |D;|7 of |D;| with n € N7, and no two such transforms have common 
interior points in |C(P)|. We shall prove this in terms of C(P) itself; no problems arise 
from identifying a subcomplex of C(P) with its underlying polyhedron. 

By Lemma 4E7(a), "(P) = (po, .--, Px-1) Nj’, and therefore 


LJ Din =c(P). 


neNe 


Now suppose that D, and D;,7n have an (n — 1)-simplex in common. Then there ex- 
ist Y}, P2 € (Po, ---, Og—-1) Such that Sy, = Sgn, and therefore n = ~5' 91 e Nin 
(00,---+» Pk-1). If P has the FAP with respect to its k-faces, then 7 = e and D; = Dn, 
proving that D; is a fundamental region. On the other hand, ifn € N, RE (po, -++s Pk-1)> 
then the definition of D; immediately gives D; = D;,n. Therefore, if D; is a funda- 
mental region, then Dy = Dx implies that n = ¢; hence P has the FAP with respect 
to its k-faces. This establishes our claim. 


Inthe case k = n — 1, with P aregular convex n-polytope, or a regular tessellation of 
euclidean or hyperbolic (n — 1)-space, (4E16) translates into the following equivalence. 
The polytope P has the FAP with respect to its facets if and only if the base facet F;,_| 
of P is a fundamental region for the group N;*_, which is generated by the hyperplane 
reflexions in the (n — 2)-faces of F,,_;. This shows that, in the classical theory, the FAP 
is a rather restrictive property. 

On the other hand, among the regular toroids (defined in Sections 1D, 6D or 6E) 
there are many examples which have the FAP with respect to facets or vertex-figure 
(see [305, §5; 368, §7.2]). 
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We now describe a construction of flat regular polytopes P with pre-assigned faces P| 
and co-faces P2, which employs the flat amalgamation property (FAP) introduced in 
Section 4E. Our main result is Theorem 4F9, which was obtained in [305, Theorems 
4.3, 4.4]. 

We first explain the hypotheses under which our construction works. Let m, n > 
2, and let max{0,m —n} <k <m —2. Let P; be a regular m-polytope with group 
I'(P\) = (a0, ---,@m—1), With ag, ..., &n—1 its distinguished generators. Suppose that 
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P, has the FAP with respect to its co-k-face K, so that 


I'(P\) = N, x (Qk41, jas Oni) 


4F1 _ ' 
Ny = (Wow | tk, WE (epi, ++ +5 Om-1))- 


Ifa € I'(P), we write a = na& with n € N, and @ € (o%41,..., @m-1)- 

The other polytope P2 will play the role of the co-k-face of the constructed 
(k +n + 1)-polytope P. For P; and P2 to occur as such an m-face and co-k-face, 
respectively, it is necessary that P, and P2 coincide where they overlap; hence, the 
(m — k — 1)-face of #2 must be isomorphic to K. We shall assume this from now 
on. It is therefore appropriate to change our usual convention in representing "(P2); 
we shift the indices for its distinguished generators 6; by k +1, and hence write 
T'(P2) = (Beri, ---, Been). We now further suppose that ?, has the FAP with respect 
to its (m — k — 1)-face, so that 


I'(P2) = Ny x (Best; sey Bm-1), 
Ni = (wo Bie |i > m, we (Beri, ---) Bm-1))- 
(For notational convenience we use the same letter N for both P; and P2.) If 8B € I'(P2), 


we write B = cB, with « Nt and B € (Be+1,---, Bm—1). The situation is illustrated 
in the following diagram: 


4F2 


0 1 ko ok+l 42 m—2 m1 
P, ee ee at ~9—____e _____e -----—-—-— | 
eo—___e ------- ~9—___e —____e —-------— — Py 
k+1 k+2 m—2 m-—-1 m ktn—-1 k+n 
The mappings a; +> 6; fori = k+1,...,m — 1 induce an isomorphism 
4F3 2 (KR) = (ps1, +s m1) > (Beris-++> Bm1)- 


In the situation described earlier consider the subgroup ” = I'(P, P2) of the direct 
product '(P) x I'(P2), which is defined by 


4F4 r :={(a, B)|a € T(P)), BE (Pd), B = &k}, 
as well as its generators 


(aj,¢é) if O<i<k, 
4F5 oi :=4(a;,68;) if kK+1<i<cm-—l, 
(e,B;) wfom<ick+n. 


Then o; = (a;, a;«) fork +1 <i <m — 1. Further, p; a (pip;)° = € foralli, 7 with 
Ji — j| 22. 

We shall prove that I” is a string C-group, and that the corresponding polytope, 
which we denote by P; 0; P2 and call the (k + 1)-mix of P; and P2, has all the 
properties listed in Theorem 4F9. (Note that the operation of mixing in this way is not 
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commutative; it is a special case of the general operation of mixing within a C-group, 
which we describe in Chapter 7.) The proof requires several lemmas. 


4F6 Lemma Let P|, P2, I, and po, ..., Pk+n be as before. Then 
(a) {e} x N> is the normal closure of {Pm,.--, Pktn} in I, and 
P & ({e} x Nt) ™ (00, +--+ Om—1) = NF x P(P); 
(b) N, x {e} is the normal closure of {po, ..., px} in I’, and 
P= (Ng x {8}) * (oest, «++ Pein) = Ng x P(P2); 
(c) DV = (Np x NE) ™ (Petts .++s Pm-1) = (Ne x Nit) « PK). 
Proof. For part (a), if (a, 8) € andi > m, then 
(a, BY ' pi(a, B) = (a, B)"(e, Bi(@, B) = (€, B' BiB) € fe} x Nin. 


On the other hand, using (4F2), the same equation with B € (By11,..., Bm—1) and 
a := Bx! shows that {e} x N* is contained in (and indeed equals) the normal 
closure of {Om,..-, On+x} in the subgroup (pz+1,---, Pkin) of I”; in fact, now 
(a, B) € (P41, ---, Pm—1). This proves the statement about the normal closure. Also, 


({e} x NF) A (p0,--+5 Pm—1) = {(e, eI, 


because the second component of an element (a, B) € (00,...,Om—1) iS in 
(Br+i,---,Bm—1), and the intersection of this subgroup with N* is {e}. Further, 
the canonical projection '(P,;) > I'(P1)/N, preserves o+1,...,Q%m—1, but sends 
a,..., a to €. Therefore, on (0, ..., Pm—1), the second component of (a, f) is just 
a homomorphic image of the first, proving that (0, ..., Pm—1) = (P11). Now part (a) 
follows. We omit the very similar proof of part (b). 

For part (c), we conclude from (4F1) and (4F2) that (441, ---, Pm—1) (& P(K)) 
has trivial intersection with N, x N,*. Finally, part (b) and (pe4i,.--, Pein) = 
({e} x NT) x (0x41, +--+, Pm—1) imply that the product of these two groups is I”, which 
completes the proof. 


4F7 Lemma Let I" be as before. 


(a If0<r<kandm<s <k-+n, then the subgroup (p;,..., Ps) of I is iso- 
morphic to the group I'(Q,, Q2), which is obtained from the co-(r — 1)-face Q, 
of P, and the (s — k)-face Qo of P2 in the same way that I’ is from P, and Pp. 

(b) I is a string C-group with distinguished generators fo, ..., Pk+n- 


Proof. For part (a), recall from Lemma 4E11 that the FAP is hereditary. Accordingly, 
Q, has the FAP with respect to the co-faces at its (k — r)-faces, and Q> has the FAP with 
respect to its (m — k — 1)-faces. In particular, the group ’(Q), Q2) is well defined. 
Also, 


(Pr, . + +5 Pm—1) = r'(Q1) = Ly x (O41, eis Opel) 
Ly = (wo law |r cick, W € (ogs,...,Om-1)), 
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and 


(Pris -++> Ps) = F(Qr) = LE ™ (Best, ..-1 Bm-1), 
Le = (wo Bi | m < i <5, w € (Bris +++, Bm-1))- 
As in (4E12), we have 


4F8 


Ly = Ny (Oy, . + +5 m1); 
LS NE OM Biesives x Beds 


Now, if (a, 8) € (p;,..-, Os), then (4F5) implies that a € (@,,...,@m—1) and B € 
(Bois... Bs). Write a =: n@, with n € N, and & € (o%41,...,@m-1), and B =: 
cB with ¢ € N+ and Be (Bris +++» Bm—1). Then indeed n = a&7! € Ly and f= 
BBole L;. It follows that the product decomposition for and f relative to P; and 
P? is the same as that relative to Q; and Q). In particular, the isomorphism x of (4F3) for 
P and P2 carries over to Q; and Q,. As a consequence, the mapping (a@, B) > (a, B) 
(which treats the element (a, 6) € (;,..., Ps) as an element of '(Q,) x I’(Q2)) is 
indeed an isomorphism (,,..., 05)  I”(Q1, Q2). This proves part (a). 

For the proof of part (b), it is convenient to extend the definition of = I'(P,, P2) 
to allow the two cases k = —1 withm <n, andk =m—n-—1withm > n. Inthe first 
case, the FAP condition on P| is empty, K = P},and N, = N_, := {e}; ifalsom =n, 
then P; = Po, the FAP condition on P2 is also empty, and N* = N* := {e}. In the 
second case, the FAP condition on P2 is empty, K = P2, and N* := {e}; ifalsom =n, 
then P; = P2, the FAP condition on P; is also empty, and N, = N_, := {e}. In all 
other respects, the construction of J” remains the same as before. In particular, in the first 
case, I” = (fo,---; Pn—1) = (P22), and inthe second, = (po,..-, Pn—1) = (P21). 
To check this, we can argue as in the proof of Lemma 4F6, and note that in the first case 
the first component of an element (a, 6) € I’ is a homomorphic image of the second 
component, while in the second it is the other way around. 

We can now prove the intersection property for = I'(P, P2), by induction on the 
number k + n + 1 of generators. If k = —1 with m <n, we have T = I'(P2), while 
if k=m—n-—1 with m >n, we have = I'(P)); in each case, the intersection 
property holds trivially. Now, again let 0 < k < m — 2 and k > m — n, and consider 
the two subgroups (fo, .--, OPk+n—1) and (p1,..-, Pktn) Of I” with A +n generators. 
By part (a), the first group is '(P;, Q2) and the second is (Qi, P2), where Q, 
is the facet of 2 and Q, is the vertex-figure of P,. Since we have extended the 
definition of I”, this is also true if k = 0 or k = m — n (where '(Q,, P2) = '(P2) or 
I'(P1, Q2) = I'(P), respectively). By the induction hypothesis, both subgroups have 
the intersection property. Therefore, to prove that I” has the intersection property, it is 
enough to show that 


(P05 ++ +5 Pk+n—1) 1 (P1,+++5 Pktn) = (Pl, --+5 Pktn-1)+ 
Now, by Lemma 4F6(a) applied to the pair (P, Q2), we have 


(Ptr cauibeiat = ey MLL) Mone seca) Ee Ps 
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with L* as in (4F8) and s = k +n — 1. Similarly, from (Q1, P2) we get 
(Pts +++5 Pktn) = ({e} x Mar) % (01s ++ ++ Om—1) = Ng > F(Q1). 


Then the intersection of the two subgroups is isomorphic to ({e} x L*) x 
(1, +++, Pm—1), Which by Lemma 4F6(a) is just (Q,, Q2). On the other hand, part 
(a) gives (Q, Qo) = (01, .--, Pk+n—-1). Therefore, in I”, the two subgroups intersect 
in (P},---, Pk+n—1). This completes the proof. 


For our main result, we can translate the properties of I” into the language of 
polytopes. 


4F9 Theorem Let m,n > 2, and let0 <k<m—2 andk>m-—vn. Let P; bea 
regular m-polytope, and let Pz be a regular n-polytope such that the co-k-faces K 
of P, are isomorphic to the (m — k — 1)-faces of P. Suppose that P, has the FAP 
with respect to its co-k-faces, and that P, has the FAP with respect to its (m — k — 1)- 
faces. Let P'(P,) = (ao, .-.,Q@m—1) and '(P2) = (Brat, ---, Been) (where the indices 
of the distinguished generators of the latter have been shifted by k + 1). Further, let 
I’ = I'(P\, P2) be the group defined in (4F 4), and let P := P, O41 Po be the regular 
(k +n + 1)-polytope with group I'(P) = I. Then the following hold. 


(a) P is (k, m)-flat. 

(b) The m-faces of P are isomorphic to P\, and the co-k-faces are isomorphic to 
P2. More generally, ifr <k, s >m, and ifs —r > 4, then the section F,/F, 
of P which is defined by the base r-face F,, and s-face F, of P is isomorphic to 
the regular (s — r — 1)-polytope Q := Q1 Ox-+ Qo which is constructed from 
the co-r-face Q, of P and (s — k — 1)-face Qo of P2 in the same way as P is 
from P, and Py. 

(c) P has the FAP with respect to both its co-k-faces and its m-faces. In particular, 


C(P)= Ni x I(P1) = Nz xT (Po) = (Np x Nt) x FK), 


where N* and N, are the normal closures of {Bm, ..., Be+n} in I (P2) and 
{ao,..., @x} in '(P)), respectively. 


Proof. By Lemma 4F7(b), I” = (0, .--, Px+n) 18 a string C-group, and so is the group 
of a polytope P = P(/’). For the proof of (a), we apply Proposition 4E4, and show 
that I” = (Prit,---, Pk+n)(P0,---; Pm—1). But this follows from Lemma 4F6(a) if 


we note, as we did in its proof, that {e} x Nt C (ox41,---, Pen). For the proof of 
(b), we just need to appeal to Lemmas 4F6 and 4F7(a). In fact, (00, ..., Om—1) = 
IP(P1), (Pk+1s++++ Pkin) = (P22), and PFS /F,) = (prsi,-.+, Ps—1) = (Qi, Q2). 


Note that (Q;, Q2) is defined because s —r > 4. Finally, part (c) just restates 
Lemma 4F6. 


We remark that Theorem 4F9 is a generalization of [368, Theorem 2], which covers 
the case k = 0, m = n, and gives ordinary flat (that is, (0, 7)-flat) polytopes. 

In practice, it is often convenient to construct the group I" of the polytope P in 
Theorem 4F9 as a permutation group. Suppose that '(P)) = (ao,...,@m—1) and 
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I'(P2) = (Br+i,---» Been) are faithfully represented as permutation groups on disjoint 
sets Z, and Z, respectively. Let Z := Z, U Z, and consider the faithful representation 
I'(P1) x I'(P2) & Sz, given by (a, B) + wB, where Sz denotes the symmetric group 
on Z. Note thataB € Sz, x Sz,.Then the restriction to the subgroup of '(P1) x I'(P2) 
defined in (4F4) is also a faithful representation onto a subgroup of Sz, which we again 
denote by I”. If, as before, we label the generators of I” by fo, ..., Pxin, then (4F5) 
translates into the following generators for I”: 


Qj if O<i<k, 
B; if m<i<k-+n. 


Theorem 4F9 has the following interesting consequences for the amalgamation 
problem. The second corollary will be required in later chapters. 


4F11 Corollary Let? and P2 be two regular n-polytopes such that the vertex-figures 
of P are isomorphic to the facets of P2. If P, has the FAP with respect to its vertex- 
figures and P2 has the FAP with respect to its facets, then (P1, P2) 4 %, and the class 
contains a flat (n + 1)-polytope. 


Proof. Apply Theorem 4F9 with m =n and k = 0. Then P € (Pi, P2). 


4F12 Proposition Let P, and P be two regular n-polytopes such that the vertex- 
figures of P, are isomorphic to the facets of P. Suppose that P, is flat and has the 
FAP with respect to its vertex-figures, and that I'(P,) acts faithfully on the vertices 
of Pi. 


(a) (Pi, P2) 4% if and only if Py has the FAP with respect to its facets. 
(b) If (P1, P2) 4 G, then {P, P2} has the FAP with respect to its facets. 


Proof. Let P € (Pi, P2), and let P'(P) = (po, ---, Pn). By Lemma 4E3, the (n + 1)- 
polytope P is (0, — 1)-flat, and so each vertex of P is also a vertex of the base 
(n — 1)-face F,,_; of P. But the generator p, acts trivially on (the faces of) F,_;, and 
thus fixes each vertex of P. It follows that each conjugate of p, fixes each vertex of P 
(or, equivalently, each vertex of the base facet of P), and hence so do all the elements 
of the normal closure N* of p, in (P). Now, since '(P)) acts trivially on the vertices 
of P, this implies that N*M (po, ..-, Pn—1) = {e}. It follows that P must have the 
FAP with respect to its facets. If P = {P1, P2}, this proves part (b). For an arbitrary P, 
Proposition 4E11(b) implies that the vertex-figures must also have the FAP with respect 
to their facets, and so must P. This gives one direction of part (a). The other direction 
follows directly from Theorem 4F9 applied to P;, P2. This concludes the proof. 
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Realizations 


Regular polytopes can be discussed in a purely abstract setting. As we saw in Chapter 2, 
in that context, the theory of regular polytopes is equivalent to the theory of certain 
kinds of groups generated by involutions, namely, the string C-groups. However, much 
of the appeal of regular polytopes throughout their history has been their geometric 
symmetry. Even when the notion of symmetry was only hazily understood (at least 
from the present viewpoint of action of a group), it was very clearly appreciated that 
geometric regular polygons and polyhedra were (in some sense) as symmetric as they 
could possibly be. 

It is this geometric picture of regular polytopes which we shall address in this chapter. 
More specifically, we shall define the idea of realizations of an abstract regular polytope, 
and discuss their various properties. In Section 5A, we shall consider the general theory 
of realizations, which is that part common to the whole subject. The realization theory 
for finite regular polytopes is fairly detailed, and we shall cover this in Section 5B. 
As yet, the theory of realizations of a regular apeirotope is a little sketchy; we shall 
describe what is known in Section 5C. 


5A Realizations in General 


There are many candidates for spaces in which regular polytopes might be realized 
geometrically, although the most natural are probably the spherical, euclidean and 
hyperbolic spaces. Of course, a spherical space can be thought of as embedded in a 
euclidean space, and both spherical and euclidean spaces can be embedded in hyperbolic 
spaces. However, while the other two kinds may be useful in certain specific contexts, 
it is in euclidean spaces that we obtain the richest structure of realizations. We shall 
therefore consider euclidean realizations exclusively. 

A realization of an abstract polytope P is a mapping 6 of the vertex-set Po of 
P into some euclidean space E. The image V := Pf is called the vertex-set of the 
realization f. 

It is not immediately clear that this definition gives us what we want — after all, 
it does not mention any faces of P of higher rank than 0, and so does not give the 
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appearance of being particularly geometric. However, the required geometric structure 
of the realization is induced by f as follows. Writing 2* for the family of subsets of 
the set X (that is, its power set), we then have 


5A1 Theorem Let £ be a realization of an abstract n-polytope P, and define By := B 
and Vo :=V. Then B recursively induces surjections B;:P; — V;, for j =1,...,n, 
with V; C 2" consisting of the elements 


FB; :={GBj-1 | Ge Pj-1andG < F} 
for F € P;. Further, B_, is given by F_,B_; := ©. 


Even though each 6; is determined by 6 = Bo, it is sometimes helpful to think of 
the realization as given by all the 8;. We say that B is faithful if each B; is a bijection; 
otherwise, 6 is degenerate. If Bo is bijective, then we say that 6 is vertex-faithful. If B 
is degenerate, it is often convenient to regard the sets V; as multiply counted (ordered) 
sets. An extreme example ofa degenerate realization is the trivial one, where V consists 
of a single point. 

As we said in Section 2A, we allow little possibility of confusion if we identify a 
section f/F_, of an abstract polytope P with the face F’. If we regard the sets V; 
of Theorem 5A1 as multiply counted, then we may make similar identifications in 
a realization of P. In particular, if rank P =n, then V,, = F,6, encapsulates (in this 
sense) all the structure of P. We shall therefore use a notation suchas P := V,, to denote 
the realization of P, and call P a (geometric) polytope. Furthermore, we shall often 
not distinguish between a face F € P; and the corresponding F'B;. If P is a polytope 
(thus understood), we shall then write V(P) := V for its vertex-set. 

There is usually no loss of generality in assuming that E = aff V is the affine hull 
of the vertex-set V = V(P) of the polytope P (given by the realization 6). We then call 
dim V :=dimaff V the dimension of P, and denote it by dim P. 

The main reason for working in euclidean spaces, rather than in any others, is that 
we can then operate on realizations of an abstract polytope P in various ways. We 
first remark that the congruence class of a realization is usually of more interest to us 
than the actual realization itself; that is, we shall identify two realizations if the natural 
mapping between their vertex-sets induces an isometry between their ambient spaces. 
This simplification enables us, for example, to ignore the distinction between translates, 
and so we can always assume that a realization of a finite polytope has its centroid (as 
a multiply counted set) at the origin o. 

The two main operations on realizations are the following. First, let 8B: Py — L and 
y:Po — M be two realizations of the abstract polytope P. Then the blend B#y : 
Po > L x Mis defined by Fo(6 # v) := (FoB, Foy) for Fo € Po. If, in addition, L = 
Mandi, uw € R, then the /inear combination XB + py is defined by Fo(AB + wy) := 
A(FoB) + w(Foy) for each Fo € Po. A particular case of this is the scalar multiple XB 
of a single realization. 

Note also that the blend can be regarded as a special case of a linear combination, 
with the realizations 6 and y as before thought of as acting on £ itself in the obvious 
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way. However, we prefer to keep the concepts of blend and linear combination separate, 
for reasons which will become clearer later. 

As things stand at present, the structure of the space of all realizations of a given 
abstract polytope is somewhat inchoate. It is therefore appropriate to impose some 
restrictions before we discuss realizations any further. 

We calla realization f of the abstract polytope P symmetric if each automorphism of 
P induces an isometric permutation of the vertex-set V of 8. In this context, we should 
observe that an isometry of V always extends (uniquely) to an isometry of the ambient 
space E = aff V. The isometries of the vertex-set V induced by the automorphisms 
of P are then called the symmetries of the polytope P, and form its symmetry group 
G(P). Clearly, G(P) is an euclidean representation of the automorphism group I" (P); 
it will be faithful if the realization is faithful, but perhaps also in other cases. In the 
context of regular polytopes, we shall discuss G(P) in more detail later in this section. 

For finite polytopes, vertex-faithful symmetric realizations always exist (just map the 
vertices to those of a regular simplex of the appropriate dimension), but for apeirotopes 
even this question remains open. Whether a vertex-faithful realization is faithful is 
a purely combinatorial condition on the polytope P, because it just comes down to 
whether, for each /, the j-faces of P are (uniquely) determined by the (7 — 1)-faces 
which they contain. 

However, we do have 


5A2 Theorem 4 (faithful, symmetric) realization of a regular polytope P induces a 
(faithful, symmetric) realization of each section of P. 


Proof. It is enough to see that we can realize the facet and vertex-figure of P, because 
we may then use inductive arguments. The realization of the facet F,,_; explicitly occurs 
in the realization of P itself, as is evident from Theorem 5A1. The vertex-figure at a 
vertex Fy € Po is also realized; its vertex-set is 


5A3 V' :={v' eV | {u,v} € Vi}, 


where v := Fof € V. Both these realizations will be faithful or symmetric whenever 
B itself is. 


We also have the following straightforward result. 


5A4 Theorem /f P and Q are regular polytopes such that P covers Q, then any 
realization of Q induces one of P. 


From now on, we shall confine our attention to symmetric realizations of regular 
polytopes, and so, for brevity (and to conform with the earlier usage in [282, 288]), we 
shall drop the qualification “symmetric”. We now investigate the geometric properties 
of the symmetry group G(P) of a realization P of an abstract regular polytope P. 

Corresponding to each generating involution p; of the automorphism group I(P) 
of P is an isometry R; of the euclidean space E, which is either also an involution, 
that is, a reflexion, or the identity, which we denote by the same symbol E as for the 
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space. We identify a reflexion R; with its mirror 

5A5 {x € EF | xR; =x} 

of fixed points, which explains why we write the identity as E. We shall use this 
identification frequently, often without any comment. We first have 

5A6 Lemma /f R; = E for some j =0,...,n — 2, then Ry = E for eachk > j. 


Proof. To see this, suppose that v € V is the vertex of the realization P which corre- 
sponds to the vertex in the base flag ® of P. Then 


V = v( Ro, ...5 Rn-1) 
v(Ro,-.-, Rj-1) (Ry, +++ Rn-1) 
= v({Ro,..-, Rj-1), 


since R; R, = R;,R; and vR; = v fori < j < k. Thus R; leaves E = aff V pointwise 
invariant for each k > j, so that R; = EF. 


If the polytope P has Schlafli type {p1, ..., Pn—1}, we saw in Proposition 2B 16 that 
its automorphism group I"(P) splits into a direct product if some p, = 2. A similar 
argument to that of Lemma 5A6 yields 


5A7 Theorem /f py = 2 for some k =1,...,n —1, then P covers its face Fy, and 
each realization of P is induced by a realization of Fy. 


As we remarked earlier, to each realization of corresponds a euclidean represen- 
tation of '(P). We now consider the extent to which there is a converse of this. 

Suppose that G := (Ro, ..., Rn—1) is an euclidean representation (that is, one by 
isometries) of the string C-group J’, so that (in particular), for 7 = 0,...,n — 1, R; is 
a reflexion in the euclidean space E, or possibly R; = E. We now describe Wythoff's 
construction. The Wythoff space W = Wg of G is defined to be 


5A8 W := RL N---N Ry-1. 


If W 49, pick a point v € W (the initial vertex), and define V := vG; this is our 
vertex-set. Setting Fy := v, we define recursively 


5A9 F; = Fj-1(Ro, ..., Rj-1) 


for 7 = 1,...,m — 1; this gives the base flag ® := {F_1, Fo, ..., Fy} (with F_; := @) 
of a realization P of P(I”), whose remaining flags are the ®g with g € G. 


5A10 Theorem Every euclidean representation of the automorphism group I'(P) 
of an abstract regular polytope P with a non-empty Wythoff space gives rise to a 
realization of P. 


Proof. This is just about self-evident. If 7 = (po,..., O,—-1) in terms of its distin- 
guished generators, so that the mapping p; +> R; induces the representation y t> g 
of I”, then mapping the vertex in the base flag of P(") to v induces the mapping of 
the vertex-set Py of P to V. 
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However, whether or not the realization is non-trivial (let alone faithful) is not so 
easy to determine. We shall consider this problem in more detail later, but for the 
moment we merely mention a few possibilities. 

For example, we may always suppose that W 4 @; otherwise we obtain no realization 
at all from the representation. Further, if G has a fixed point (in which case it is isomor- 
phic to an orthogonal group), and v is this fixed point, then the realization is trivial. 

Next, if Rp A W  G@, then the realization is necessarily bounded; in fact, it is trivial 
if W then consists of a single point. In these circumstances, if W is not a point-set, then 
an infinite realization is necessarily non-discrete. Conversely, for the realization to be 
bounded, all the mirrors R; must contain a common point. 

Third, suppose that Ro N W = %. Assuming that the subgroup Go := (R1,..., 
R,_1) is non-trivial, we then see that the realization is unbounded, and hence infi- 
nite. The initial vertex v is moved by Ro to a point whose images under Go lie on a 
sphere centred at v, and these images are themselves centres of such spheres. 

We have described the two basic ways of operating on realizations of regular poly- 
topes. We may recall at this point that we only have these operations because we confine 
our attention to euclidean realizations, since these operations use the euclidean structure 
in an essential way. 

The blend corresponds to the sum of two representations of a group. 


5A11 Lemma Let I be a C-group, let L, M be orthogonal complementary subspaces 
of an euclidean space E, and let So,..., Sn- G L and To,...,T,-1 C M be the 
generating reflexions of representations of I’ in L and M. If Rj := S; x T; CL x 
M=E for j =0,...,n—1, then (Ro, ..., Rn—1) is a representation of I’. 


Proof. The proof is obvious, when we recall the convention of identifying a reflexion 
with its mirror. 


If we apply Lemma 5A11 to realizations P in L and Q in M of a regular poly- 
tope P, there is a natural choice of an associated realization of P in E. If we write 
G(P) := (So, ---, Sn-1), G(Q) := (To, ..-, Ty-1) and G := (Ro,..., Rn-1), then the 
new Wythoff space is 


5A12 Woe = Wor) x Woo): 


Indeed, ifu ¢ V(P)N Wap) andv € V(Q)N We oy are the initial vertices of P and Q, 
then (u, v) € Wg isa suitable initial vertex of the new regular polytope. The resulting 
polytope is denoted by P # Q, and is called the blend of P and Q, since it is clear 
that the realization map is the blend of those of P and Q in the previously introduced 
sense. 

At this point, it is worth remarking that there is an abstract version of the blend- 
ing operation at the group theoretic level. This, however, operates on different string 
C-groups and so does not really correspond to what we are looking at here. It 
gives, in fact, what we call in Section 7A the “mix” of two polytopes. (The choice 
in [292, §4] of the same term “blend” for these distinct concepts is, in retrospect, 
unfortunate.) 
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The construction shows that we have V(P # Q) C V(P) x V(Q), and if {Fo,..., 
F,-1} and {Go, ..., Gn_1} are the base flags of P and Q, then the corresponding base 
flag of P # O is {Fo # Go,..., Fn-1 # Gn_1}. 

If a realization cannot be expressed as a blend in a non-trivial way (we shall discuss 
this further in the following), then we call it pure. We observe that a realization P will 
be pure precisely when G(P) acts irreducibly (in the affine sense) on the ambient space 
aff V(P) of the realization. Here, a group G of isometries of an euclidean space E acts 
affinely reducibly if it permutes two mutually perpendicular families of proper affine 
subspaces of F. 

If G is a representation of the string C-group I”, A, js are constants, and u, v € WG, 
then Au + wv € (A+ )We, which is the Wythoff space of the representation of I” 
with mirrors (A + )R; for 7 = 0,...,n— 1. In this context, it is natural to define 
OR; to be that translate of R; which contains the origin o. If u, v are the initial vertices 
of the realizations P, QO of P(I’), then Au + jv is the initial vertex of a realization 
which we denote by AP + Q, and call a linear combination of P and Q. If u = 0, 
we obtain the scalar multiple XP of P. Again, these operations correspond exactly to 
those introduced earlier in the general case. 

We have already noted that the blend is a special case of a sum, because we can 
write the direct product as S$; x 7; = S; + T;, regarded as subspaces of E. However, 
as we said before, we prefer to keep the notions of blend and sum separate. Observe, 
though, that (AP) # (uP) is congruent to vP, where v? = A? + p?. 

In discussing possible realizations of an abstract regular polytope P, we have re- 
marked earlier that we should not wish to distinguish between congruent realizations, 
where the natural bijection between their vertex-sets, regarded if necessary as ordered 
sets, is induced by an isometry between the ambient spaces. For the rest of this chapter, 
we shall use the same symbol ? to denote the family of all classes under congruence 
of realizations of P. 

A pair of distinct vertices of P is called a diagonal of P. Two diagonals are said 
to be equivalent if they are equivalent under I’(P). The diagonals of P thus fall into 
diagonal classes, consisting of equivalent diagonals. Since a polytope can have at most 
countably many vertices, and hence countably many diagonals, we may assume these 
diagonal classes ordered in some way; conventionally, we think of the first diagonal 
class as that of an edge of P. 

Let P bea (possibly degenerate) realization of P, so that P € P in our new notation. 
If the jth diagonal class of P is represented by the vertex-pair {u,v} of P, write 
5; = 5;(P) := ||u — v||’, the square of the length of the represented diagonal, and 
define the diagonal vector of P to be the (possibly infinite) vector A(P) := (61, 52, ...). 

The next result lies at the heart of realization theory. 


5A13 Lemma The diagonal vector A(P) determines the realization P up to con- 
gruence. 


Proof. This is straightforward. Pick out from the vertex-set V of P an affine basis 
{bo, ..., bg} of the ambient space FE = aff V; we then observe that the distances ||x — 
b;|| determine x € E completely. It follows at once that realizations with the same 
diagonal vector are congruent. 
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If we identify P € P with its diagonal vector A(P), then we easily see that 
A(P # Q) = A(P) + A(Q), 
A(AP) = 7 A(P), 


for P, OQ € P and d € R. Recalling that a set C in some real linear space is a convex 
cone if Ax + wy € C whenever x, y € C and dA, pw > 0, as an immediate consequence 
we have 


5A14 Theorem The family P has the structure of a convex cone. 
Moreover, 
5A15 Theorem Zhe vertex-faithful realizations in P form a convex subset of P. 


Proof. Indeed, the blend of two realizations of P, at least one of which is vertex-faithful, 
will also be vertex-faithful. 


The pure realizations in P are obviously of some interest; they are easily character- 
ized. 


5A16 Theorem The pure realizations of P correspond to points on extreme rays of 


the realization cone P. 


Proof. This follows from the definition of an extreme ray C of a cone: if x, y are such 
that x + y € C, then x, y € C also. 


At this point, we could describe in more detail the structure of the subcones of 
P corresponding to a given irreducible representation of its automorphism group. 
However, this is of most interest when P is finite (or at least has finitely many vertices), 
and so we shall discuss this structure in Section 5B. We shall then remark that almost 
the same result holds even when P is infinite. 
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We now consider the realization cone of a finite regular polytope. We know much 
more about this case than we do about the realizations of regular apeirotopes (infinite 
polytopes), and, indeed, the description which follows is almost complete. Before we 
proceed, let us merely remark that, in fact, all we really appeal to here is that the 
regular polytopes have finitely many vertices, and so certain types of apeirotopes are 
also covered by these arguments. 

Throughout the section, P will be a fixed finite abstract regular polytope. Recall first 
our convention that every realization P of P will be symmetric. Thus all the relevant 
representations of the automorphism group J"(P) are finite groups of isometries, in 
particular the symmetry group G(P) of the realization. The centre c(P) of P is defined 
to be the centroid of its vertices; hence c(P) € E := aff P, the ambient space of P. 
The following remark is often useful. 


5B1 Lemma 7he centre c(P) of P is the unique point of E which is fixed by all of 
G(P). 
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Proof. Clearly c(P) is fixed by G(P). Now points in E are uniquely determined by 
their distances from the vertices of P. But c(P) is equidistant from these vertices, and 
is thus the unique point of E with this property. 


It is usually convenient to take the centre c(P) of a realization P of P to be the 
origin o of the ambient space £, so that its symmetry group G(P) is a finite orthogonal 
group. 

We shall denote by v the number of vertices of P, and by r the number of its diagonal 
classes. An important special realization of P is the simplex realization T; the vertex- 
set of T is the set of v vertices of a regular (v — 1)-simplex of side length 1. Our first 
result gives the dimension of the cone of realizations, which we have agreed also to 
denote by P. 


5B2 Theorem The realization cone P is a closed cone of dimension r. 


Proof. Since the diagonal vectors A(P) of realizations P € P have length, it is clear 
that dimP <r. 

For the opposite inequality, recall that a necessary and sufficient condition for there 
to exist a set of points {x,,...,x,} in some euclidean space whose mutual squared 
distances ||x; — x; ||? are given quantities 6; j = 6;; > O(with d;; = 0) is that the Cayley— 
Menger matrix 


0 1 1 
1 
DSi 

: bij 

1 
have just | positive eigenvalue (and & non-positive eigenvalues); see [329] for further 
details. Moreover, D is non-singular if and only if {x;, ..., x,} 1s affinely independent. 
It follows that, if A = (6;,...,6,) is any vector sufficiently near (1,..., 1), then we 


can find a set of points in one-to-one correspondence with the vertices of P, whose 
mutual squared distances are the appropriate 6;, and this set gives rise to a realization 
of P with diagonal vector A. Hence dim? > r, and so we have equality. 

Finally, if we consider realizations of P in some fixed bounded region (in a (v — 1)- 
dimensional space), we can see that the limit of a convergent sequence of diagonal 
vectors is again the diagonal vector of some realization (possibly degenerate) in P. 
That is, P is a closed cone, as claimed. 


We may observe that, in principle, the Cayley-Menger matrix condition could be 
used to describe all the possible diagonal vectors A(P) of realizations P of P. In 
practice, however, the condition is far from easy to work with as it stands. 

The cone P lies in the positive orthant of E”, because all its vectors have non- 
negative coordinates. We can therefore apply Carathéodory’s theorem of convexity 
(compare [357, p. 3], which gives the affine version); this asserts that every point of P 
is asum of at most points on extreme rays of P. In other words, because sum in P is 
equivalent to blending of realizations of P, and since Theorem 5A 16 tells us that pure 
realizations correspond to points on extreme rays of P, we have 
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5B3 Theorem Every realization of P is a blend of at most r pure realizations. 


The proof of Theorem 5A14 shows that the simplex realization T is an interior point 
of P. We can now use the geometry of the cone P to prove 


5B4 Theorem Every pure realization P of P is similar to a component of T; that is, 
there are > 0 and QO € P, such that T = (AP) # Q. 


Proof. There is also a direct proof of Theorem 5B4. Consider the linear mapping JT 
which takes the vertices of T onto the corresponding vertices of P (bear in mind that 
all vertex-sets have centroid 0). A little thought shows that the kernel of /7 is invariant 
under G(T), and hence that P is similar to an orthogonal projection of T. 


We now move on to discuss the realizations of P associated with a fixed irreducible 
representation G of I’(P). Suppose that the ambient space E on which G acts has 
dimension d (in other words, d is the degree of the representation). Further, let the 
Wythoff space W of G have dimension w. As we saw in Section 5A, we obtain a 
realization of P by applying Wythoff’s construction to a point p € W. The realization 
will be pure unless p = 0, when it will be trivial. We denote by Pg the subfamily of P 
consisting of all possible blends of these realizations with symmetry group G. 

An obvious remark is 


5B5 Lemma (Pg is a closed subcone of P. 


Our first observation is that the expression of a polytope in Pg as a blend need not 
be unique, even allowing for the fact that the blend is commutative. 


5B6 Lemma Let P, QO &€ P have the same symmetry group G (acting on E), and let 
1? + pw? = 1. Then 


P#O=(AP + wQ)# (uP — AQ). 


Proof. In fact, in this lemma, G need not act irreducibly on E. Now G acts on E x E 
by 


(x, y)g = (g, yg), 
with x, y € E and g € G, and 
L := {(ux, —Ax) | x € E} 


is clearly a subspace of & x E invariant under G. The orthogonal projection on L is 
(essentially) (x, y) Ax + wy, from which we see that AP + QO is also a component 
of P # Q. The orthogonal complement of L is 


M := {(Ax, ux) |x € E}, 
and the complementary component of P # Q is ~P — AQ. That is, 
P#O=(AP+uQ)# (WP 20), 


as claimed. 
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Lemma 5B6 is our main tool for investigating the subcone Pg. In order to exploit 
it, we introduce the following concept, which varies the idea of a row echelon matrix. 
We call ak x m real matrix A := (A;;) canonical if 


(M1) each zero row of A lies beneath each non-zero row; 

(M2) the leading (non-zero) entry Aj, 7) in a non-zero row i (and in column j(i)) is 
positive; 

(M3) if A has s non-zero rows, then 1 < j(1) <--: < j(s) < m. 


As an analogue to the well-known result about the reduction of a matrix to row echelon 
form, we have 


5B7 Lemma Let A be areal k x m matrix. Then there are an orthogonal k x k matrix 
U and a unique canonical k x m matrix A, such that A = U A. 


Proof. We sketch the proof. The core idea is the following. Suppose that we have 
reduced the first t — 1 rows. If there is a further non-zero row in the matrix (which we 
continue to call A), pick one with a non-zero entry in the smallest column j = /(¢), 
and, if necessary, interchange it with row ¢ and change signs to make a;; positive (this 
multiplies A on the left by an orthogonal matrix). If some row i of A withi > ¢ has a 
non-zero entry a;;, then replace the old rows a, and a; of A by the new rows 


a, := Bra; + Biai, 
a’ = Biat = Bai, 
where 
Qt; 
A. = ——., 


2 2 
Vey ti; 


and similarly for 6;. This again multiplies A by an orthogonal matrix, and has the 
effect of making the new (i, /)-entry zero. We repeat this on all appropriate rows 7, and 
proceed in the same way until no more non-zero rows remain. 

Finally, it should be obvious that the resulting canonical matrix is unique. 


Before we can apply our results to obtain counting formulae, we must discuss 
irreducible representations in more detail (see [173, 434] for general properties of group 
representations). We wish to find essentially unique representations of congruence 
classes in P. We resume the previous conventions that G is an irreducible representation 
of the group I” of P in the ambient space E and that W is the Wythoff space. Now 
it is clear that, if p © W, then p and —p always give congruent realizations; it is 
convenient to accept this ambiguity. However, the centralizer of G in the orthogonal 
group on E£ may have non-scalar elements and, in particular, may not be {+/}. This 
will happen if G is reducible as a complex representation of I, say G = H+ H, 
where H, H is a pair of complex conjugate representations of I. (Recall that an 
irreducible real orthogonal representation of a finite group either remains irreducible 
as a unitary complex representation, or decomposes as a sum of two irreducible unitary 
representations which are complex conjugates of each other. The latter means that 
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the underlying complex space is the orthogonal sum of a pair of complex conjugate 
invariant subspaces on which the group elements can be described by pairs of complex 
conjugate matrices. From Schur’s Lemma, if G is irreducible as a complex group, then 
the centralizer of G in the orthogonal group on E consists only of scalar elements.) If 
G = H + H, then the representation H is centralized by the unitary mappings z > 
e'” z, which induce (multiple) rotations through 3 on E taking W into itself. 

Indeed, G may have even more centralizers than this. Recall that the character x of 
G is the (generally complex-valued) function on G which associates with each group 
element the trace of its matrix, taken relative to any basis of the underlying complex 
space. The character norm (x, x) of x is defined by 


5B8 (x, x) = 1G" DS x(g)x(g). 

geG 
It is clear that (x, x) is real and positive; in fact, it turns out that (x, x) can only take 
the values 


* 1, if G is irreducible as a unitary representation; 

* 2,ifG = H+ H, with H and A non-isomorphic complex irreducible representa- 
tions (with non-real characters); 

° 4,if G= H+ H = 2H, where H is a non-real representation (with a real-valued 
character) isomorphic to its conjugate. 


In saying that two representations are isomorphic, we mean that they are conjugate 
(as groups) under some unitary mapping. We use this term here to distinguish it from 
conjugate representations, in which each unitary matrix is replaced by its complex 
conjugate. Then (x, x) gives the dimension of the subspace of E spanned by the orbit 
of a single point (other than 0) under the action of the centralizer of G. 

Thus, to give the uniqueness we seek, it is appropriate to pass to a subspace W* 
of W, which contains only pairs +p of points representing congruence classes, so 
that W* is transverse to the action of the centralizer (see [291]). We shall call W* an 
essential Wythoff subspace of the representation G. We then define w* := dim W*, so 
that w* = w/(x, x). 

Our main theorem follows at once. 


5B9 Theorem 4 polytope in the subcone Pg is a blend of at most w* pure polytopes. 


Proof. In fact, we establish something rather stronger. Pick any basis {71,..., Dw+} of 
an essential Wythoff subspace W* of the representation G, and let P;,..., Py be the 
corresponding (pure) realizations of P. The general pure polytope in Pg arises from 
a point a py +---+ay*py* of W*, and so is of the form a; P; +---+ay*Py+, by 
definition of linear combinations of polytopes. The general polytope in Pg is then a 
blend of such polytopes, and so is of the form 


P= (5 cu) ieee (5 7) 
j=l j=l 


Consider the k x w* matrix A := (q;;). Bearing in mind that —P = P in (since they 
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are congruent), and that # is commutative (as well as associative), because the basic 
operation in Lemma 5B7 (with m = w*) corresponds to that of Lemma 5B6 we see 
that P is unchanged by multiplying A on the left by orthogonal matrices. If A = (Aj;) 
is the unique canonical matrix corresponding to A, then we have 


ra (Een) alEr) 


which is a blend of s < w* pure polytopes in Pg. 


We shall call this expression for P canonical in terms of the ordered set (Pi, ..., 
P,«) of pure realizations. The uniqueness of the canonical representation also shows 


5B10 Theorem 4 polytope in Pg has dimension at most w*d, and w*d is possible. 


Proof. In fact, the polytope P of Theorem 5B9 clearly has dimension sd; in particular, 
P,\#---#P,.« has dimension w*d. 


The same circle of ideas leads to our next result. 


5B11 Theorem The cone Pg has dimension sw*(w* +1). 


Proof. Using the notation of Theorem 5B9, the diagonal vector of i a,;P; isa 
quadratic polynomial in a, ..., @,*, and so is a linear combination (with coefficients 
the a? and a; ;) of at most sw*(w* + 1) vectors, which depend only upon P),..., Py« 
(and not on a), ..., @,,«). The same is therefore true of any blend of such polytopes; 
thus dim Pg < Sw*(w* + 1). 

On the other hand, the diagonal map P +> A(P) is one-to-one on the canonical 
representations of the P € Pg. In particular, a neighbourhood of the identity matrix 
in the set of real upper triangular w* x w* matrices is mapped into the cone Pg by a 
one-to-one quadratic polynomial, from which it follows that dim Pg > Sw*(w* +1). 

These two inequalities establish the theorem. 


We obtain a representative of each similarity class of pure realizations in Pg by 
starting from the unit sphere in an essential Wythoff subspace W*. The diagonal map- 
ping P +» A(P) identifies antipodal points of this sphere, but no others (again, we 
appeal to the uniqueness of the canonical representation). We thus have 


5B12 Theorem For w* > 2, the subcone Pg is the positive hull of a (w* — 1)- 
dimensional real projective space embedded in an ellipsoid of dimension Sw*(w* + 


D2, 


Observe that, when w* > 2, a polytope P € Pg will always be a blend of fewer than 
dim Pg pure polytopes, so that the bound of Theorem 5B3 will not be achieved. 

We are now in a position to describe the whole realization cone of a finite regular 
polytope P. In particular, we shall obtain some useful numerical relationships for the 
cone. We first have 
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5B13 Theorem Zhe cone P is the direct sum of the subcones Pg, where G ranges 
over the distinct irreducible orthogonal representations G of the automorphism group 


I'(P) of P. 


Proof. Theorem 5B3 tells us that P is the sum of the cones Pg. The sum must be direct, 
because the symmetry group G(P) of a realization P of P has a unique expression 
as a sum of irreducible representations of (P). Finally, Theorem 5B10 shows how 
we collect together components of the realization belonging to the same irreducible 
representation. 


Let W denote the Wythoff space of the simplex realization T of P, and let w be 
its dimension. If G is an irreducible orthogonal representation of (P), we denote by 
dg its dimension (degree), by wg the dimension of its Wythoff space Wg, and by we 
(= we/(X, x)) the dimension of a corresponding essential Wythoff subspace WG. As 
before, we suppose that P has v vertices and r diagonal classes. 


5B14 Theorem The following relationships hold for P, where in each case the sum 
ranges over the distinct irreducible orthogonal representations of I'(P): 


(@) dig wede = 0-1; 
() Vg weet Dar 
() Gg WEWG = W. 


Proof. In view of Theorems 5B10 and 5B13, the sum on the left of (a) is the maxi- 
mum dimension of a polytope in P, namely, dim T = v — 1, where T is the simplex 
realization of P. The relation (b) just expresses Theorem 5B13, since dimP =r by 
Theorem 5B2. For (c), we observe that all realizations of P which are strictly (v — 1)- 
dimensional, and so correspond to points of the interior of the cone P, can be chosen 
to have the same symmetry group as the simplex realization 7, since the group is 
discrete, while the polytopes vary continuously. Thus W is the direct sum, over the 
different irreducible representations G of I'(P), of the Wythoff spaces of the compo- 
nents P; #---# P,«, say, of T in Pg, whose dimension is w@wg. This completes the 
proof. 


The important numbers v, r and w can be calculated in a different way. We return to 
the automorphism group I” := I"(P). By Proposition 2B12, we may identify a vertex 
of P with a right coset Iyo of the subgroup 


5B15 To t= (P1,+-+s Pn—1) 


of I”. Since there is a bijection between the vertices of P and the vertices of the regular 
(v — 1)-simplex (associated with the simplex realization T), we shall therefore label 
the vertices of this simplex by cosets of I. 

Using the transitivity of I", a typical diagonal of P can thus be thought of as a 
pair {I, Io} with o ¢ I. Then two such diagonals {I}, Io} and {Io, Iyo2} are 
equivalent if and only if {1o, [qo }t = {Ip, I02} for some t € I”. Considering the 
two possibilities [ot = Ip or Ipt = Io2, and eliminating t, we see that the two 
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diagonals are equivalent if and only if 
5B16 07 € Mya, I) U Iya, ' Th. 


Last, the Wythoff space W of T is the set of points invariant under I, acting on the 
vertices of 7. This is spanned by the centroids of the orbits of the vertices of T under 
I, which correspond to the double cosets I}o Io. Since these centroids are affinely 
independent, we see that we have proved 


5B17 Theorem Let P be a finite regular polytope. With the notation of 
Theorem 5B14: 


(a) v—1l=card{Iho |o €T \ Ip}; 
(b) r =card{Ino I) U ya!) | oo EC \ 'I}; 
(c) w =card{Ipoly |o € I \ Ip}. 


Parts (b) and (c) of Theorem 5B17 admit an interesting interpretation. Bearing in 
mind that the subcones Pg are not polyhedral if wZ > 2, and that Theorems 5B13, 
5B14 and 5B17 take no account of those representations G of I’ for which wg = 0, 
we conclude that we have 


5B18 Theorem Let? be a finite regular polytope. With the previous notation, r < Ww. 
Moreover, the following conditions are equivalent: 


(a) r=w; 

(b) the realization cone P is polyhedral; 

(c) wG < 1 for each irreducible orthogonal representation G of I'(P); 
(d) ao! € Iyoly for eacha € I'(P). 


Theorem 5B18 prompts the introduction of some useful terminology. We have iden- 
tified diagonal classes with unions of cosets Iya I U Iyo—!I, while the Wythoff 
space is associated with simple double cosets yo Ip. The latter obviously correspond 
to classes of ordered pairs of vertices, or directed diagonals. If a diagonal class of 
P is represented by the pair of vertices {u, v} C Po, then we call it symmetric if the 
ordered pairs (uw, v) and (v, w) are equivalent under I'(P), and asymmetric otherwise. 
Of course, this definition does not just apply to finite regular polytopes, but it is in this 
context that we shall find it most useful. 

In theory, one can read off much of the information about the realization cone P 
from the real character table of the group I"(P), in particular that about the dimensions 
of the various pure realizations. However, we can deduce certain information about 
dimensions of realizations in very general terms. Recall that P/v is the vertex-figure 
of P at its vertex v. We begin with a lemma. 


5B19 Lemma Let P be a non-trivial realization of a finite regular polytope, and let 
v be a vertex of P. Then v ¢ aff(P/v). 


Proof. Since P is non-trivial, we must have v 4 c(P), the centre of P. Then P/v 
(identified with the set of its vertices) lies in the intersection of two spheres, one 
centred at v, and the other, which also contains v, centred at c(P). Thus P/v lies ona 
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hyperplane in the ambient space (parallel to the one which supports the second sphere 
at v). This hyperplane does not contain v, as we wished to show. 


5B20 Theorem Let P be a faithful realization of a finite regular n-polytope, with 
group G(P) = (Ro, ..., Rn—1). Then 


(a) dim P > n; 
dim Rk; > j+1forj =0,...,n —2, and dim R,_; >n—-1; 
j J 
(c) if dim P = n, then dim R,_2 = dim R,-; =n — 1. 


Proof. Note that we are not demanding that the realization be pure. Our proof proceeds 
by induction on n; the result is clearly trivial if n < 1, so let us suppose that n > 2. 
By Theorem 5A2, the realizations F of a facet and P/v of a vertex-figure of P (at a 
vertex v € P) are also faithful; hence, in particular, dim(P/v) > n — 1 by the inductive 
assumption. But v ¢ aff(P/v) by Lemma 5B19, so that dim P > dimaff({v} U P/v) > 
dim(P/v) > n — 1, which is part (a). 

The inductive proof of part (b) is similar; again, we may assume that n > 2. 
Write A := aff(P/v); we have already observed that v ¢ A. Let S$; := AN Rj4, for 
jJ=0,...,n —2.Then G(P/v) = (So, ..., Sn—2). The obvious inductive assumption 
implies that, for 7 = 1,...,n —1, 


dim R; > dimaff(S;_; U {v}) = dim S,_; +1 > 7 +1, 


since v € R; for such 7. Finally, Ro preserves the centre c(P) of P, as well as the 
mid-point of the initial edge of P, which is distinct from c(P) because P is not a 
segment. (The mid-points of the edges through v span an affine subspace parallel to A, 
and half-way between A and v.) Thus dim Ro > 1. 

Part (c) is just a special case of part (b); note that each R; is a proper subspace of 
aff P. 


We remark that we have not used so much the finiteness of the abstract polytope in 
Theorem 5B20, as the boundednes of the realization. 

We end this section with some examples to illustrate the theory we have developed. 

We begin with polygons (see also [126, Chapter 1; 161, 198, §2]). For each p > 3, 
a regular p-gon has L5 p]| diagonal classes, and, for eachk = 1,..., LS pj, there isa 
planar regular polygon {2}, which gives a degenerate realization if the greatest common 
divisor (p, &) > 1, reducing to a line-segment { } when k = 4 p. Itis easy to see directly 
that a general regular p-gon is a blend of these pure realizations. For each irreducible 
representation G, we have wg = | in the notation we have used. 

The regular n-simplex clearly has (up to similarity) a unique realization, since all 
its diagonals are edges. 

If a regular polytope P has a central involutory automorphism which does not fix 
a vertex (and so fixes no vertex), this pairs up its v vertices, and so P has centrally 
symmetric realizations and, in particular, the cross-polytope realization X of dimension 
$v. We also obtain degenerate realizations from the covering of P/2 by P, which 
is obtained by identifying these paired vertices. All pure realizations of P will be 
components of X or of X/2 (the vertices of the latter are those of the simplex of 
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dimension ty — 1), according as this central involution does not or does reduce to the 
identity. The regular cross-polytope itself, with its two pure realizations, is a particular 
example. 

The regular n-cube C” has n diagonal classes, and also has n pure realizations (up to 
similarity), which have dimensions (7) fork = 1,...,n. The first of these, for k = 1, 
is the ordinary n-cube C” itself, while the last, for k =n, is the line-segment onto 
which C” collapses when we identify vertices which are at an even distance apart along 
chains of edges. Moreover, those realizations for which k is even are also realizations 
of C” /2, obtained by identifying diametrically opposite vertices of C”. 

We shall construct the realizations implicitly, by demonstrating that the simplex re- 
alization has appropriate invariant subspaces of dimensions (; ). In fact, it is convenient 
to take the vertices of the simplex as the 2” standard basis vectors in euclidean space of 
that dimension. We label these vertices e(€),..., &,), with e; = +1 fori =1,...,n, 
corresponding to the vertices (€}, ..., &,) of C”. The invariant subspaces will be chosen 
to be spanned by vectors of the form 


Ly + e(€1,...,€n)5 


indeed, the signs will be those of the row-entries of a2” x 2” Hadamard matrix, whose 
columns will be identified with the vertices of C”. Since the rows of an Hadamard 
matrix are orthogonal, it will be plain that subspaces spanned by disjoints sets of such 
rows will be orthogonal. If we can find n + | invariant such subspaces, including that 
spanned by (1, 1,..., 1) (that is, all signs are “+”), whose dimensions sum to 2”, 
then these must be those which yield the pure realizations of C” (or the trivial one for 
(,1,...,1)). 

We split the 2” rows of the matrix of coefficients inton + 1 blocks Byo, Bn, .--, Ban, 
with card By, = ({). We begin with Boo := {(1)}, and define recursively 


By = {(v, —v) | v € Baie}, 
Bry = {(v, v) |v © Baia), 


5B21 


and B,, := B), U BY. It is clear that card B,, = ({,). The corresponding ordering of 
the vertices is the e(1, €2,..., &») followed by the e(—1, €2,..., &,), with the sub- 
orderings in the last n — 1 coordinates being defined recursively. 

With this ordering, it is convenient to take the generators of the symmetry group G 
of C” in the form 


Rj: €j)41 @ €j42 for 7 =0,...,n —2, 
Rny-1 2 &n <> Eq. 


5B22 


We shall show that the group G is transitive on the rows in each block B,,. By the 
obvious inductive assumption, which is easy to check for small n, (R,,..., Ry—1) 
leaves each sub-block B/, and B’, invariant, and is transitive on the rows in them. For 
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Ro, we must write 


Bry = {(u, —Uu, —U, u) | ue Bn—2,k-2} U {(u, u, —u, —u) | ue Bn—2,n-1}, 
5B23 

Br. — {(u, —u, u, —u) | ue Bn_2,k-1} U {(u, u, u, u) | ue By_2,k}- 
Considering the recursive ordering of the vertices of C” shows that the effect of Ro is 
to interchange the second and third blocks in each of the rows, so that 


(u, —u, —u,u)Ro = (u, —u,—u,u) if u € By_o.4-2, 
(u, u, —Uu, —u)Ro = (u, —u,u, —u) if UE Bn-2,k=15 
(u,u,u,u)Ro = (u,u,u,u) if u € By_2o.. 


This establishes our claims that G leaves each block B,, invariant, and is transitive on 
the rows in each block. 

Thus, the realization cone P of C” must be as we have described it: P has n pure 
realizations, each with a 1-dimensional Wythoff space. We observe that the vertices 
of the realization corresponding to the block B,, are a subset of those of the cube 
cl); we read off the coordinates of the vertex corresponding to (€1,..., &,) as those 
in the column e(¢),..., &,) lying in By x. It is fairly straightforward to check our initial 
assertions, namely, that B,; gives the vertices of the usual C”, while B,,, gives the 
collapse of C” onto the line-segment, and that the realizations for even k are those of 
the half-cube C” /2. 

The case n = 3 already illustrates much of what is happening; the half-cube C?/2 
has only the 3-dimensional realization {4, 3}3, the Petrial of the regular tetrahedron. 
Note that the dual of {4, 3}3 has no faithful realizations, since each pair of its vertices 
determines two edges. 

We now treat the remaining regular convex polyhedra. The regular icosahedron 
{3, 5} has 3 diagonal classes. Apart from the usual icosahedron {3, 5} itself, there is 
another 3-dimensional pure realization, namely, the great icosahedron {3, 3}. The final 
pure realization is induced by its covering of {3, 5}/2 = {3, 5}5, the Aemi-icosahedron, 
all of whose diagonals are edges; thus its vertices must be those of a 5-simplex. Each 
of these pure realizations must have a 1-dimensional Wythoff space, as we see from 
Theorem 5B14(a), which reads 3 + 3 + 5 = 12 — 1. (We shall see this example in a 
more general context in Section 13C.) 

The regular dodecahedron {5,3} has 5 diagonal classes. The two 3-dimensional 
realizations are the usual dodecahedron {5, 3} itselfand the great stellated dodecahedron 
{3, 3}. There is also a faithful 4-dimensional realization. Its 20 vertices are the mid- 
points of the 10 edges of the regular 4-simplex 7+, together with their 10 reflexions 
in the centre of 7+. The generating reflexions of the group of the realization may be 
written as 


Ro = —(13)(24), 
5B24 R, = —(12)(35), 
Ry = -(12)34), 


oD 


where the sign indicates that the permutation is to be compounded with the central 
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reflexion. Observe, by the way, that this makes plain why the symmetry group of the 
dodecahedron is As x C2; compare also [120, p. 50], where our generating reflexions 
permit the same interpretation as Coxeter’s, although there he only considered the 
rotation subgroup. 

There are two pure realizations of the hemi-dodecahedron {5, 3}/2 = {5, 3}s, whose 
graph is the Petersen graph; these have dimensions 4 and 5. The 5-dimensional real- 
ization corresponds to that of the dual hemi-icosahedron {3, 5}5. The vertices of the 
4-dimensional realization are the mid-points of the edges of the 4-simplex 7*, and 
the generating reflexions are just Ro, Ri and Ry as in (5B24) with the “—” signs 
dropped. 

Notice that the two 4-dimensional realizations of the dodecahedron stand alone, and 
illustrate the fact that a realization of a regular polytope need not lead to a realization 
of its dual. Of course, we should not expect that it would. 

While the n-cube needs some work to find its realizations, with the other examples 
discussed so far, we need only look for solutions of the equations of Theorem 5B14 to 
find the numerical details of the possible realizations. For example, we already know 
two realizations in E> of the isocahedron, and since we only have 3 diagonal classes 
(all symmetric), there can be only one remaining pure realization, which must have 
dimension 5. Then we find realizations of the dodecahedron of the same dimensions, 
and with 5 diagonal classes, and the need to find further realizations of {5, 3}/2 and of 
{5, 3} itself (counting the components of the cross-polytope realization), we are forced 
to the two remaining realizations in E*. 

The same ideas help us to analyse the realization cone of the 24-cell {3, 4, 3}. There 
are 4 diagonal classes, all of which are symmetric. We already have {3, 4, 3} itself. as a 
4-dimensional pure realization. This naturally preserves the original central symmetry 
of {3, 4, 3}, and so is a component of the cross-polytope realization, which must then 
lead to a complementary pure realization of dimension 8 = 12 — 4. We may identify 
this realization as follows. Define the 4 x 4 matrix A to be 


1 1 1 1 
1 1 -l -l 
I =f 4. -=1 
-1 1 1 -1l 


5B25 A= 


Then the vertices of the original {3, 4, 3} can be taken to be the rows of the 4 x 12 
matrix 


5B26 B:=| A], 


where J is the 4 x 4 identity matrix and A' is the transpose of A, together with their 
negatives. The implied partition of the 24 vertices into three sets of eight is just that 
into the three inscribed 4-dimensional cross-polytopes. Moreover, we see that 5A is 
orthogonal, and since A? = 2A’, multiplication by $A (on the right) permutes the 
partitions cyclically. 


5B The Finite Case 139 


Now the columns of the matrix B form an orthogonal set of vectors of the same 
length. The complementary projection of the 24 vertices of the 12-dimensional cross- 
polytope is thus obtained by completing B to a 12 x 12 matrix whose columns have 
the same property. Actually, all that is really needed is that the last eight columns have 
the same length; we are not concerned to distinguish between similar realizations here. 
There are many ways of doing this; it turns out that one of the neater completions is by 
the 8 x 12 matrix 


4I O 
5B27 -A 3A |, 
—ATt —./34T 


whose rows (together with their negatives) give the 24 vertices of the 8-dimensional 
realization. It is easy to verify that the 24 vertices are distinct, so that the realization is 
also faithful. 

Further, we can observe that {3, 4, 3} collapses onto the triangle {3}. In a similar way, 
since this collapse actually realizes {3, 4, 3}/2, there is a complementary realization 
of dimension 11 — 2 = 9: here, of course, 11 is the dimension of the simplex realiza- 
tion of {3, 4, 3}/2. In actual fact, we shall describe this complementary realization in 
Section 14A in the context of the discussion of locally projective regular polytopes; 
all we shall say here is that the twelve vertices fall into three sets of four vertices of 
regular tetrahedra in mutually orthogonal subspaces. 

The last two regular convex polytopes, namely, {3, 3, 5} and {5, 3, 3}, have much 
more complicated realization cones, and we have not so far investigated them. The 600- 
cell {3, 3, 5} may not be impossibly difficult; however, it has 8 diagonal classes, and 
120 vertices. The two 4-dimensional realizations, {3, 3, 5} and its isomorph {3, 3, 3}, 
are components of the cross-polytope realization of dimension 60; moreover, the edges 
of {3, 3, 5}/2 and {3, 3, 33/2 do not coincide, so that a faithful realization of {3, 3, 5}/2 
will actually yield another distinct one. 

Hitherto, we have had wg < | for each irreducible representation of the automor- 
phism group I'(P) of P; hence wG < 1 also. We now turn to the Klein polyhedron 
{3, 7}. As with the icosahedron, we shall describe its realization cone in Section 13C 
in a more general context, and so we give it only the briefest mention here. The poly- 
hedron has a degenerate 7-dimensional realization, with its 24 vertices coinciding in 
threes with those of the 7-simplex; here, wg = 1. But it also has faithful 8-dimensional 
realizations, with wg = wG = 2. For {3, 7}, Theorem 5B14 takes the form 


(a) 7+2-8= 24-1; 
(b) 1+4-2-(24+1)=4; 
(c) 14+2-2=5. 


In particular, the realization cone P is not polyhedral. 

Finally, let us give an example with w% 4 wa. The group of the polyhedron P = 
{5, 5}5 is PSL(2, 11) of order 660; thus P has 66 vertices. In fact, these can be identified 
with the 66 unordered pairs of 12 points on the corresponding projective line, and so 
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with the 66 mid-points of the edges of the regular 1 1-simplex. Direct calculations show 
that r = 7 and w = 9. Apart from the trivial one, PSL(2, 11) has the following real 
irreducible representations: 


* just one which is complex reducible of the form H + H, with d = 10, w = 2 and 
w=; 

* two with d = 10, for one of which w = 2, while the other has w = 0; 

* one with d = 11 (that described above), with w = 1; 

* two with d = 12 for which also w = 1. 


For {5, 5}5, Theorem 5B 14 takes the form 


(a) 10+2-104+114+12+ 12=65, 
(b) 1+3+1+14+1=7, 
(c) 1-242-24+14141=9. 


Once again, of course, the realization cone P is not polyhedral. 

So far, we have found no examples with w* = w /4, but we have no reason to suppose 
that they do not exist. 

For a discussion of the realizations of the toroidal polyhedra {4, 4}, ,) and {3, 6}(.,1) 
we refer to [66—68, 325, 326]. 

If we relax the stringent requirement that each automorphism be realized by an isom- 
etry of the ambient space, then much more freedom is available to construct real models 
for polytopes; of course, in general, these will not be realizations in our sense. For exam- 
ple, polyhedral embeddings in ordinary 3-space of many well-known (abstract) regular 
polyhedra have been found. Examples include Coxeter’s infinite series of polyhedra 
{4,n|4\2-"} and their duals (for n > 3), as well as Coxeter’s finite polyhedra {4, 6| 3}, 
{6, 4/3}, {4, 8|3} and {8, 4|3} (see Section 7B, and [105, 309-312, 376]). There are 
also polyhedral models for Klein’s map {3, 7}g and Dyck’s map {3, 8}, found by Schulte 
and Wills, and Bokowski and Brehm, respectively (see [34, 38, 46, 47, 375, 379]); a 
beautiful colour plate of the model for {3, 7}s can be found in [37, p. 132]. Some polyhe- 
dral models which admit self-intersections are described in [377, 378]. For an example 
of an abstract polyhedron with triangular faces which does not admit an embedding 
without self-intersections into ordinary space, see [36]. For further related work see 
also [64, 133, 201, 202, 380, 381, 455-457]. 


5C Apeirotopes 


In order to focus more clearly on some of the salient features of the rest of the chapter, in 
which we shall treat realizations of regular apeirotopes (with infinitely many vertices), 
at this point it is a good idea to look at a simple example. The apeirogon is the infinite 
(regular) polytope {oo} of rank 2; we discuss some features of its realization cone. 

Suppose that P is a realization of {oo}. Its group G is generated by two reflexions 
Ro and R;. Then T := RoR, acts as a (combinatorial) translation, moving one vertex 
of P to the next, and the diagonal vector A(P) of P is clearly determined by 7 and the 
initial vertex of P. 
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We can express 7, in a unique way, as a commuting product of a translation (by 
a vector ft, say, which may be o) and an orthogonal transformation © acting on a 
hyperplane orthogonal to ¢ (if ¢ ~ 0). Further, we can decompose ©, again uniquely, 


into a product of rotations, by distinct angles 01,..., 3, say, with 0 < 3; < 7 for 
j=1,...,, anda reflexion, corresponding to an eigenvalue —1; some or all of these 
may be absent. Note that eigenvalues exp(+iv;) for j = 1,...,k or —1 of © are 


not repeated, because of our assumption that the ambient space E is the affine hull 
of P. 

This analysis demonstrates that the apeirogon P is a blend of pure polygons and 
apeirogons, with at least one of the latter if we confine our attention to the case when P 
has infinitely many vertices. We have a polygon corresponding to each rational angle 
0; (by rational we mean, of course, a rational multiple of 77). To a non-zero translation 
vector f, and each irrational angle ;, corresponds an apeirogon, in the latter case 
bounded and non-discrete. 

As one simple example, let Ro and R be two non-intersecting lines in E>, and let 
y be the angle between them (or, rather, between translates of them which meet). Then 
a point on Rj, but not on the common perpendicular of both lines, is the initial vertex 
of a regular helical apeirogon, with twist-angle 2¢. 

It is now obvious that the realization cone of {oo} has uncountably infinite (algebraic) 
dimension; this cone therefore cannot be closed. To see why, let 3), 2, ... be distinct 
angles with 0 < 3; < mz, and let P; be the apeirogon with vertices on the unit circle in 
> corresponding to the rotation through #7; (thus if 0; is rational, the apeirogon covers 
the appropriate polygon). Then the limit of the diagonal vector of 

1 1 
Prt Patri = Fy 


n 


= 
VI 


certainly exists, since each of its coordinates is a sum of non-negative terms which is 
bounded above by 


However, this vector cannot be that of a realization. The reason is simple: the Cayley— 
Menger criterion for embedding a set of points in some euclidean space shows that the 
limit apeirogon, if it were to exist, would have an infinite affinely independent set of 
vertices. Notice also that, if we blend this example with the ordinary linear apeirogon, 
we have a sequence of discrete realizations whose diagonal vectors converge pointwise, 
but with limit which is not a diagonal vector of any realization. 

The previous example shows that a genuinely infinite apeirotope may have bounded 
realizations. We now see how to recognize when a realization has a bounded component 
with respect to blending. 

Let P be a realization of the regular apeirotope P, with vertex-set V := V(P), am- 
bient space E := aff V, and symmetry group G := G(P). Suppose that E 4 conv /, 
but that conv V is unbounded; here, conv_X is as usual the convex hull of the subset_X. 
We shall show that P is a blend in a non-trivial way, with one component bounded. 
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Write K := conv V. Since E is the ambient space of P, we see that K is full- 
dimensional. Since all points of V are equivalent under G, it follows that V C bd K, 
the boundary of K. For if not, then some v € V lies in the interior int K of K, say 
B(v, p) C K, where B(x, o) denotes the ball in E with centre x and radius o > 0. 
Then the transitivity of G on V shows that B(v’, 0) C K for every v’ € V, which 
would contradict K = conv’. 

Consider the recession cone rec K of K, which consists of the vectors a € E such 
that x +a € K for every x € int K. Now rec K is the orthogonal sum of a linear 
subspace L, say, and a pointed convex cone C, say; we must show that rec K = L. 
Certainly, L must be invariant for G (as a set of directions), since G takes K into itself. 
Hence, if we project orthogonally along L, we shall obtain another realization of P, 
with corresponding recession cone C. 

Finally, suppose, if possible, that C 4 {0}. Replacing P by its projection if necessary, 
we can take rec K = C. Now C, again as a set of directions, is invariant under G. If 
we let g be the centre of gravity of the intersection CN B of C with the unit ball of 
E, then g € intC because C is pointed, and so is contained in some half-ball of B. 
Then g is clearly an invariant direction under G; thus the hyperplane H through o 
orthogonal to g is also invariant under G. Since C is pointed, it follows that —g ¢ C, 
and we then see that H must support C (in {o} alone). Then K has a support hyperplane 
H' parallel to H, which must meet V since K = conv V. Using the transitivity of G 
on V, we thus have V = (VN A’)G C H'G = H’. But since C = rec K F {0} by our 
assumption, K must also have vertices outside H’. This is the required contradiction, 
so that C = {0} as claimed. 

In summary, since our assumption on K implies that rec K 4 {o}, we see that 
rec K = L isa subspace. The points of V are then equidistant from some translate of 
L, and projection along L yields a non-trivial bounded realization of P. Thus we have 


5C1 Theorem Let P be an unbounded realization of a regular apeirotope P with 
vertex-set V. Ifconv V & aff V, then P is anon-trivial blend, one of whose components 
is bounded. 


While the discussion of the apeirogon shows that we cannot avoid considering 
non-discrete realizations, because these may occur as components under blending of 
discrete realizations, there is naturally greater interest in discrete realizations. We shall 
investigate these first. For many examples of discrete regular apeirotopes in euclidean 
spaces, see [120, 148, 150, 294-297, 304]; we shall also (in effect) give examples in 
Sections 7E and 7F. 

We can suppose that our discrete realization P of a regular apeirotope P is infinite; 
otherwise, there is little to say about it. (Recall that finiteness in this context refers to the 
vertex-set V. When the realization is finite, the analysis of Section 5B can be followed 
with minor modifications.) There are two cases, according as the ambient space E is 
or is not the convex hull of P, or, rather, of its vertex-set V. 

Suppose first that conv V 4 EF. As we saw in Theorem 5C1, we can translate P so 
that the points of V are equidistant from some linear subspace L of £. The orthogonal 
projection of V on L yields another realization of P. 
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5C2 Lemma Zhe projection of V on L is a discrete set. 


Proof. The points of V are at a fixed distance p > 0 from L. Since the sphere is 
compact, any cluster point of the projection lifts to a cluster point of V itself. But V is 
discrete; hence no such cluster point can exist. 


Note that the projection along L need not be discrete (it is certainly bounded), as 
the examples of realizations of the apeirogon which we discussed at the beginning of 
the section demonstrate. 

Before we discuss the other case, it is appropriate to prove a useful counterpart to 
Theorem 5B20. 


5C3 Theorem Let P be a discrete faithful realization of a regular n-apeirotope, with 
group G(P) = (Ro, ..., Rn—1). Then 


(a) dim P >n-1; 
(b) dim R; > j for 7 =0,...,n — 2, and dim R,_, > n — 2; 
(c) ifdim P = n —1, then dim R,_; = dim R, =n — 2. 


Proof. This is an easy consequence of Theorem 5B20, since the vertex-figure P/v of 
P at the initial vertex v is a faithfully realized finite regular n-polytope with centre v. 


Note, by the way, that equality forces P (or, rather, its vertex-set) to be infinite; 
otherwise we have a contradiction to Theorem 5B20. In fact, we can go further. 


5C4 Theorem Let P be a realization of a regular polytope P, whose vertex-figure 
satisfies dim(P/v) = dim P. If P has vertex-set V and ambient space E, thenconv V = 
E. In particular, V is infinite and P is an apeirotope. 


Proof. Notice that we are not assuming discreteness or faithfulness here. The proof 
is straightforward. As we saw in the proof of Theorem 5C1, if convV 4 E, then 
V © bdconv V. However, since dim(P/w) = dim E (= dim P by definition) for every 
vertex w, we have w € intconv(P/w) C int conv V, and we have arrived at a contra- 
diction. 


Resuming our discussion, we may now suppose that conv V = E. Once more, of 
course, we are assuming that our realization P is discrete and faithful. The symmetry 
group G of P is transitive on V, and so, by a famous theorem of Bieberbach (see 
[25, 344, §7.4]), G contains a subgroup 7 of translations of full rank dim £. This 
subgroup T is discrete, and so can be identified with a lattice in E. Note that G will 
then act as a group of automorphisms (that is, symmetries) of 7. 

We now come to a curiosity about discrete realizations. We call a realization P ofa 
regular apeirotope P translation-free if its symmetry group G contains no translations. 
Of course, a bounded realization must be translation-free, but we also observed pre- 
viously that we have unbounded translation-free realizations of the regular apeirogon. 
We shall prove the following somewhat surprising result. 
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5C5 Theorem /f a regular apeirotope P has a discrete realization, then it has a 
discrete translation-free realization. 


Proof. In view of the discussion just preceding, we may suppose that we have a discrete 
realization P of P, whose vertex-set V satisfies conv V = aff V = E, the ambient space 
of the realization. So, the symmetry group G of P contains a lattice A of translations, 
of rank dim £. If we take the initial vertex of P to be the origin o, then A C JV, in 
the obvious sense. In fact, we see that the vertex-set V decomposes into finitely many 
translated copies of A. 

Now G acts on A by conjugation; the effect is that of applying the rotation part of 
an element of G to the translation vector in A. Let A* denote the reciprocal lattice of 
A; that is, 


A* := {x* € E | (x,x*) € Zforall x € A}, 


where (-, -) is the usual inner product on E. Then G similarly acts on A*. 

We now lift A* in a symmetry-preserving way. Specifically, suppose that there are 
2n nearest points +p),..., +p, of A* to the origin 0, corresponding to the 2n facets 
of the Voronoi region of A*. (Recall that the Voronoi region 1s the set of points of E no 
farther from o than from any other point of A*.) Then these points are the images of the 
basis vectors +e), ..., +e, of the integer lattice Z” under the linear map JT : E” > E, 
with e; JT = p; fori = 1,...,. The kernel of /7 is given by the linear relations between 
the p;, so that 


ker JT = [. 6+5Qy) € E” 


n 
> Qa; Pi = | 
i=1 


Since the vectors p; clearly generate the lattice A*, we see that ker J7 has a basis 
consisting of rational vectors (a, ... , @,); hence ker /7 is arational subspace of E”, and 
so 1s spanned by points of Z”. We can now identify £ with the orthogonal complement 
of ker JT, and under this identification A = EN Z". 

Now let B be an irrational multiple of 2, define w:R— E® by éw:= 
(E, cos(Bé), sin(Bé)), and let W: EE” — E>” be given by (&,...,&,)W := (E1W,..., 
&,w), with the obvious meaning. Then W respects the action of the group G; that is, 
there is an isomorphic group G’ acting on E°, such that (xg)W = (xW)g’ forx € E and 
corresponding g € G and g’ € G’. The crucial feature of W, though, is that the lattice 
translations in Z” are destroyed, and so the group G’ acting on the new realization VW 
contains no translations. This proves the assertion of the theorem. 


In fact, this proof yields a little more. 


5C6 Corollary [fa regular apeirotope has a discrete infinite realization, then it has 
uncountably many translation-free discrete realizations. 


The situation for unbounded non-discrete realizations of an apeirotope is quite 
different. We present a variety of examples to illustrate the kinds of thing that can 
happen; other examples can be found in [283]. 
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As we remarked earlier, we cannot avoid non-discrete realizations. For instance, 
in the plane E?, the tessellation {8, 8) is a non-discrete realization of the hyperbolic 
honeycomb {8, 8}, as is its isomorph { s 8}. If we blend these two realizations together, 
with an appropriate choice of scaling of each, the resulting set of vertices of the blended 
realization in E* is Z*. Indeed, every non-discrete regular tessellation {p, q} in E” (with 
p and q rational, and at least one fractional) may be lifted to a discrete realization in 
an analogous way, although more than two components (isomorphic, but not similar) 
are generally required. 

However, let 6 be an irrational multiple of 2, and consider the reflexions in 
defined by 


72 


xRo = (1 — &1, &), 
5C7 xR, := (& cos B + & sin B, & sin B — & cos B), 
x Ro = (&1, —&), 


where x = (&, &) € E*. Then G := (Ro, R1, R2) is the symmetry group of a regular 
tessellation P of type {co, oo}. However, note that P cannot be the universal {00, oo}, 
because G contains translations (the product of any two distinct conjugates of Ro Ro 
is one such); indeed, the translations in G form an abelian group of infinite rank, 
because the rotation of one translation by a multiple of 6 is another. Of course, P 
must be non-discrete, but in contrast to the previous examples, P cannot be lifted to a 
discrete realization, since its vertex-figure is infinite, and in any realization, the points 
of the vertex-figure at a vertex v are equidistant from v. 

We remark that similar examples can be constructed in all dimensions greater than 
2.Ifd # 4, the simplest way to see this is to observe that the regular d-cross-polytope 
O := {34-?, 4} does not tile E (even with multiplicity). So, if we fit copies of O facet- 
to-facet, we obtain a regular apeirotope P of type {34~7, 4, 00}, whose vertex-figure is 
infinite. Since the reflexion in the centre of each copy of O is a symmetry, we see that 
the symmetry group of P contains a translation group of infinite rank. In E*, we may 
perform a similar construction, taking instead the 600-cell O := {3, 3, 5}. 

We now come to an example of a quite different nature in E’; this is a correction 
(and considerable modification) of one of [288, §12]. Let a be a number to be chosen 
later, which satisfies 0 < a < 1/,/2. We define the following three half-turns: 


Ro: about the line through (1, 1, 0) in direction (a, —a, /1 — 2a); 
5C8 R,: about the line through o in direction (1, 0, 0); 
R,: about the line through o in direction (1, 1, 0). 


The axes of Ro and R; do not meet, and the angle 3 between them is given by cos(?}) = 
a. Thus RoR; is a rotatory-translation, with twist 2. Clearly, will be an irrational 
multiple of z for all but countably many a. The axis of Ry meets those of Ro and R, 
in angles 1/2 and 7/4, respectively, whence (Ro R2)” = (Ri Ro) = E. 

It follows that G := (Ro, Rj, R2) is a homomorphic image of the Coxeter group 
[oo, 4]. However, if Ro is the half-turn about the line through o parallel to the axis of 
Ro, then the group (Rj, Ri, R2) can be made to be isomorphic to [0o, 4]. The easiest 
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way to see this is to consider the corresponding reflexion group (— Rj, —Ri, —R2). 
That is, we replace each half-turn R about a line by the reflexion —R in the plane 
through o orthogonal to the line; we shall employ this useful trick again in Section 7E. 
Applying Wythoff’s construction to — Rj M —R, yields a spherical tessellation (usually 
non-discrete) by squares {4}. As a varies, we see that for only countably many of its 
values can fortuitous identifications of vertices of this tessellation occur; otherwise, 
it is isomorphic to {4, oo}. (For such identifications to occur, a would have to satisfy 
some algebraic equation; it therefore suffices to take w transcendental.) Because the 
related group is a quotient of G, we see that G = [ow, 4]. 

If we apply Wythoff’s construction with o as initial vertex, it is clear that the vertex- 
set V of the resulting regular apeirotope P := {00, 4} satisfies conv V = E?. However, 
G can contain no translations, since [co, 4] contains no commuting elements of infinite 
order (alternatively, a translation would have to correspond to a non-trivial relation in 
the quotient group (Rj, Ri, R2)). We conclude that there is no analogue of Bieberbach’s 
theorem for the non-discrete case. 

Between these two extremes lies the case where the apeirotope has a translation 
group of finite positive rank. We now discuss this. 


5C9 Lemma Let P be a realization of a regular apeirotope P whose symmetry group 
G contains a normal translation subgroup A of finite positive rank. Then P has a 
realization whose group contains a translation subgroup isomorphic to A whose vectors 
span the ambient space. 


Proof. Indeed, the linear subspace L spanned by the translation vectors in A is invariant 
under G, and so orthogonal projection of P on L will yield the required realization. 


Henceforth, we shall work with realizations having the characteristic property of 
Lemma 5C9. Our last main result is 


5C10 Theorem Let P be a regular apeirotope, which has a realization P whose 
translation group is of finite positive rank, with its vectors spanning the ambient space. 
Then P has a discrete infinite realization. 


Proof. Informally, this means that we can lift P to a discrete realization; we can assume 
that P is not already discrete. 

Each element of the symmetry group G of P can be written uniquely in the form 
x b>» x® +t, where @ is an orthogonal mapping, and f is a translation vector; the set 
of these associated orthogonal mappings ® forms a group G, which is a quotient of 
G, called the special group of G. Since G acts on the translation subgroup A of G, 
which is of finite rank with vectors spanning the ambient space E, we see that G must 
be finite. 

Suppose that rank A = m; we can lift A into a discrete lattice in an m-dimensional 
space as follows (the proof bears a resemblance to part of that of Theorem 5C5). Choose 
a finite Z-spanning subset {p;, ..., pn} of A which is invariant under G; then the image 
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of the integer lattice Z” (with usual basis {e, ..., e,}) under the orthogonal projection 
in E” with kernel 


n n 
ye aje; | (@1,...,@,) € Z” and y Qj Di >| 
i=l 


i=1 


isa discrete lattice A, on which acts a group isomorphic to G (our projection is designed 
to preserve these symmetries). 

Our remaining task is to lift the whole of G. Write JT for the projection of the 
ambient spaces which takes A onto A. Taking the initial vertex of P to be the origin o 
of E, the symmetry group Gy of the vertex-figure of P is a subgroup of G, and this is 
already lifted (by I7~'). So, we only have to lift the reflexion Ro, which takes o into an 
adjacent vertex v, say. The reflexion Rj through o parallel to Ro again lies in G, and 
so this has also been lifted. 

Our lifting of Ro must satisfy three properties. First, it must be a translate of the 
lifting of Rj. Second, it must lie in Ro/7~!. Third, it must meet the Wythoff space of 
the lifting of Go. But all three conditions are easy to fulfil, and so we have lifted G in 
the required way. Applying Wythoff’s construction now yields a discrete lifting of P, 
and therefore a discrete infinite realization of P. 


As a consequence of these results, we have a generalization of Theorem 5CS. 


5C11 Theorem /faregular apeirotopeP has an infinite realization, whose translation 
subgroup of its symmetry group has finite rank, then P has an infinite translation-free 
realization. 
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Regular Polytopes on Space-Forms 


In the traditional theory, the topological type of a polytope or tessellation is always 
determined by the geometry and topology of the ambient spherical, euclidean or hyper- 
bolic space. In this chapter, we study the quotients of the regular tessellations in these 
spaces in the context of spherical, euclidean or hyperbolic space-forms. 

After a short introduction to space-forms in Section 6A, we prove in Section 6B that 
the locally spherical abstract regular polytopes are precisely the (combinatorially) regu- 
lar tessellations on space-forms. Then, in Section 6C, we briefly discuss the projective 
regular polytopes, which are the only regular tessellations on spherical space-forms 
which are not spheres. 

In Sections 6D-6F, this is followed by a detailed investigation of the regular toroids 
ofrank n + 1 (> 4), which are the regular tessellations on topological n-tori; the regular 
toroids of rank 3 have already been discussed in Section 1D. In Section 6G, the tori are 
proved to be the only compact euclidean space-forms which admit regular tessellations. 
We saw in Section 1D, that there are toroidal polyhedra which are chiral. In contrast, 
in Section 6H, we shall show that there exist no chiral toroidal polytopes of rank at 
least 4. 

Finally, Section 6J presents some results on regular tessellations on hyperbolic space- 
forms, which try to explain why so little is known about them. 


6A Space-Forms 


We begin with an informal introduction to space-forms. For more details the reader is 
referred to Ratcliffe [344, §§8.1, 8.2] or Wolf [467]. 

Let E be the spherical n-space S”, euclidean n-space E” or hyperbolic n-space H” 
(n > 1). As models for these spaces we can take: for E”, the n-dimensional real vector 
space oa with the standard euclidean inner product; for s", the euclidean ny n-sphere 
in E"*'; and for HH”, the positive sheet of the hyperboloid &? + --. + &? — =-1 
in R’* V that is, 


HI” = {(&,..., 841) ER" EP +--+ &7 — | = Land &,4) > Of. 


a a 
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We shall only consider these three spaces FE, although some concepts extend to more 
general spaces. By Z(E) we denote the group of all (spherical, euclidean or hyperbolic) 
isometries of EF. 

Let N be a group of homeomorphisms of £ (or of any connected, locally pathwise 
connected topological space). In our applications, N will usually be a group of isome- 
tries of E. We say that N acts freely on E if each non-trivial element of N moves each 
point of £. Further, we say that N acts properly discontinuously on E if each point 
x € E has an open neighbourhood U in E which meets only finitely many of its trans- 
forms Ug with g € N. The orbit space, or (topological) quotient space, E/N is the 
topological space whose points are the orbits of E under N and whose topology is the 
quotient topology, which is the strongest topology such that the canonical projection 
mw: E — E/N is continuous (that is, a subset V of E/N is open in E/N if and only if 
m~'(V) is open in E). 

If N acts freely and properly discontinuously on £, then z is a topological cov- 
ering map, meaning that w is continuous and that every point z € E/N has an open 
neighbourhood V such that x maps each connected component of z~!(V) homeomor- 
phically onto V. In fact, wz is what is called a normal covering projection; that is, under 
the mapping z.,:771(E) > (E/N) which is induced by z between the fundamental 
groups 71(£) of E and 1\(E£/N) of E/N, the group 7(£) of the original space is 
mapped onto a subgroup of 7;(£/N) which is normal. The latter is trivial for the spaces 
we are considering, because S” (for n > 2), E” and HI” are simply connected. Further, 
N is just the group of covering transformations of 1; this is the group of homeomor- 
phisms yg: E — E such that gx = z. It acts simply transitively on each fibre 2~!(z) of 
m (because z is a normal covering projection). Also, if E 4 S!, then 1,\(E/N) = N; 
again, this holds because F' is simply connected [467, p. 38]. 

Recall that a group N of isometries of spherical, euclidean or hyperbolic space E 
is called discrete (or, more exactly, said to act discretely on EF) if each of its orbits is a 
discrete subset of E. Then N is discrete if and only if it acts properly discontinuously 
on £.. Thus these concepts apply to discrete groups of isometries which act freely on 
E. Note that a discrete group of isometries of E” or H” acts freely if and only if it is 
torsion-free (that is, it has no non-trivial element of finite order); in particular, a non- 
trivial such group is infinite. A discrete group of isometries of S” is necessarily finite. 
These facts translate into corresponding statements for the finiteness or non-finiteness 
of the fundamental groups of space-forms. See also [23, 274, 413] for more about 
discrete groups acting on hyperbolic space. 

Let N bea discrete group of isometries of E(= S”, E”, or H”) which acts freely on F. 
Then the orbit space E/N is called an n-dimensional spherical, euclidean or hyperbolic 
space-form, respectively. These spaces have an outstanding history of study reaching 
back into the nineteenth century; for an excellent account see [467]. The Killing—Hopf 
theorem says that, up to isometry, they are precisely the complete connected riemannian 
manifolds of constant curvature; the euclidean space-forms are the complete connected 
flat riemannian manifolds [467, pp. 69, 97]. 

Two simple examples of space-forms are the projective or elliptic spaces and the 
topological tori. The real projective (or, perhaps, since we particularly have the metric 
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in mind, real elliptic) n-space P” is the quotient S”/{+/} of the unit n-sphere S” by 
{+1} (= N), where J denotes the identity mapping on S”. In this quotient, antipodal 
pairs of points on S” are identified. In particular, P” is an n-dimensional spherical 
space-form with fundamental group 7(P”) = C2 when n > 2. 

The quotient E”/A of euclidean n-space E” by a lattice A (= N) in E” is called 
an n-torus, and is a compact euclidean space-form with 2,(E”/A) = Z”". Here, we 
identify the lattice A in E”, which is spanned by n linearly independent vectors, with 
the translation group which is generated by the translations by these vectors. 

Each space-form E/N is equipped with a metric dz; which is induced by the stan- 
dard (spherical, euclidean or hyperbolic) metric dg on E, and is defined for x, y € E by 


dzjn(xN, YN) := inflde(xg, yh) | 9, w € N}. 


With respect to this metric, the group Z(E//N) of all isometries (distance-preserving 
homeomorphisms) of E/N is isomorphic to the quotient group Nz(z)(V)/N, where 
Nz£)(N) denotes the normalizer of N in Z(£) [344, p. 336]. In this context, note that 
each element o € Nzz)(N) determines an isometry 6 € Z(E/N) which is defined 
by (xN)o := (xo)N for x € E, and that each isometry of Z(£/N) arises in this way. 
The isomorphism Nzz)(N)/N +> Z(E/N) is then given by No + G. (The reader 
will recall from Proposition 2D8 that there is a similar isomorphism which describes 
the automorphism group "(P'/N) of a quotient polytope P/N.) 

We can further note that the covering projectiona: E > E/N is locally an isometry, 
meaning that it maps a small neighbourhood of each point x € E isometrically onto a 
neighbourhood of xz in E/N. 

The isometry type of a space-form E/N is determined by the conjugacy class of 
N in T(E). In fact, two space-forms E'/N and E'/M are isometric (that is, there is an 
isometry which maps the first onto the second) if and only if the groups N and M are 
conjugate subgroups in Z(£) [344, p. 335]. 

To discuss quotient relations between space-forms, let N and M be two discrete 
subgroups of Z(£) which act freely on E. If N is anormal subgroup of M, then MC 
Nze)(N), and we may identify M@/N witha subgroup of Z(£/N) which acts freely and 
properly discontinuously on E/N. The corresponding quotient space (EF /N)/(M/N) 
is isometric to E/M, and an isometry is given by (xN)M/Nt> xM for x € E. In 
particular, we can identify these two spaces. Then the canonical projection E/N > 
(E/N)/(M/N) determines the covering map E/N > E/M, with xN bh xM (for 
x € E), between the space-forms given by N and M. In summary, we may think of 
E/M asa quotient of E/N under a suitable group of isometries. 

For example, by Bieberbach’s theorem, every n-dimensional crystallographic group 
N in E” (that is, discrete subgroup of Z(E”) with compact quotient E”/N) has a full 
(normal) subgroup T of translations such that the quotient group N/T is finite (see 
[344, §7.4]). Accordingly, every n-dimensional compact euclidean space-form E”/N is 
finitely covered by an n-torus, namely, E” / T (that is, the covering map E”/T +» E"/N 
has finite fibres). 

A space-form E/N is orientable (as a manifold) if and only if each isometry in N is 
orientation preserving. Each non-orientable space-form E/N is doubly covered by the 
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orientable space-form E/N’, where N’ is the subgroup of index 2 in N which consists 
of the orientation-preserving isometries. 

For euclidean space-forms, affine equivalence provides a coarser classification than 
isometry [344, p. 340]. Two n-dimensional euclidean space-forms E”/N and E”/M 
are called affinely equivalent if there is a homeomorphism E”/N — E"/M which is 
induced by a non-singular affine transformation o of E”; that is, o~! No = M, with 
conjugation in the group of all non-singular affine transformations of E”, and the 
homeomorphism is given by x N +> (xo)M for x € E”. 

It is a consequence of Bieberbach’s theorem that there are only finitely many 
affine equivalence classes of n-dimensional compact euclidean space-forms. For 
n = 1, 2,3, 4,the exact numbersare 1, 2, 10, 74, respectively; forn = 2, the two classes 
are represented by the 2-torus and the Klein bottle. In particular, two n-dimensional 
compact space-forms IE” /N and E”/M are affinely equivalent if and only if their fun- 
damental groups N and M are isomorphic. 

Two euclidean space-forms E”/N and E”/M are similar if N and M are conjugate 
in the group of all similarity transformations of E”; that is, in the above, we may take 
o to be a similarity transformation. For example, two n-tori E”/A, and E”/Ap2 are 
similar (respectively isometric) if and only if the two lattices A; and A> are similar 
(respectively congruent). 

An important invariant for a space-form E/N is its volume. This can be defined in 
terms ofa fundamental region for NV in E. Anopen subset D of E is calleda fundamental 
region for N in FE if E = Usen(el D)g, and the transforms Dg (for g € N) of D are 
mutually disjoint; here, cl D denotes the closure of D in £. A fundamental region D 
is proper if its boundary bd D is a measurable set in E which has zero (spherical, 
euclidean or hyperbolic) volume. Every discrete group of isometries of £ has a proper 
fundamental region in £, and any two such proper fundamental regions have the same 
volume in F' [344, p. 235]. 

The volume Vol(E'/N) of a space-form E/N is now defined to be the volume of any 
proper fundamental region for N in E£. It is an important fact that any two isometric 
space-forms have the same volume [344, p. 337]. 

As a proper fundamental region for N we can take the (open) Dirichlet domain 


= {x € E | dg(x, x0) < de(x, xog) for all g € N \ {e}}, 


where Xo is any point in £. Then its closure cl D is an n-dimensional (possibly non- 
compact) convex polyhedron in E bounded by hyperplanes which are perpendicular 
bisectors of line-segments [xo, xo]. Its boundary bd D carries a locally finite decom- 
position into (possibly non-compact) convex polyhedra of dimension less than n. The 
space-form E/N is then obtained from cl D by identifying points in bd D which are 
equivalent modulo N 

In conclusion, we introduce the concept of a tessellation on a real manifold without 
boundary. In our applications, this manifold will usually be a space-form. Here we shall 
only consider well-behaved tessellations which are locally finite and in which the tiles 
are topological cells. For our purposes, it will indeed be sufficient to discuss tessellations 
whose tiles are homeomorphic images of convex polytopes, and thus come equipped 
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with a natural face structure. Our definition of tessellation will imply polytopality of 
the underlying face poset, and will exclude such examples as maps on surfaces which 
have only one 2-face. 

Let X be any n-dimensional real manifold without boundary. A family P of proper 
subsets of X is called a (locally finite) tessellation in X if the following three conditions 
are satisfied. First, foreach F € P there exist a convex polytope F” and a homeomor- 
phism y: F > F’ such that Gy~! € P for each face G of F’. The subsets in P are 
called the faces of P, and the subsets Gy! of F the faces of F’. In particular, F is a 
j-face of P if F’ is a j-polytope, and Gy~! is a j-face of F if G is a j-face of F’. 
The n-faces of P are also called the tiles or facets of P. Second, if F;, Fy € P, then 
FM F) isa union of faces of F, and F> (possibly the empty face @). Third, each point 
in X is contained in a tile of P and has a neighbourhood which meets only finitely 
many tiles (this last is the local finiteness condition). 

We shall usually identify a tessellation P with the partially ordered set consisting of 
its faces ordered by inclusion. In this context, we shall often find it convenient to adjoin 
to P the underlying manifold X as an (improper) (7 + 1)-face. Then it is straightfor- 
ward to check that P becomes an abstract polytope of rank n + 1. In particular, the 
terminology for abstract polytopes can be applied to tessellations. Observe that the 
rank of the polytope is always one larger than the dimension of the manifold _X. We say 
that P is a face-to-face tessellation if its face poset is a lattice; that is, if F}, F € P, 
then F, M Fy is a common face of F; and F> (possibly @). A tessellation P on an 
n-dimensional manifold is called (combinatorially) regular if, as an abstract polytope, 
P is a regular (n + 1)-polytope. 


6B Locally Spherical Polytopes 


In this section, we discuss the close connexion between locally spherical abstract poly- 
topes and tessellations on n-dimensional space-forms. We do not investigate the rela- 
tionship in full generality here; instead, we shall restrict ourselves to the most interesting 
case where the polytopes and tessellations are regular. Most of the material in this sec- 
tion is classical and can be traced in the literature. For recent accounts which also 
include more general results than we present here, see Kato [245] and Davis [145] 
for arbitrary n, and Edmonds, Ewing and Kulkarni [159] for n = 2 (see also [160]). 
However, their terminology and presentation are different from ours. 

We begin with the concept of a globally or locally spherical polytope. Whenever 
appropriate, we shall assume here that the polytope is regular. Then our investigation 
proceeds in two steps. First, we describe how each locally spherical regular polytope 
can be viewed as a regular tessellation on a space-form (both in a topological and a 
geometric sense). This is summarized in Theorem 6B3. Then, in the second step, we 
consider the converse, and prove that every regular tessellation on a real manifold is 
a locally spherical regular polytope. We shall conclude the section with some general 
remarks. 

In contrast to the traditional theory where a convex polytope and its local building 
blocks are topological spheres, it is a very subtle problem to define the global topological 
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type of an abstract polytope P. In general, this can only be done with considerable 
ambiguity. 

On the other hand, there is always a standard way of finding at least one topological 
space for P, by employing the order complex C(P). Recall from Section 2C that C(P) 
is the simplicial complex whose vertices are the proper faces of P and whose maximal 
simplices are the flags of P (with the improper faces removed). The automorphism 
group I"(P) acts faithfully as a group of homeomorphisms on the topological space 
|C(P)|. In fact, any permutation of the flags which is induced by an automorphism of 
P clearly corresponds to a piecewise-linear homeomorphism of |C(P)|. 

This construction of a topological space for P is based on the correspondence 
between partially ordered sets and (vertex-labelled) simplicial complexes, which lies 
at the heart of many applications of topology to combinatorics and geometry (compare 
Bj6rner [28-30] and Stanley [397, 398, Chapter 3]). 

However, unless all facets and vertex-figures are spherical, the space |C(P)| only 
captures some of the interesting topological features which a polytope P can have, 
but leaves out many others. Here, we shall not attempt to give a detailed account of 
the various other ways in which a topological space can be associated with an abstract 
polytope. Instead, the reader is referred to Brehm, Ktihnel and Schulte [49, §3]. At the 
end of this section we shall briefly comment on some of the difficulties which arise 
in this context. For our purposes, it is important to note that the following concept of 
a globally or locally spherical regular polytope will not be affected by any of these 
ambiguities. They are indeed ruled out by definition. 

For notational reasons, in this section we prefer to denote the rank by n+ 1. An 
abstract (n + 1)-polytope P is called (globally) spherical if it is isomorphic to the 
face-lattice of a convex (n + 1)-polytope Q. By the results of Section 1B, if P is a 
regular polytope, then Q must be combinatorially regular and hence isomorphic to a 
regular convex polytope (spherical tessellation) R with D(R) = [(Q) = I'(P). Note, 
in particular, that each facet and vertex-figure, and more generally, section, ofa spherical 
regular polytope is again a spherical regular polytope. 

According to the last definition, the spherical regular (n + 1)-polytopes are precisely 
the finite universal (n + 1)-polytopes P = {pi, ..., Pn} which have p; > 2 for eachi. 
Then '(P) = [p1, ---, Pn], which is a finite irreducible Coxeter group. Occasionally 
we shall extend our terminology, and call each finite universal (n + 1)-polytope P a 
spherical (n + 1)-polytope. This can be explained as follows. 

The Coxeter group [\(P) is now the direct product of its irreducible components, 
which are determined by the occurrences of 2 in the Schlafli symbol. The order complex 
C(P) is isomorphic to the Coxeter complex for [’(P), and hence yields a triangula- 
tion of S”. Geometrically, its n-simplices can be obtained as the intersections of S” 
with the (7 + 1)-dimensional simplicial cones in the chamber complex for "(P) (see 
Section 3A). We can now appeal to Theorem 3D7, which describes how the faces 
of P can be recovered from the chamber complex. When intersected with S”, this 
yields a “decomposition” of S"” which is “isomorphic” to P. (However, in general, 
this will not be a tessellation as defined in Section 6A.) For example, the 3-polytope 
{p, 2} gives a decomposition of S* into two “regular p-gons”; this is a dihedron 
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(see [120, p. 12]). Later in this section we shall further elaborate on these decom- 
positions. In this context, it is interesting to note that each finite regular polytope P, 
whose order complex is topologically a sphere, is indeed isomorphic to a finite universal 
polytope (Theorem 1B3 and [151, §§2, 4; 155]). We shall prove this in Theorem 6B2 
under a slightly stronger assumption. In particular, if P is of type {p1,..., Pn} with 
Pp; > 2 for alli, then we have isomorphism with a convex regular (” + 1)-polytope. 

For notational convenience, unless specified otherwise, we shall use the notion of 
a spherical polytope in the more restrictive sense to mean isomorphism with a convex 
polytope. 

Now, moving on to local topological type, we say that a polytope P is locally 
spherical if all its proper sections are spherical polytopes or, equivalently, if all its 
facets and vertex-figures are spherical. However, we do not require that P itself be 
spherical. Then, if P is regular, its facets and vertex-figures are isomorphic to convex 
regular polytopes. Easy examples of locally spherical regular polytopes are the globally 
spherical regular polytopes and the euclidean or hyperbolic regular tessellations. (Note 
that, if we allowed arbitrary finite universal polytopes as facets and vertex-figures of 
a locally spherical regular polytope, it would actually become spherical if its Schlafli 
symbol contained an entry 2.) 

Another class of examples of locally spherical regular polytopes comprises the 
regular toroids, which we shall describe in detail in Sections 6D-6F. Here we give a 
brief introduction to them. 

A (globally) toroidal (n + 1)-polytope or, more briefly, an (n + 1)-toroid is an ab- 
stract (n + 1)-polytope P which is the quotient of a periodic tessellation T of euclidean 
n-space I” (with convex polytopes as tiles) by a subgroup (lattice) A of its translational 
symmetries which is generated by n independent translations; the resulting toroid is 
written P = T/A. Topologically, P is then a tessellation on the n-torus E” /A, which is 
the orbit space of E” modulo A (Section 6A). Note that the rank of the toroid is always 
one larger than the dimension of the torus. By Theorem 3D5, for a regular toroid P, 
we may further assume that 7 is a regular tessellation of E” and that A is a normal 
subgroup of the symmetry group G(T ) of J. For rank 3, the regular toroids are regular 
maps on the 2-torus; see Section 1D or [131]. The facets and vertex-figures of each 
regular (n + 1)-toroid P are necessarily spherical regular n-polytopes. They are indeed 
of the same kind as the facets and vertex-figures, respectively, of the corresponding 
regular euclidean tessellation TJ. Now, if we consider P = T/A as a tessellation on 
EK” /A and take the barycentric subdivision of the tiles (facets) in a consistent manner, 
we arrive at a triangulation of E”/A which is isomorphic to the order complex C(P) 
of P. It is now apparent that the corresponding space |C(P)| is just the n-torus E”/A 
itself. 

In summary, therefore, both the spherical and the toroidal regular polytopes are 
equipped with a natural topology which also coincides with that of the corresponding 
order complexes. As we shall see, this is more generally true for all locally spherical 
polytopes. 

For later use we note the following two results. Recall from Section 2E the notion 
of a sparse subgroup. 
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6B1 Lemma Let P be a locally spherical regular (n+ 1)-polytope of type 
{Pi,-++, Dn}, and let T :={pi,..., Pn}, the universal (n + 1)-polytope of its type. 
Then P =T/N, where N is a sparse normal subgroup of I'(T)(= G(T) = 
[Pi,---. Pal). 


Proof. Let I(T) = (po,---; Pn), and I'(P) = (00, ..-; On), with the obvious mean- 
ing. Then the mappings p; > 0; (for i=0,...,m) induce a homomorphism 
K: I(T) > I(P). Let N := ker(x), so that '(P) = '(T)/N. Then we know that 
I'(T)/N is a string C-group. Since the facets and vertex-figures of TJ and P are of the 
same kind, we must have 


N11 (60, -+++ Pn-1) = {€} = NO (p1,- ++ Pn): 


Then, by Lemma 2E22, N must be sparse. Hence also, by Proposition 2E19, 
P=T/N. 


6B2 Theorem Let n > 1, and let P be a finite regular (n + 1)-polytope of type 
{P1,---» Dn}. If the order complex of each section of P of rank at least 2 (including P 
itself) is topologically a sphere, then P is isomorphic to the universal (n + 1)-polytope 
LD ise 5Dal: 


Proof. The proof is by induction on n. The case n = | is trivial. Let n > 2. By the 
obvious inductive hypothesis, we can assume that the facets and vertex-figures of P 
are isomorphic to the finite universal n-polytopes {p),..., Py—1} and {po,..-., Dn}, 
respectively, each with a spherical order complex. Let T := {pi,..., Pn}. Then, by 
Proposition 2E19,P = T/N, where N isanormal subgroup of I(T ). In fact, the proof 
of Lemma 6B1 carries over to this situation and shows that N is sparse. In particular, the 
structure of the facets and vertex-figures is preserved under the quotient. It follows that 
N acts freely and properly discontinuously as a group of homeomorphisms on |C(7)|, 
and determines a topological covering : |C(Z)| — |C(P)| between the spaces of the 
two order complexes (Section 6A). For the proof that N is properly discontinuous, note 
that, for each x € |C(Z)|, we can find an open neighbourhood U of x which entirely 
contains a (closed) maximal simplex of C(Z) that contains x, such that the transforms 
Ug (for g € N) of U are mutually disjoint. Now, since |C(P)| = S” and S” is simply 
connected, the covering must be trivial; hence |C(Z )| = |C(P)|. Then N must be trivial 
and P must be isomorphic to J. This completes the proof. 


We remark that the statement of Theorem 6B2 remains true if we replace the 
requirement that P be regular by the weaker requirement that P be equivelar (see 
[155, 279] and Theorem 1B9). Recall from Section 1B that an equivelar (n + 1)- 
polytope P is one which has a Schlafli symbol {p1,..., pn}; that is, for each flag 
W = {G_1, Go,..., Ga41} of P and for each j, the section Gj4;/G 2 of P isa 
pj-gon. 

We now explain how a locally spherical regular polytope P determines a space- 
form. To this end, if P is such a polytope of rank n + 1 and type {pj,..., Pn}, then 
its facets P; and vertex-figures P2 are isomorphic to the convex regular n-polytopes 
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{Pi,---, Pn-if and {p2,..., Pn}, respectively, and P itself is a quotient of the universal 
regular (n + 1)-polytope TJ := {p,..., Pn}. In the present situation, J is just the 
(locally finite) regular tessellation with the same Schlafli symbol in S’, E” or H”. By 
E we denote the underlying (natural) space of J. Note that the local finiteness of P 
excludes the possibility that T is a regular hyperbolic honeycomb with infinite facets 
or vertex-figures. 

We can now appeal to the concepts introduced in Section 6A. Write P = T/N, the 
quotient of J defined by a sparse normal subgroup N of G(7) (= I'(Z)). Then, as 
a group of isometries of E, the group WN is discrete and acts freely. In fact, N does 
not impinge on the facets and vertex-figures of J because their structure is preserved 
under the quotient of J by N. In particular, given a point x € E, we can find an 
open neighbourhood U of x which entirely contains a closed fundamental simplex for 
G(T) that contains x, such that the transforms Ug (for y € N) of U are mutually 
disjoint (Section 3A). It follows that E/N is an n-dimensional spherical, euclidean or 
hyperbolic space-form on which P lives as a regular tessellation. 

In the spherical or hyperbolic case, the Schlafli symbol determines the original 
tessellation J up to congruence, and so the isometry type of the space-form E/N is 
not affected by the particular representative we picked for 7 . However, in the euclidean 
case, J is only determined up to similarity. The isometry type, but not the similarity 
type, will thus depend on our choice of the representative. 

Proceeding with the general discussion, just as in the case of the regular toroids on 
the n-torus, we can now construct a triangulation of E/N from the original polytope 
P by taking the barycentric subdivision of the tiles (facets) in a consistent manner. 
Equivalently, we can first take the barycentric subdivision of the tessellation T on £, 
which is invariant under G(T), and then pass to its quotient modulo N. This triangu- 
lation of E/N is isomorphic to the order complex C(P), and so we can conclude again 
that |C(P)| = E/N. In particular, we may note that P is a finite polytope if and only if 
E/N is a compact space-form. 

We can further observe that the combinatorial (n — 1)-covering T \, T/N = P of 
(n + 1)-polytopes determines the topological covering projection 7: E > E/N of the 
original space E' onto the space-form E/N, and vice versa. Thus, for locally spherical 
regular polytopes, the two concepts of combinatorial covering of polytopes and topo- 
logical covering of associated spaces are very closely related. There is no analogue of 
this for general regular polytopes. 

In this situation, P is a tessellation on E'/N which is regular in a strong geometric 
sense. Let G(P) denote the (geometric) symmetry group of P; by this we mean the 
group of all isometries of the space-form E/N which map the tessellation P onto 
itself. We claim that G(P) acts simply flag-transitively on the tessellation P and that 
G(P) = I'(P); that is, P 1s geometrically regular. 

To prove this, recall from Section 6A that the isometry group Z(£/N) of E/N is 
isomorphic to the factor group Nz(z)(V)/N, where Nz(z)(N) is the normalizer of N in 
the isometry group Z(£) of £. In particular, the isomorphism Nzz)(N)/N > Z(E/N) 
is given by No + 6, where G is defined by (xN)o := (xo)N forx € E. 
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Now N is a normal subgroup of G(Z); hence G(T) is contained in Nz(z)(N). It 
follows that the isomorphism maps the subgroup G(Z)/N of Nzz)(N)/N onto the 
subgroup G’(P) := {6 |o € G(Z)} of Z(E/N). By Proposition 2E18, G(T )/N = 
I'(1)/N =I(Z/N) =I (P). We can now conclude that G’(P) is a subgroup of the 
symmetry group G(P) of P. In fact, each 6 witha € G(T) is now an isometry of E/N 
which preserves the tessellation P = T/N on E/N. In particular, G’(P) acts simply 
flag-transitively on P, because it is isomorphic to G(T7 )/N and hence also to '(P). 

It remains to be shown that the two groups G(P) and G’(P) actually coincide. To 
this end, if t € G(P), then t = 4, for some o € Nxz)(N), because t is an isometry 
of E/N; then o is uniquely determined modulo N. On the other hand, t also induces 
an automorphism of P, and hence, modulo N, the pull-back o must be in G(T). It 
follows that t = 6 € G(P), which completes the proof. 

In summary, then, we see that we have proved the following 


6B3 Theorem Let P be a locally spherical regular (n+ 1)-polytope of type 
{Pi,--+5 Dn}- 


(a) Combinatorially, P is a quotient T/N of the regular tessellation T = 
{P1,-++» Pn} in spherical, euclidean or hyperbolic n-space E by a sparse nor- 
mal subgroup N of I(T) (= G(Z)), which, when considered as a group of 
isometries of E,, is discrete and acts freely on E. 

(b) Topologically, P can be viewed as a regular tessellation on the corresponding 
spherical, euclidean or hyperbolic space-form E/N, whose fundamental group 
is isomorphic to N. In particular, |C(P)| = E/N, where C(P) is the order com- 
plex of P, and P is a finite polytope if and only if E/N is a compact space-form. 

(c) Geometrically, P can be viewed as a tessellation on the space-form E/N, which 
is (geometrically) regular in the strong sense that its symmetry group G(P) is 
simply flag-transitive and isomorphic to the combinatorial automorphism group 


P(P). 


As we pointed out earlier, in the spherical or hyperbolic case, the space-form E/N 
constructed in the proof of Theorem 6B3 is uniquely determined up to isometry by 
P.. However, in the euclidean case, it is only determined up to similarity, and depends 
also on the choice of the representative for J. For most considerations this will be 
irrelevant, so that we may pick a representative at our convenience. 

The volume Vol(£/N) of the space-form E/N can be directly expressed in terms 
of T and P. If F, isa tile of the original tessellation TJ in E with volume Vol(F,,), and 
if f, is the number of facets of P, then 


Vol(E/N) = fy Vol(Fi). 


In fact, for the action of N on £, we can clearly choose a proper fundamental region 
D whose closure is the union of f,, tiles of J, one for each orbit under N on the set of 
tiles of TJ (Section 6A). Then Vol(E/N) = Vol(D) = f, Vol(F,,), because each tile of 
T is congruent to F;,. 
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If vz denotes the volume of the characteristic orthoscheme which is the fundamental 
simplex in £ for the symmetry group G(T), then 


Vol(Fn) = ur: |[P1, +--+, Pa—i]l- 


In fact, F,, decomposes into such orthoschemes, namely, one for each element of the 
symmetry group [p1,.--, Pn—1] of Fn. 

If E = E”, then vz depends on the representative we pick for J (and could take 
any positive value). However, if E = S” or H”, then 7 is determined up to congruence 
and vz takes a fixed positive value denoted by v(p1, ..., pn). In this case, Vol(E/N) 
is determined solely by the Schlafli symbol and the number /, of facets of P. For S”, 
there is a close relation between v(p1,..., Pn) and Schlafli’s famous volume function 
for spherical orthoschemes (see [101, 246, 247, §1.3]; see also Section 3E, for elemen- 
tary calculations of v(p1, ..., Pn)). The following lemma is now an easy consequence 
of the fact that isometric space-forms have the same volume. 


6B4 Lemma /f two locally spherical regular (n + 1)-polytopes of the same Schlafti 
type have distinct numbers of facets, then the two corresponding space-forms cannot 
be isometric (provided that in the euclidean case they have been derived from the same 
representative for T). 


In essence, Theorem 6B3 says that a locally spherical regular polytope can be viewed 
as a regular tessellation on a space-form. We shall now prove that the converse is also 
true. In fact, we shall obtain a stronger result. 

To this end, we begin with a tessellation P on a real manifold which is not a priori 
associated with a given regular tessellation J in a space £. In this context, recall 
from Section 6A that, in our definition of tessellation, we require that the tiles of P be 
homeomorphic images of convex polytopes, which fit together in such a way that the set 
of faces is an abstract polytope (again denoted by ?). Further, recall that a tessellation 
is (combinatorially) regular if, as a polytope, it is regular. 

Now let P be a tessellation on a real n-manifold XY without boundary. If P is 
regular, then its tiles, being homeomorphic images of convex n-polytopes, must also 
be combinatorially regular and hence, by Theorem 1B3, must be isomorphic to convex 
regular n-polytopes. Also, since a tessellation is by definition locally finite and X is an 
n-manifold, each vertex-figure of P must be a finite n-polytope whose order complex 
is topologically an (n — 1)-sphere. Now two cases can occur. 

Let P be of type {p,..., pr}. If P has only two tiles, then p, = 2 and X is 
the n-sphere which is decomposed into two copies of the polytope {p1,..., Pn—1} 
sharing a common boundary; that is, P is a ditope on S”. This is the degenerate 
case. Recall that a ditope is an abstract polytope which has only two facets. For a 
decomposition of S” with full geometric symmetry, the (boundary of the) convex 
regular n-polytope {p,.--, Pn—1} must be placed at the equator of S”; then the upper 
and lower hemisphere can be considered as the two copies of {p1, ..., Pn—1} which tile 
S”. This is the decomposition of S” for the finite universal polytope {p1,..., Pn—1, 2} 
which we mentioned earlier. 
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In the non-degenerate case, P has more than two tiles. Then p, > 2 and the vertex- 
figures are also isomorphic to convex regular n-polytopes, now with Schlafli symbol 
{p2,---, Pn}. This follows from Theorem 6B2, using the observation that the order 
complex of each proper section of P is topologically a sphere, and that 2 does not occur 
in the Schlafli symbol. Now we have both facets and vertex-figures of isomorphic 
to convex regular polytopes. In particular, we have proved 


6B5 Theorem Let P be a regular tessellation on an n-dimensional real manifold X 
without boundary. 


(a) If P has only two tiles, then X = S" and P is a (regular) ditope on S". 
(b) If P has more than two tiles, then it is a locally spherical regular (n + 1)- 


polytope. 


The following corollary is now a consequence of Theorems 6B3 and 6B5. 


6B6 Corollary Every regular tessellation on a real manifold without boundary is 
isomorphic to a geometrically regular tessellation on a space-form which is homeo- 
morphic to the manifold. The isomorphism is induced by a homeomorphism between 
the two spaces. 


Proof. If P is a regular tessellation on a manifold X with more than two tiles, then 
Theorem 6B5 implies that it is a locally spherical polytope, and Theorem 6B3 yields the 
isomorphism with a geometrically regular tessellation on a space-form X’. However, 
the combinatorics of a tessellation determines the topology of its underlying space. In 
fact, a topological barycentric subdivision of a tessellation gives a triangulation which 
is isomorphic to the order complex, and so the space is just that of the order complex. 
In particular, the original manifold X is homeomorphic to X’. The homeomorphism 
which carries the order complexes of the tessellations on X and X’ into each other 
also carries the tessellations themselves into each other. (Note that, if X itself is a 
space-form, it need not be isometric to _X’.) This completes the proof. 


By Corollary 6B6, a regular tessellation on a space-form X determines X up to 
homeomorphism. It is a non-trivial fact that, in the interesting cases, the type of geom- 
etry is uniquely determined by the topology. 

For spherical space-forms this is obvious; they are topologically distinguished from 
the euclidean and hyperbolic space-forms by the finiteness of their fundamental groups. 
In the euclidean or hyperbolic case, the basic spaces E” and H” are of course homeo- 
morphic and so are not determined by the topology. On the other hand, no hyperbolic 
space-form of finite volume can be homeomorphic to an euclidean space-form. In par- 
ticular, this includes compact space-forms. The Gromov invariant for manifolds can 
distinguish topologically between these two types of spaces (see [194, §0.2; 344, §11.4; 
411, §6.1]); it takes a positive value for hyperbolic space-forms of finite volume, but 
is zero for all euclidean space-forms. For even dimensions n, the Euler characteristic 
x achieves the same effect. In particular, y 4 0 for each even-dimensional hyperbolic 
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space-form of finite volume (see [246, p. 30] and (6J8)), but x = 0 for each euclidean 
space-form (of any dimension) which is not E” itself (see [467, Corollary 3.3.5]). For 
example, a closed surface of Euler characteristic x is a 2-dimensional spherical, eu- 
clidean or hyperbolic space-form if y > 0, x = 0 or x <0, respectively. We shall further 
explain this in Section 6J. For now, we just note the following. 


6B7 Lemma Letn > 2, and let P be a regular tessellation of type {p,,..., Pn} onan 
n-dimensional compact space-form X. Let T := {p,,..., Pn}, the universal polytope 
of which P is a quotient. Then the geometry of X determines the geometry of the 
(natural) space E of T; that is, E =S", E" or Hl” according as X is a spherical, 
euclidean or hyperbolic space-form. 


Proof. If p, = 2, then P has only two tiles. By Theorem 6B5S, it follows that X = 
E=S" andP =T.If p, > 2, then, from Theorem 6B5 again, P is locally spherical. 
Also, by Theorem 6B3, P = 7 /M for some M, and P can be regarded as a regular 
tessellation on the space-form E/M. Since X and E/M are homeomorphic and X is 
compact, the type of geometry is determined by the topology of the underlying space. 
It follows that E = S”, E” or H” according as X is spherical, euclidean or hyperbolic. 


Note that spherical space-forms are always compact. If ¥ = E” or H”, the statement 
analogous to that of Lemma 6B7 is not true. In fact, since E” and H” are topologically 
the same, each geometrically regular tessellation in E” can be viewed as a (combina- 
torially) regular tessellation in HI”, and vice versa. 

Although the type of geometry is usually uniquely determined, there are in general 
two space-forms that need to be considered, namely, the original space-form E/N 
(= X) (say) with tessellation P, and the new space-form E/M which is defined by 
expressing P as a quotient 7 /M. Topologically they are the same (and hence their 
fundamental groups N and / are isomorphic), but as space-forms they need not be 
isometric. 

In the euclidean case, this is hardly surprising. In fact, as we remarked in Section 6A, 
the fundamental group determines an n-dimensional compact euclidean space-form 
only up to affine equivalence, but not isometry or even similarity. For example, all 
regular (n + 1)-toroids described in Sections 6D and 6E are tessellations in the same 
topological space, the n-torus. However, more than one similarity class of n-tori occurs, 
because the corresponding lattices in E” are not mutually similar. As we shall see in 
Section 6G, there are no other compact euclidean space-forms which admit regular 
tessellations. 

On the other hand, we shall also see in Section 6C that S” and P” are the only 
spherical space-forms which admit a regular tessellation. For these, homeomorphism 
does imply isometry. 

Finally, for hyperbolic space-forms of finite volume and dimension n > 3, it is 
a consequence of Mostow rigidity in H” that homeomorphic space-forms are also 
isometric (see [344, §11.6; 411, §5.7]). We shall elaborate on this in Section 6J. For 
n = 2, the corresponding statement is not true [344, Chapter 9]. 
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We conclude this section with two more general remarks. The first concerns the 
decompositions of S” related to finite universal polytopes, which we mentioned earlier 
in this section. The second deals with the general problem of associating topological 
spaces with an abstract polytope. 

To begin with the first, in our definition of a tessellation on a space-form we require 
the tiles to be topological images of convex polytopes. Except for ditopes on S”, this 
rules out tessellations whose Schlafli symbol contains an entry 2. Nevertheless, many 
polytopes with a 2 in the Schlafli symbol can be realized topologically by “decomposi- 
tions” of spaces which share many properties with tessellations. Here we shall revisit 
the finite universal (n + 1)-polytopes P = {p1, ..., Pn} whose Schlafli symbol con- 
tains a 2; they determine a decomposition of S’. Now I’(P) = [p1, ..-, Pn] is a finite 
reducible Coxeter group. 

We proceed by induction on the number of connected components of the underlying 
Coxeter diagram. If there are just two components and p; = 2 (say), then{p),..., px—1} 
and {px41,---, Pn} are isomorphic to convex regular polytopes, which can be realized 
topologically as tessellations on S‘~! or S"~*, respectively. On S", which is the topolog- 
ical join S‘! « S"~*, we can then find the decomposition into “tiles” S‘~! « F, where 
F is a tile of the tessellation {pz41,..-, Pr} on S’-*, and S‘! « F is the join of S! 
and F in S". These tiles S‘~! « F are topologically n-cells whose boundary is decom- 
posed into “faces” of two kinds: the faces G of the tessellation {p;,..., px_1} on S*!, 
of rank less than k, and the faces S‘“! * G, of rank k + rank G, where G is a proper 
face of F’. This face structure is a consequence of the fact that the universal polytope 
{Pi,---, Pn} with p; = 2 is combinatorially (7, 7)-flat for each i, 7 withi <k < j; 
this means that each of its i-faces is incident with each of its j-faces (Section 4F). 

If k = n, we obtain a ditope on S", or a dihedron ifn = 2. If k = 1, we arrive at the 
decomposition by placing {p2,..., Px} at the equator of S”, and joining every proper 
face of it to both the north and south poles of S”. For n = 2, this consists of pz digons, 
and is known as the hosohedron (see [120, p. 12]). 

If there are more than two connected components and & is the largest index such 
that p; = 2, then we can construct the decomposition for {p;,..., px—1} on sil by 
the obvious induction, and then again obtain the decomposition for {p;,..., Pn} on S” 
in the same way. The faces of the tiles S‘~! « F are then determined as before. This 
completes the construction. 

As we mentioned at the beginning of this section, there are often many ways in which 
a topological space can be associated with an abstract n-polytope P. If P is locally 
spherical, then ? can be recovered from its order complex C(P) in such a way that, 
in the space |C(P)|, its facets and vertex-figures appear as topological (n — 1)-cells. 
This makes |C(P)| the natural space for P. However, if P is not locally spherical, the 
picture is more complicated. 

For example, if P is an abstract regular 4-polytope whose facet is isomorphic to a 
toroidal map and whose vertex-figure is isomorphic to a Platonic solid, then |C(P)| is 
a 3-manifold on which the facet occurs as a cone over the 2-torus (not as a solid torus); 
the vertex-figure is still a 3-cell. However, in this situation, we may rather wish to find 
another topological model for P on a 3-manifold X for which the facets are solid tori. 
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If P has only two facets, then, in such a model, the two solid tori are glued together 
along their common boundary and give a “Heegaard splitting of genus 1” of the under- 
lying manifold _X. It is well known that X is determined by the way the solid tori are 
glued, and can indeed be any lens space [383, §62; 470]. An example is the standard de- 
composition of S* into two solid tori. This already shows that for traditional Heegaard 
splittings of 3-manifolds X, where X is decomposed into only two handlebodies of the 
same genus, the topological structure of the two pieces does not determine X uniquely. 

In the general situation, the desired model for P on X would give a “generalized 
Heegaard splitting” for X which is also combinatorially regular. Again, the topology 
of X would not be completely determined by the combinatorics of P. 

For a more systematic approach to topological models for polytopes on manifolds 
(possibly with singularities), we refer to Brehm et al. [49]. For some small polytopes, the 
admissible spaces X can be classified if certain natural assumptions on the models are 
made; the spaces include the 3-sphere S*, connected sums of handles S! x S*, euclidean 
and spherical space-forms, and other examples with non-trivial fundamental groups. 
Another interesting example is a decomposition of S? into 20 solid tori, which was inde- 
pendently discovered in Coxeter and Shephard [132] and in Griinbaum [199, Table 3]; 
this is a topological model for the regular 4-polytope 173 0) = {{4, 4} (3,0), {4, 3}} (see 
Section 10B). For further related work see also Banchoff [19], Costa [94], Ferri, 
Gagliardi, and Grasselli [168], Kiihnel [256], Montesinos [327], and Valverde [428]. 

From an abstract polytope P, we can also obtain lower-dimensional “complexes” 
which are not themselves polytopes. For example, the 2-skeleton (set of all faces of 
rank at most 2) of P gives a polygonal complex on which J"(P) acts in a natural way. 
These complexes and their topologies are completely unexplored. For example, it is not 
even known which complexes can arise in this way from polytopes. For related work 
see also [17]. 


6C Projective Regular Polytopes 


The regular tessellations P on n-dimensional spherical space-forms are obtained as quo- 
tients of regular tessellations 7 = {p1,..., p,} on the unit n-sphere S” (Lemma 6B7). 
Now T is finite, and isomorphic to a convex regular (n + 1)-polytope in euclidean 
(n + 1)-space E”*!. Clearly, there can be only finitely many such quotients P. We shall 
see that, in each case, the corresponding space-form is the n-sphere S” itself or the real 
projective n-space P”. In this context, it is interesting to note that, in even dimensions 
n, these two spaces are the only spherical space-forms which exist, and that, in odd 
dimensions, each spherical space-form is orientable [344, p. 338]. 

As in the previous sections, we denote the space-form by S’/N, and the quotient 
tessellation P on S"/N by T /N, where N is anormal subgroup of the symmetry group 
G(T) (= I'(Z)) of T, which acts freely as a group of isometries on S”. If N is trivial, 
then the improper quotients S"/N and TJ /N can be identified naturally with S” and T, 
respectively. On the other hand, the proper quotients can be determined by inspecting 
the normal subgroups N of G(7Z), and verifying in each case that N acts on J in such 
a way that the structure of the facets and vertex-figures is preserved. In all but three 
cases this is straightforward. 
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In particular, the projective regular (n + 1)-polytopes P occur when the original 
tessellation J on S” is centrally symmetric (that is, invariant under the mapping —/, 
where J is the identity mapping on S"), and N = {+/}. Then P is a regular tessella- 
tion in projective n-space P” = S"/{+/} (see [112]). The projective polytope corre- 
sponding to a centrally symmetric polytope T = {p1,..., Pn} is also called the hemi- 
LPist 2<y Pal 

A projective regular polytope can be conveniently described by a suffix to the Schlafli 
symbol of the corresponding 7, which is half the length (number of edges) of the Petrie 
polygon of T. Recall that, inductively, a Petrie polygon of T, or more generally, of an 
abstract (n + 1)-polytope, is an edge-path such that any n consecutive edges, but no 
n + I, belong to a Petrie polygon of a tile (facet) ({120, p. 223], Section 3E). Here we 
begin the induction by declaring that the Petrie polygon of a polygon (2-polytope) is 
the polygon itself. 

If h is the length of the Petrie polygon of 7, then / is even and the distinguished 
generators (, 01, ---, Pn for G(T) satisfy the relation 


(pop1-+* Pn)’ =e 


[120, p. 225]. In fact, the element (0/1 -- « Pn)" is just the mapping —/ which, in the 
quotient, identifies antipodal faces of T in pairs. The element 9 - - - 0, is also known 
as the Coxeter element of the Coxeter group G(T) = [p1, ..., Pn], and is an important 
element (see [111, 222, p. 74]). As just one example, the number of reflexions in G(T) 
is (n + 1)h/2 (see [120, §12.6; 399]); we remark that this number can also be expressed 
in terms of the degrees of the invariants of the group [396]. 

A presentation for the group '(P) (= G(P)) of the projective regular polytope 
P = T/{+I} can then be obtained by adjoining to the standard relations for the Coxeter 
group [p1,.--, Pn] in terms of (0, ~1,..-, Pn the single extra relation 


6C1 (pop +++ pry’? =e. 


In fact, P(P) = F(T /{41}) = F(T) /{4]}, and (0001 - ++ Pn)" = —I. We extend 
the notation of Section 1D, and write {p1,..., Pn}n2 aS a convenient shorthand for 
P. Table 6C1 lists all the symbols that actually occur. Note further that the suffix h/2 
is just the length of the Petrie polygon of the projective polytope P itself; that is, in 
passing from J to P, the length of the Petrie polygon is halved. 


Table 6C1. The Projective Regular 
(n + 1)-Polytopes in Real Projective n-Space P” 


n Symbol Name 
>2 3" 4h 


Hemi-(7 + 1)-cross-polytope 


{4,3"-41  Hemi-(n + 1)-cube 
2 = {3, 5}s5 Hemi-icosahedron 
{5, 3}5 Hemi-dodecahedron 


3 {3,4, 3}6 Hemi-24-cell 
{3, 3, Shis Hemi-600-cell 
{5, 3, 3}15 Hemi-120-cell 
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The nature of the extra relation for '(P) is also consistent with the observation that 
the fundamental group of P” is generated by a loop which corresponds to a path on S” 
connecting antipodal points, and is therefore determined by the mapping —/. This is 
a special case of the more general fact that, for a quotient tessellation P = T/N ona 
space-form E/N, the fundamental group (E/N) determines the extra relations for 
its group "(P) that have to be added to the standard relations given by I"(T ). Indeed, 
this fundamental group is just N itself, and the group of J /N is '(7)/N. We shall 
meet this situation again in the context of the regular toroids where we also have just 
one extra relation. 


6C2 Theorem Zhe only regular tessellations on n-dimensional spherical space-forms 
are the regular tessellations on the euclidean n-sphere S" and the projective regular 
(n + 1)-polytopes in real projective n-space P". 


Proof. Of the regular tessellations JT on S” which occur in infinite series, only those that 
correspond to the (n + 1)-cross-polytope or the (” + 1)-cube can give proper quotients 
P. Since the facets and vertex-figures must be of the same kind as the originals, this 
leaves only the dual pair of projective polytopes {3”~!, 4},4; and {4, 3”~'},,41, where 
the suffix is again the length of the Petrie polygon of P. In fact, if T = {4, 3"71}, 
then a proper quotient P = J /N must have at least 2” vertices with simplicial vertex- 
figure and hence a group of order at least 2”(n + 1)!. Since G(T) = [4, 3”~'] has order 
2"+1(n + 1)!, the corresponding subgroup N must have order 2 and therefore, being 
normal in G(Z), must coincide with the centre {£/} of G(T). This gives the hemi- 
(n + 1)-cube {4, 3”~'},,41 a projective regular (n + 1)-polytope in P”. Its dual is the 
hemi-(n + 1)-cross-polytope {3”~!, 4},41 in P”. 

For n = 2, it is easy to verify that there are no further possibilities besides the hemi- 
icosahedron or hemi-dodecahedron. Both are projective regular 3-polytopes. This is 
also in agreement with the fact that there are no other 2-dimensional spherical space- 
forms besides S? and P?. In the remaining case n = 3, we clearly have the projective 
4-polytopes derived from {p, q,r} = {3, 4, 3}, {3, 3, 5} or {5, 3, 3}. We need to argue 
that there are no further possibilities for proper quotients. 

For T = {3, 4, 3}, a proper quotient P = J /N with octahedral facets and cubical 
vertex-figures must clearly have at least 6 vertices and group order 288 (= 6 - 48). 
This implies that || = 2, 3 or 4. Now it is straightforward (if tedious) to show that 
necessarily |N| = 2 and therefore again N = {+/}. This gives the projective 4-polytope 
{3, 4, 3}¢ (with Petrie polygons of length 6). 

For T = {3, 3, 5} or its dual {5, 3, 3}, itis rather tedious to prove a similar statement 
by hand; see [33] for a complete argument. (Of course, one could also instead appeal 
to computer generated lists of normal subgroups of [3, 3, 5]; see, for example, [211, 
Table 3].) It turns out that the projective polytopes are again the only possibilities. This 
concludes the proof of the theorem. 


We remark that there are also interesting tessellations on spherical space-forms 
which are not regular. These can be constructed as quotients of regular tessellations 
T on S" by subgroups N of G(T) which are not normal. For instance, in the group 
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[3, 4, 3] of the 24-cell, we have (9 01203)!” = I, because {3, 4, 3} has Petrie polygons 
of length 12. Here the element (0901 0203 ye generates a subgroup JN of order 3 which is 
not normal. The quotient {3, 4, 3}/N is now a 4-polytope which is not regular, but has 
8 octahedral facets and 8 vertices with cubical vertex-figures. It is a tessellation on the 
3-dimensional spherical space-form S*/N with fundamental group C3 (= N), which 
is a lens-space L(3, 1); see [467, p. 224]. 

From the 600-cell we also obtain quotients with interesting graph-theoretic proper- 
ties. If G and 1 are two graphs, then G is said to be Jocally ‘H if the induced subgraph 
on the neighbours of each vertex in G is isomorphic to H. For example, the edge- 
graph of a regular polytope P with triangular faces yields a graph which is locally the 
edge-graph of the vertex-figure of P. For certain finite graphs H, including the edge- 
graph of the icosahedron, the finite graphs which are locally 1 have been completely 
enumerated (see [53]). In particular, there are just three /ocally icosahedral graphs, 
namely, the edge-graphs of the 600-cell {3, 3, 5}, the hemi-600-cell {3, 3, 5}1s5, and a 
quotient of {3, 3, 5} with 40 vertices [33, 71, 72]. For related work see also [70, 80, 230, 
430, 440]. 

Highly symmetric graphs are, of course, of considerable interest in their own right. In 
the present context, the famous Petersen graph occurs as the edge-graph of the hemi- 
dodecahedron {5, 3}5. We briefly mention here a generalization to a graph G(p, d), 
defined as follows. It can be drawn in the plane (with crossings permitted) as a p- 
gon outside a concentric (p/d)-gon (which is allowed to split if the greatest common 
divisor (p, d) > 1), with each pair of corresponding vertices of the two polygons joined 
by a further edge. Further, it is insisted that the automorphism group of the graph be 
transitive on the vertices and on the edges. The Petersen graph itselfis G(5, 2); actually, 
G(5, 2) has twice as many automorphisms as {5, 3}5, since the latter is self-Petrie. It 
was shown in [172] that there are just seven such graphs G(p, d), namely, 


G(4,1), G(5,2), G(8,3), G(10,2), G(10,3), G(12,5), G(24,5). 


In particular, G(4, 1) is the graph of the ordinary cube, and G(10, 2) is the graph of the 
dodecahedron itself. It was proved in [286] that 


6C3 Theorem The graphs G(p, d) are exactly the edge-graphs of the regular poly- 
hedra of type {p, 3} with 2p vertices. 


6D The Cubic Toroids 


A regular toroidal polytope of rank n + 1 or, more briefly, a regular (n + 1)-toroid, is 
a quotient of a regular tessellation TJ of euclidean n-space E” by a normal subgroup A 
of its translational symmetries; the resulting toroid is denoted T/A. By Theorem 6B3, 
T/A can be viewed as a (geometrically) regular tessellation on the corresponding n- 
torus E” /A. Further, we know from Corollary 6B6 and Lemma 6B7 that each regular 
tessellation on an n-torus is indeed isomorphic to such a regular (n + 1)-toroid. 

Since the Schlafli symbol determines a regular euclidean tessellation only up to sim- 
ilarity (rather than congruence), the isometry class of the torus E” /A will also depend 
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on the metrical representative which we pick for T. However, the similarity type of 
EK” /A is uniquely determined by the Schlafli symbol (and A). For most considerations, 
this ambiguity will be irrelevant and can be ignored, so that we may choose 7 at our 
convenience. 

The regular toroids of rank 3 were discussed in Section 1D. Here and in the next sec- 
tions, we shall describe the regular toroids of higher rank. They fall into two families — 
there are three classes derived from the regular cubic tessellation for each rank, which 
we shall discuss in this section, and four isolated classes of rank 5 derived from the 
tessellation T = {3, 3, 4, 3} of E* and its dual, which will be described in Section 6E. 

There are various relationships among these toroids, involving both subgroups and 
quotient groups, and these will be considered in Section 6F. 

In order to construct a regular toroid of rank n + 1 > 4, we must begin with a regular 
honeycomb of E”. Except when n = 4, the only such honeycomb is the tessellation 
{4, 3"-*, 4} of E” by cubes; as before, g* will be used to denote a string g,...,q of 
length k. 

The vertex-set of the cubic tessellation {4, 3”~*, 4} (= 7) may be taken to be Z”, 
the set of points in E” with integer cartesian coordinates; this set can also be regarded 
as its translation group. We obtain a toroid by factoring out the group [4, 3”~*, 4] by 
a subgroup A of its translations; we may think of A as a sublattice of Z”, for which 
reason we call it the identification lattice. Because we wish the resulting toroid to be 
regular, if we have the translation s € A, then we must also have all its conjugates 
under [4, 3”~, 4], or, what amounts to the same thing, under the group [3”~, 4] of its 
vertex-figure. This consists of all permutations of the coordinates of vectors with all 
changes of their signs. 

Let s be the smallest positive integer among the coordinates of vectors in A. Per- 
muting these coordinates if necessary, we can assume that (s, 52, ..., 5,) € A for some 
S2,...,8n © Z. Hence, (—s, 52,..., Sn) € A, and so (by subtraction) 2se; € A, where 
as usual e; is the ith standard basis vector of E” fori = 1,..., 7. It then follows that 
2se; € A foreachi = 1,...,n. 

We can now add integer multiples of these 2se; to a general vector in A, to produce 
one each of whose coordinates have absolute value at most s. We next permute these 
coordinates, and change their signs if necessary, to see that A is generated by all 
permutations of (s*, 0”~") with all changes of sign, for some k with 1 < k < n. Observe 
that k is unique, since we may subtract a vector with smaller & from one with larger k, 
so as further to reduce k. 

However, there are still restrictions on k. If3 < k <n — 1, we may shift coordinates 
along to obtain (0, s*, 0"-*—!) € A. After subtracting this from the original vector, and 
again permuting coordinates and changing their signs, we see that (s,s, 0”~?) € A. (If 
k is odd, it further follows that (s, 0”~') € A.) In any case, we see that the only allowed 
values of k are k = 1, 2 or n. We shall write A, for the translation group (or lattice) 
generated by s := (s*, 0”~*) and its images under permutation and changes of sign of 
coordinates. 

The lattices A, are familiar objects. First observe that 


As = SA Qk or’), 
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when s = (s*,0"~*). Of course, A(1,or-1) is just the cubic lattice Z”, the vertex set of 
{4, 3", 4} itself. The lattice A 1,1,0"-2) is the root-lattice D, (Section 3B); whenn = 3, 
it is also known as the face-centred cubic lattice. It consists of all integral vectors whose 
coordinate sum is even, and has as basis {e; + €2, €2 — €1, €3 — @2,.--,€n — Cn_1} 
(with determinant 2). When n = 3, the lattice Aq,_..1) is known as the body-centred 
cubic lattice, and is a scaled copy of the lattice reciprocal to A, ,1,9r-2). Recall that the 
reciprocal (or dual or polar) A* of a lattice A is defined by 


A* := {y € E” | (x,y) € Zforall x € A}, 


and thus consists of all vectors in E” whose inner product with each vector in A is 
integral. Then 


A basis for Aq,....1) is {2e1,..., 2,1, €1 +--+ + en} (with determinant 2"-!). The 
lattices A(1,1,o»-2) and Aq,,....1) are sublattices of the (self-reciprocal) lattice Aq o.-1) of 
index 2 and 2”—', respectively. For n = 2, there are only two lattices, and they are similar 
(equivalent under a similarity transformation of E*). Accordingly, any two quotients 
(? / Ag are similar 2-tori. If n > 3, no two lattices Acik,or-#) are similar; hence no two 
quotients E” /A, for different values of k are similar n-tori. 

For more details about the lattices A(y:o:-*) (and their applications to sphere 
packings), see also Conway and Sloane [91, pp. 106-120]. 

The regular polytope which results from factoring by a lattice A, is de- 
noted by {4, 3"? 4h, = {4, 37-7 Ae. and the corresponding group is written 
[4, 3”-*, 4], := [4, 3-7, 4]/Ay. The latter group is clearly a pre-C-group; in order 
that it satisfy the intersection property, we must actually have s > 2, but otherwise 
there are no further restrictions. (Since the geometry of these toroids is so simple, it 
is straightforward to verify the intersection property directly; otherwise, refer to the 
general discussion in Chapter 2.) Summarizing, we have 


6D1 Theorem For eachn > 3, ands = (s*, oS withs >2andk = 1,2 orn, there 
is a regular toroid {4, 3"-2 4}. Each such toroid is self-dual. 


We give the details of these polytopes in Table 6D1. The most important things we 
need subsequently are the numbers v of their vertices and f of their facets, and the 
orders g of their groups. 

If we wish, we can express the group order for the case s = (s*,0""*") as g= 
27+k-15" . m1, with similar common expressions for v and /, bearing in mind that the 
only allowable values for & are 1, 2 and n. 


Table 6D1. The Polytopes {4, 3"? Ah. 


s v f & 
(s,0"-!) s” s” (2sy" +n! 
(s,s,0"-7) 2s” 2s" Qrtlsn sn! 


(s”) gn-l gn gn-l gn g2n—l on -n! 
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We now describe the groups of these toroids. Let the group of [4, 3”~?, 4] be 


(Ro,..., Rn), where the R; are the reflexions with the following mirrors in E”. 
Throughout, x = (1, ..., &,) is a general vector of E”. 

Ro: & = 3, 
6D2 Rj: &; = &)41 forj=1,...,n—-1, 

Ry: &n = 9. 


Then, for each k = 1,...,n, 


xRoRi +++ Rea = (2, ---, &, 1 &1, Sg, ., &), 
XR Reg + Rn-1 Rn Rn-1 Rn—-2 ++ Re = (81, 1, — Es Ekg,» + En), 


so that 
6D3 X RoR +++ Ra-1 Ra Rn-1 +++ Re = («Ee G1 — 1, Erg, -.- En). 


Hence, (Ro Ry - ++ Ry-1 Rn Rn-1--- Ri)‘ is the translation by ((— ty o"-*), and the def- 
inition of {4, 3”~?, 4}, (for the various s) yields 


6D4 Theorem Let s = (s*,0"~*), with s > 2 and k = 1, 2, or n. Then the group 
[4, 3”-*, 4], is the Coxeter group [4, 3"~7, 4] = (po, -.., Pn), factored out by the single 
extra relation 


6D5 (0001 *** Pn—1PnPn—1Pn—2°** pry = 8. 


In this context, the reader may like to prove the following result as an exercise. 
From the geometric point of view, it is fairly obvious, since o; (in the notation of the 


proposition) is a reflexion which interchanges the standard basis vectors e; and e;41 of 
Ky” 


6D6 Proposition Let [4,3”"~?,4] = (p0,..-, On), and define t := poP1-** PnPn—I 
++ py and 0; ‘= p\f2+++ PjPj-1°** Pi for j =1,...,n —1. Then, fork = 1,...,n, 


k 
T + O1TO] + O2TO2+ ++ Of 1 TOK-1 = (P0P1*** PnPn—1°** Pk) + 


The cases k = | and 2 of Theorem 6D4 have interesting geometric interpretations, 
which are of importance for the future. Let us anticipate Section 7C, by introducing 
the concept of a cut of a regular n-polytope P (in that section, we shall discuss cuts in 
much more generality). Suppose that the centralizer A of the subgroup A’ generated by 
some proper subfamily of the distinguished generators of the group I’(P) of P is itself 
a string C-group (with respect to a suitable choice of generators). A regular polytope Q 
(of lower rank) with (Q) = A, whose vertices are invariant under A’, is called a cut 
of P. The nature of cuts will be illustrated here by some examples. For our purposes, 
the vertices of a cut Q will usually be vertices of P itself. With the notation of the 
theorem, let us define 


6D7 T (= (23 °° * Pn—1PnPn—1Pn—2 °° * P2- 
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Then the defining relation of Theorem 6D4 can be written as 


(popitpiy =e, if kK=1, 


6D8 
(popitys =e, if k=2. 


The subgroup (po, 01,7) of [4, 3”~*, 4], is that of the cut of {4, 3”~?, 4}, invariant 
under (3, ..., 0», Which is a toroid of type {4, 4}. More specifically, if § := (s*, 0?-") 
for each s = (s*, 0”~") with k = 1 or 2, then we have 


6D9 Theorem /fk = 1 or 2, then the cut of {4, 3”-? 4}, invariant under p3,..., Pn 
is a toroid {4, 4}. 


These cuts are universal, meaning that the relations on the corresponding cut of 
the universal polytope (in this case, {4,4}) which determine it are just those which 
determine the whole polytope as a quotient of its universal polytope (here, {4, 3”~7, 4}). 
We refer to Section 7C, for a general discussion of the universality of cuts. 

The two “smallest” of these toroids will occur in a number of places later in the book. 
For that reason, we shall devote a little space here to describing them in more detail. 


The Case s = (2, 0") 


The polytope P := {4, 3”~?, 4}, o:-1) only has 2” vertices, which is just the number of 
vertices of one of its facets. Therefore P must be flat, which we recall means that every 
one of its vertices belongs to every one of its facets. 


The Case s = (2, 2, 0"-?) 


Now our polytope P := {4, 3”~?, 4}(2,2,0-2) has 2"+! vertices, and the same number 
of facets. In the description of the possible identification lattices A, we remarked that 
the vector 2se; € A; in our case, s = 2. We already have 2”*! vertices, when we take 
those of the basic unit cube and of its translate by 2e; these must therefore be all the 
vertices of P. More generally, any cubical facet of P and its translates under e;, 2e; 
and 3e; (factored out by As, of course) form a ring. Moreover, since the basic trans- 
lations which give A, are by vectors of the form te; + e; with 1 <i < j <n, wesee 
that two rings which have one facet in common must actually share two, which are 
“opposite” facets in each ring. 

In conclusion, we note that Theorem 6D4 is yet another illustration of the general 
fact, already mentioned in Section 6C, that, for a quotient tessellation TJ /N ona space- 
form E/N, the fundamental group 2;(£/N) determines the extra relations for its 
group I’(T /N) which have to be added to the standard relations given by "(J ). Here, 
E=E’,T = {4,3"-7,4},N = Aandz\(E/N) = Z”. The fundamental group in now 
generated by the loops which correspond to the generating translations of A, namely, 
(RoR, --+ Ry Rn—1-+* Rx)* and its images under permutations and changes of sign of 
coordinates. The same phenomenon will occur again for the regular toroids derived 
from {3, 3, 4, 3} or its dual. 
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6E The Other Toroids 


There are just four other kinds of toroids, namely, those derived from the dual pairs 
of honeycombs {3, 3, 4, 3} and {3, 4, 3, 3} of ‘4 For most purposes, it is enough to 
consider the former. We may take the vertex-set of T = {3, 3, 4, 3} to be Z*U(Z4 + 
G, s, s, 5)), the set of points of i+ whose cartesian coordinates are all integers or all 
halves of odd integers. (The alternative choice of coordinates, the points of Z* the sum 
of whose coordinates is even, will occur in the following.) Much the same analysis as 
that in Section 6D applies, and, initially bearing in mind only the vertices of {3, 3, 4, 3} 
in Z*, we conclude that the identification which yields the toroid is by the lattice A, 
generated by a vector (s*,0*~*), and its transforms under the group [3, 4, 3] of the 
vertex-figure at o, for some integer s > 2 and some k = 1, 2 or 4; these transforms 
include the images under permutation and changes of sign of coordinates. 

However, taking the full group of symmetries of {3, 3, 4, 3} into account, we observe 
that (s,s, s,s) is equivalent to (2s, 0, 0, 0), and so the last case has already been counted. 

Using the same notation as that for the cubic toroids, and denoting the dual by the 
same suffix, we thus obtain 


6E1 Theorem For each s = (s*, 04") with s > 2 and k = | or 2, there are regular 
toroids {3, 3, 4, 3}; and {3, 4, 3, 3}s. 


We list the details of these polytopes in Table 6E1. However, since the number of 
vertices of {3, 3, 4, 3}, is the same as the number of facets of its dual {3, 4, 3, 3},, and 
vice versa, we need only consider the former. Observe that a common expression for 
the group order in case s = (s*, 0*~*) is g = 1152k*s*, with similar ways of writing 
down v and f. We have already noticed that the case k = 4 is “spurious”; however, it 
still gives the correct answer in these expressions. 

Observe that A, = s Ax ,o1-«). Of course, 


Aa,o.0,0) = ZU (Z* + (5,3, 5, 5)) 


which is the vertex set of {3, 3, 4, 3}. This is (a self-reciprocal version of) the root 
lattice D4 (Section 3B) which occurs here in a different form from that of the previous 
section (for n = 4); see Conway and Sloane [91, p. 118] for more details about Dy. 
A basis of A(1,0,0,0) iS {e1, €2, 63, F(e + e. +e3 + e4)}, where e;,..., e4 denotes, as 
before, the canonical basis of E*. (This shows again that A@i,1,1,1) = A@,0,0,0).) Further, 
Aqi,1,0,0) 18 a sublattice of index 4 in A(1,0,0,0), and has {e; + e2, er — e1, €3 — 2, €4 

e3} as a basis. This is the copy of D4 mentioned in the previous section. In par- 
ticular, A(1,0,0,0) = Aq,1,0,0)@, Where @ is the similarity transformation of a4 given 


Table 6E1. The Polytopes {3, 3, 4, 3}; 


s v f g 


(s, 0, 0, 0) st 354 1152s 
(s,s,0,0) 484 1254 460854 
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by the matrix 
1 1 0 0 
qe =a ube 0 
210 0 1 #1 
0 0 1 -!1 


It follows that, as space-forms, any two 4-tori E*/A, are similar. Furthermore, for 
the parameter vector s = (s, s, 0, 0), the two lattices A, for {4, 3, 3, 4} and {3, 3, 4, 3} 
coincide, and so their 4-tori are actually the same. 

We now determine the groups [3, 3, 4, 3],. We take {3, 3, 4, 3} with the vertex set 
Z4 U(Z4 + (5, 5, 3, 4)) as before, and write its group as [3, 3, 4, 3] = (Ro, ..., Ra). 
Then, for 7 = 0,..., 4, the reflexion R; is in the following hyperplane: 


Ro: & = 5, 

Ry: & = &2 + & + &, 
6E2 Ree, 

R3: & = &4, 

Ra: & = §. 


Because we wish to investigate certain subgroups in what follows, it is helpful to 
represent the defining relations of the group [3, 3, 4, 3]; = (0, ..., 04) in terms of 
three particular involutions. The first is 9; the second and third are 


Oo = P1P2P3P2/P1, 
T 1= (4P3 (2/3 P4- 


6E3 


Now Ro and the reflexions S := R, R2R3R2R, and T := R4R3zR2R3Ryq in [3, 3, 4, 3] 
which correspond to o and t are given by 

xRo = (1 — &1, &2, &3, &4), 
6E4 xS = (&, &1, &, &4), 

xT = (&1, —&, §3, &4). 


Hence we have 


xRoSTS = (& — 1, &, &3, &4), 
xRoST = (2, & — 1, &3, &4). 


6E5 


Thus RoST7'S is the translation by (—1, 0,0, 0), while (RoST7)* is the translation by 
(—1, —1, 0, 0). As a consequence, we have 


6E6 Theorem Let s = (s*,0*~*), with s >2 and k=1 or 2. Then the group 
[3, 3,4, 3], of the polytope {3, 3,4, 3}, is the Coxeter group [3, 3, 4,3] = (p0,.--, 
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p4), factored out by the relation 
(poto)y =e, if k=1, 


6E7 
(pot) =e, if k=2, 


with o, t given by (6E3). 


In parallel to Proposition 6D6, we make the following trivial observation: in the 
notation of Theorem 6E6, 


(oppo ta) - o(pyata)a =(pyot). 


It is of geometric interest to describe the meaning of the relations (6E7); this will 
also have future relevance. Inspection of the reflexions Ro, S and T shows that they 
act effectively on the plane 3 = &4 = 0, which is that invariant under R2 and R3. The 
cut of {3, 3, 4, 3} by this plane is a square tessellation {4, 4}, passing through diametral 
squares of facets {3, 3, 4} of the honeycomb, whose symmetry group is just (Ro, S, T). 
Thus we have 


6E8 Theorem The quotient map which yields {3, 3, 4,3}, from {3, 3, 4, 3} is induced 
by the quotient map of the cut {4, 4} which yields {4, 4}s. 


The notation for § is that introduced before Theorem 6D9. Thus these cuts are 
universal. 
Alternative defining relations are possible. For example, when k = 1, we can take 


(po 1(0203P4)°)* = €, 


while if k = 2, we can take 


(0 P1P2P30403/2P1 P2032)” =€. 


There is a cut corresponding to the relation for 4 = 1 (it is of type {3, 6}), but we shall 
make no use of it. 


6F Relationships Among Toroids 


In this section, we shall discuss various quotient and subgroup relations among the 
groups of the toroids, and their geometric consequences. We begin with quotients, 
since these will subsequently prove more important. 

A quotient relation between (for example) two groups of the form [4, 3”~*, 4], 
arises from a corresponding subgroup relation, A; < A? (say), between two translation 
groups of the form Ag. In turn, this subgroup relation implies a covering E”/A; \ 
E” / Az by the first torus of the second, in the manner described in Section 6A. This 
covering is determined by a group of isometries of E”/A, which is isomorphic to 
A2/Aj,, and acts freely and properly discontinuously. 

Now we have 


Avs ) 


Aas,or-t) & ie Anes 
52,0" 


< Ajs,or-1); 
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for all s > 2. Ifn is even, there is also the relation 
Asn) & Ajs2,or-2). 


Moreover, if p is an odd prime, we obviously have A,s < Ag for every s. It may be 
seen that every other subgroup relationship is a consequence of these. We deduce 


6F1 Theorem Let n > 3. For each s > 2, there are coverings 


{4, gre, A} (sm) 


n—2 
ee Seer | (4, 3"-2, AY, 0r-3 


Oe Ce cee 


In addition, ifn is even, there is a covering 
{4, 3-2, A}ceny \ (4, 37-7, D202). 


Lastly, for each s = (s*, 0"~*) (with s > 2 and k = 1, 2 or n) and every odd prime p, 
there is a covering 


{a BP? Al gg 14,3" Ales 


Exactly similar considerations apply to the polytopes of type {3, 3, 4, 3}, and we 
obtain 


6F2 Theorem Lets > 2. Then there are coverings 


{3, 3, 4, 3}(2s,0,0,0) \v {3, 3, 4, 3}¢s,5,0,0) Nv (3, 3, 4, 3}(s,0,0,0)- 
Further, if p is an odd prime, there is a covering 
(3, 3,4, 3} ps Nv {3, 3,4, 3}, 
with s = (s, 0, 0, 0) or (s,s, 0, 0). 


With subgroups, our interest is in being able to take the vertices of one polytope 
as a subset of those of another, in such a way that the group of the first polytope 
is a subgroup of that of the second; we briefly call this inscribing the first in the 
second, and represent the relationship by the subset sign C. The question is thus more 
complicated than that for quotients; we must have corresponding subgroup relationships 
for the euclidean honeycombs, and, additionally, compatibility between the identifying 
translation groups. 

With [4, 3”~7, 4], the situation is still fairly straightforward. Since n > 3, the only 
way to inscribe one copy of {4, 3”~?, 4} in another (with, say, the origin o as a common 
vertex) is to take its vertices as mZ” for some integer m > 2. A translation subgroup 
which will identify the first copy must be of the form Z,,, for some s of the usual kind, 
so that we have 


6F3 Theorem Let n > 3. Then for eachs = (s*, o"-*) with s > 2 andk = 1,2o0rn, 
and each integer m > 2, 


{43°24 CaS Alig: 
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Particular care should be taken over the meaning of “inscribe”. As an example of 
what the definition is designed to exclude, take the sublattice of Z* generated by the four 
vectors (1, 1, 1, 1), d, 1, —1, -1), , —1, 1, —1) and (1, —1, —1, 1). This sublattice 
is a congruent copy of 2Z*; however, this does not lead to one copy of [4, 3, 3, 4] being 
inscribed in another, since the group of the vertex-figure of the first is not a subgroup 
of that of the second. 

However, we have a second copy of the larger lattice, obtained by changing | to —1 
in the first coordinate of each of the four vectors. This results in 16 = 2 - 8 congruent 
copies of 2Z inscribed in Z*, with the full symmetry of the latter. Replacing the orig- 
inal Z* by the larger copy sZ* (with s > 2) then leads to a compound of 16 copies of 
{4, 3, 3, 4}¢,s,0,0) inscribed in {4, 3, 3, 4}(s,0,0,0). Other such compounds may be con- 
structed by varying the subsequent examples, but we shall make no further mention of 
them. 

For [3, 3,4, 3], an additional possibility arises. Another choice of vertices for 
{3, 3,4, 3} is AZ‘, the set of vectors in Z*+ whose coordinates have even sum. We 
can clearly inscribe hZ* in Z* U (Z* + (5, +, +. 4)), and each symmetry of the smaller 
set is also one of the larger. If we repeat this, we find 2Z* U (2Z4 + (1, 1, 1, 1)) inscribed 
in hZ*. We then obtain 


6F4 Theorem Lets > 2. Then 
{3, 3, 4, 3}¢,0,0,0) € (3, 3, 4, 3}(,5,0,0) S {3, 3, 4, 3}(25,0,0,0): 
Moreover, for each s = (s, 0, 0, 0) or (s, s, 0, 0) and each integer m > 2, 


{3, 3; 4, 3}5 S {3, 3, 4, 3} ns: 


Finally, we observe that we can inscribe both {4,3,3,4} and {3,4,3,3} in 
{3, 3,4, 3}. For the former, Z* C Z*+U (ZA + Gs, 5, s, 5)) is obvious, and a little 
thought establishes the subgroup property. However, the translation by (s, 0, 0, 0) is con- 
jugate to that by $(s, s, 5,5) in [3, 3,4, 3], and this is only permissible for {4, 3, 3, 4} 
if s is even. For the latter, (Z* U (Z* + G. 5s 5, 5))) \ hZ is the set of vertices of 
{3, 4, 3, 3}, and a translation permissible for this must also be permissible for the 


{3, 3, 4, 3} whose vertices form the complementary set 1Z*. We conclude that we have 
6F5 Theorem For each s > 2, there are the following inscribed polytopes: 


{4, 3, 3, 4} (s,5,0,0) 
{3, 4, 3, 3}(,0,0,0) 


{4, 3% 3, A} (s,s,5,8) 
{3, 4, 3, 3}(s,5,0,0) 


cS {3, 3; 4, 3}(s,5,0,0)s 


S {3, 3, 4, 3}(2s,0,0,0)- 


It is worth noting that the mixing operations on the group [3, 3, 4, 3] which yield 
these subgroups are 


(P0,---, 4) > (Po, P1, 020302, 4, 03) =: (G0, ---, 4) 
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for [3, 4, 3, 3], and 


(00, ---5 4) > (Po, 0102030201, P4, 03, 2) =! (To, ---, TA) 
for [4, 3, 3, 4]. 


6G Other Euclidean Space-Forms 


In this section we complete the enumeration of the regular tessellations on compact 
euclidean space-forms. We follow [212, §3], and prove that the n-tori are the only 
topological types ofn-dimensional compact euclidean space-forms which admit regular 
tessellations (namely, the regular toroids of rank n + 1). Forn = 2, this proves again the 
well-known fact that there are no regular maps on the Klein bottle (see [131, p. 116]). 

To begin with, recall from Section 2E the notion of a sparse subgroup. The key is 
the following 


6G1 Theorem Let T be a regular tessellation in euclidean n-space E”", and let A be 
the translation subgroup of its symmetry group G(T). Then a sparse subgroup N of 
I(T) whose normalizer contains '*(T) is a subgroup of A. 


Proof. First observe that, if necessary, we may replace the given regular tessellation T 
in E” by its dual. In fact, dual tessellations have the same translation subgroups and 
rotation subgroups, and the concept of sparseness is also invariant under duality. In 
particular, of a pair of dual tessellations, we choose 7 to be the one with a vertex- 
transitive translation subgroup A; we may then identify the vertex-set Zo with the 
translation vectors in A whenever it is convenient, and so write Jy = A. More precisely, 
T = {4,3"-?, 4} (for n > 2), {oo}, {3, 6} or {3, 3, 4, 3}, as appropriate. 

Let G(T) = (0,---, On), So that I) := (1,..., On) is the stabilizer of the 
base vertex o of T. The corresponding rotation subgroups are thus ['*+(7) = 
(P0P1s P1P2++++s Pn—1Pn) and yt = (p1p2,-.-, Pn—1Pn). For t € E”, let t(t) denote 
the translation of E” defined by xt(t) := x + ¢ forx € E”. 
If g € G(T), then for x € E” we have xg = xw +1, with ¢ € E” and w a linear 
mapping; in fact, t = og, which is thus a vertex of T, and w = yt(—t). Since A is 
vertex-transitive, we also know that t(t) € A, and therefore w € G(T). Then w € Ip, 
because ow = o. This proves that G(Z) is the semi-direct product of A by I. 

Recall from Lemma 2E22 that a subgroup N of G(T) (= I'(7)) is sparse if and 
only if each orbit of N meets each proper section of the polytope J in at most one 
face. Suppose that N is a sparse normal subgroup. Let g € N, and let xg =xw+t 
(for x € E”), as before. Then g™! is given by xp~! = (x — t)w™! forx € E”. Weclaim 
that w = «, the identity map on E”, and therefore that g = t(t) € A. 

Assume, if possible, that w 4 ¢. We define 


={FeT,|oe F}, 


the set of facets of J which contain the initial vertex o. Our strategy is to prove that, 
if A’ := AN N denotes the subgroup consisting of the translations in N, then D + A’ 
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covers the vertex-set Jy = A. We then show that D contains an image of o under an 
element gy € N \ {e}, which will contradict the assumption that N is sparse. 

So, let v be any neighbouring vertex of o in J. By our assumption on A, we 
know that t(v) € A < P'+(Z). Set W(v) := t(—v)g7!t(v)¢. Writing this as y(v) = 
t(v)!g7!r(v) - g, which is a product of elements of N because N is normalized by 
I'*(T), we see that w(v) € N. For x € E", we have 


xW(v) = xt(—v) 97! t(v)p = (x — v — tw! t(v)g 
=((x-v—tho!+vjo+t 
=x +(v@— v). 


Hence y(v) = t(vw — v). Since w # «, there is a neighbour v of o such that vw £ v. 
We define w := vw — v; then ow(v) = w, and hence w € J. 

Since va is also aneighbour of o and T is centrally symmetric, w is aneighbour of v. 
It follows that N contains a translation, namely, t(w), which maps o onto some second 
neighbour, by which we mean a neighbour (different from 0) of one of its neighbours. 

Now N is normalized by '*+(T), and so it is invariant under conjugation by the 
elements in the subgroup I; ae It follows that t(wo) =o 't(w)o € N for allo € 
Ty', so that, by definition, two) € A’ (= ANN, as defined earlier). We perform a 
similar analysis to that used in Sections 6D and 6E (see also [302]) in the construction of 
the regular toroids, working through the individual cases. As before, we define Ag < A 
to be the subgroup generated by a vector a € A and its conjugates under I(T ) (or under 


I). 
First let T = {4, 3”~*, 4}, with vertex-set J) = A = Z”. The second neighbours of 
o are te; + e; (with 1 <i < j <n) and +2e; (withi = 1,...,m), where e),..., & 


are the standard unit vectors in Z”. Since the generating vector w of A, < A’ is 
such a second neighbour, then we can argue as before that A’ > Aq_1,9»-2) or Ag,or-1) 
(note that the case n = 2 is not exceptional, even though rotations only may be 
employed). In either case, D + A’ covers 7p. 

Next, let T = {3, 3, 4, 3}, with vertex set A = Z*U (GG. 4 oe 5, t)+ ZA). The sec- 
ond neighbours of o now consist of the neiehbours themselves, comprising the 
vectors +e; (with i = 1,...,4) and ( ‘ 2 5 5), the vectors obtained from 
(+1, +1, 0, 0), (+1, +1 HL, 0) or ( 3, s, 5, 1) by permutations of the coordi- 
nates, and 2v for each neighbour v. Again arguing as before, we see that A’ > A(1,0,0,0), 
Aqi,1,0,0) Of A@,o,0,0), aS the generating vector w i a neighbour, one of the vectors 


NI- 


(+1, +1, 0, 0), (£1, £1, £1, 0) or ( 3, s, 5, 5), or twice a neighbour. (For the 
second case, note ine typical calenanons (0 0, 1. ie = (1, 1, 1,0) —(1, 1, 0, —1) and 
(0,0,1,1)= G,4 a3 5, 5 _ 3, 5, —, —4), which only use rotations. If we can em- 


ploy the fall symmety, we actually obtain A, = A(1,0,0,0) when a = (+1, £1 
or ( 3, 5, 5, 5 Ly: ) As before, in each case D + A’ covers Tp. 

For T = {co} with vertex set Z, the second neighbours are +2e,, and trivially 
D + A’ covers To. 

If J = {3, 6}, then A is generated by two unit vectors v, and v2 which are inclined 
at an angle 2/3. The second neighbours then comprise the neighbours, the six images 


1, 0) 
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under rotation through multiples of 2/3 of v; + v2, and twice the neighbours. Then 
we have A’ > A(i0), Aqi,1) Or A@,o), and once again D + A’ covers Jo. (Here, a suffix 
a = (a), a2) is shorthand for a = a,v; + a20U2.) 

We are now able to finish the proof. Consider the translation vector t € A of the 
element g € N with which we began. Since D+ A’ covers Jo = A, there exists a 
translation t(u) € A’ < N such that fo := tt(u) (= t+ u) is a vertex in D. Define 
Yo = yt(u) € N,so that xgp = xw 4+ ty forx € E”. Nowo and fy (= og) are vertices 
of some common facet F' € D. Since they belong to the same orbit of NV, we must 
necessarily have fo = 0; here we have used Lemma 2E22. But then wm = go € N \ {e}. 
This is a contradiction, because NN Ip = NM (p1,---, Pn) = {e} when N is sparse. 
It therefore follows that w =e, and hence N consists of translations alone, as was 
claimed. 


Using the results of Section 6B on regular tessellations on space-forms, we can now 
prove a straightforward consequence of Theorem 6G1. 


6G2 Theorem For n > 1, the n-tori are the only n-dimensional compact euclidean 
space-forms which admit regular tessellations. 


Proof. This is trivial forn = 1, because S! is the only 1-dimensional compact euclidean 
space-form and each finite regular polygon {p} determines a tessellation on it. 

Now let n > 2. Let P be a regular tessellation on an n-dimensional compact eu- 
clidean space-form, and let P be of type {p),..., Px}. By Theorem 6B5, ? must have 
more than two tiles, so that p, > 2. Then P is locally spherical. Let T := {p1,..., Dn}. 
By Theorem 6B3 and Lemma 6B7, P = T/N and T is a euclidean tessellation. In 
particular, we may view 7 as a tessellation on the euclidean space-form E”/N. By 
Lemma 6B1, N must be a sparse normal subgroup of G(T) (= I(T )). Now Theorem 
6G1 applies and shows that N can only consist of translational symmetries of T. It fol- 
lows that E” /N is an n-torus. This completes the proof, because the original space-form 
is homeomorphic to E”/N. 


6H Chiral Toroids 


In this section, we briefly digress from the general theme of the preceding discussion to 
consider chirality of polytopes. We recall from Section 2B, that a polytope P is called 
chiral if there are precisely two orbits of flags under its automorphism group I’(P), 
with adjacent flags lying in different orbits (see [372, §3]). Intuitively, this means that 
P has complete rotational symmetry, but not the full symmetry containing opposite 
automorphisms. 

Here we shall show that there do not exist chiral toroids of rank greater than 3. As 
a consequence, there can be no chiral polytopes of rank greater than 4, whose facets 
or vertex-figures are such chiral toroids. This is in contrast to the existence of chiral 
locally toroidal 4-polytopes, for which see [83, 333-335, 373]. 


6H1 Theorem There are no chiral toroids of rank greater than 3. 
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Proof. We first treat the case of toroids of type {4, 3"? 4}, with n > 3. Such a toroid 
is of the form P = {4, 3”~*, 4}/A, where A < Z” is a lattice. Since P is chiral, A is 
invariant under the rotations of the original tessellation and, in particular, under the ro- 
tation group [3”~*, 4]* of its vertex-figure. This consists of all even (odd) permutations 
of the coordinates of vectors in E”, together with an even (odd) number of changes of 
sign. So, in order to demonstrate the required non-existence, it suffices to show that 
the image of an arbitrary vector in A under some odd permutation of its coordinates is 
also in A. 

Leta := (a),...,d,) € A. Froma, we deduce the existence of the following vectors 
in A; bear in mind that n > 3, and that any sign change in coordinates is permitted for 
a vector with at least one coordinate 0. We have 


(a1,.--,4n) € A => (—a2,41,43,...,,) €E A 

=> (a4, +a,a2—a4,0,...,0)E A 
=> (a, + a,0,a; —a,0,...,0)E A 
=> (0, a2 —a1,a2-—a,...,0)E A 
=> (a2 — 1,4; —@,0,...,0)E A 
=> (42,41, 43,...,4,) € A, 

which was what we wished to show. (In the last step, we also used the original assumption 

that a € A.) 

The remaining cases concern the toroids of type {3, 3, 4, 3} and their duals; we need 
only treat the former. But the argument used previously shows that, ifa given vector lies 
in the factoring lattice A, then so does its images under all permutations and changes 
of sign of coordinates. Hence A is invariant under the whole symmetry group [3, 4, 3] 
of the vertex-figure of {3, 3, 4, 3}, so that the resulting toroid is regular. This completes 
the proof. 


We remark that Theorem 6H1 is the most important special case of a general non- 
existence result for chiral tessellations on compact euclidean space-forms of dimension 
at least 3. This is a generalization of Theorem 6G2. Thus, ifn > 3, then there are no 
chiral tessellations on n-dimensional compact euclidean space-forms (see [212, §4]). 
On the other hand, in contrast to this, it is well known that the 2-torus admits infinite 
series of chiral maps of types {3, 6}, {6, 3} and {4, 4} (see [131, §8.3, 8.4]). 


6J Hyperbolic Space-Forms 


In the previous sections, we enumerated all regular tessellations on spherical or compact 
euclidean space-forms. We now discuss the regular tessellations on compact hyperbolic 
space-forms. We shall not attempt to give a comprehensive account here, but instead 
try to explain why so little is known about them. By Lemma 6B7, each such tessellation 
P is obtained as a quotient of a (locally finite) regular tessellation T = {pi,..., Pn} 
in hyperbolic n-space H”. Table 6J1 lists the Schlafli symbols {p),..., p,} which can 
actually occur. In particular, n = 2, 3 or 4, because there are no locally finite regular 
tessellations in H!” withn > 4[113, §5]. As further references about regular hyperbolic 
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Table 6J1. (Locally Finite) Regular Tessellations in 1H" 


n Symbols 

2 {p,q} with 5 +7 <3 

3 (3,5, 3}, {4, 3, 5}, (5, 3, 4}, {5, 3, 5} 

4  {3,3,3, 5}, (5, 3, 3, 3}, {4, 3, 3, 5}, {5, 3, 3, 4, {5, 3, 3, 5} 


tessellations, honeycombs and compounds we mention [115, 136, 178, 179, 181, 182, 
235]. 

As before, we write P = T/N, where N is a normal subgroup of the symmetry 
group G(T) (= I'(7Z)) of T. By Lemma 6B1, N is sparse. Then P can be viewed as a 
regular tessellation on the corresponding n-dimensional hyperbolic space-form HI” /N. 

There is a host of interesting cases of regular tessellations on hyperbolic space-forms. 
An example is often constructed by specifying a presentation for its automorphism 
group, or, equivalently, by specifying elements which generate the corresponding group 
N as anormal subgroup of G(T). 

For instance, ifm = 2 and T = {p, q}, then we can find the regular map P = {p, q},. 
by adding to the standard relations 


Po = Pt = 02 = (popi)” = (0102)* = (p0~2) = € 


for '(T) = [p, g] = (fo, (1, 02), the single extra relation 


(popie2) = 83 


see Section 7B or Coxeter and Moser [131, §8.6]. Then, as a normal subgroup, N is 
generated by (9 0102)"; that is, N is generated by (901 02)" and its conjugates in G(T ). 
The maps {p, q}, are finite for only a few values of p,q, r. 

Similarly, there are also 3-dimensional polytopes {p, g, r}; and 4-dimensional poly- 
topes {p,q,r,5},, which can be derived from the groups [p,q,r] or [p, 9,7, 5] by 
factoring out the extra relations (901 02/3)* = € OF ((09/12/03/4)' = &, respectively 
(see [83, 119, §12; 135, 429, 441, 442, 446]). 

For n = 2, the polytopes P = T/N are regular maps of type {p,q} on surfaces 
S := H?/N of negative Euler characteristic x. Then P is finite if and only if S is 
compact. In this case, if fo, f1, /2 are the numbers of vertices, edges and facets of P, 
then g fo = 2fi = pfo; hence 

I(P)| 


1 1 1 
631 x= f—- ft na" (c+- :). 


Since {p, g} is hyperbolic, this implies that 
6J2 IT(P)| < 84]x\, 


with equality occurring if and only if P is of type {3, 7} or {7, 3}. In particular, this 
shows that there can only be finitely many regular maps on a given closed surface of 
non-zero Euler characteristic. 
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The study of maps on surfaces has a long history (see [43—-45, 157, 158, 183, 214, 
248, p. 22; 250, p. 461; 251, p. 260; 252, p. 109]). The regular maps on orientable 
surfaces are only classified for genus g < 6 (see [131, Chapter 8; 164, 174, 391, 410, 
p. 44]). On the other hand, each regular map P on a non-orientable surface of any 
Euler characteristic is doubly covered by a regular map Q of the same type {p, g} on 
an orientable surface, and the corresponding covering Q \, P is unique (see [459]). 
For some non-orientable surfaces, there are also enumeration results available (see [88, 
189-192]). If S is orientable and of genus g, then (6J2) implies that 


633 IT*(P)| < 84(g — 1, 


with equality occurring as before, where ['*(P) is the rotation subgroup of I'(P). 
Recall that '*(P) is the group of orientation preserving automorphisms of P; it has 
index 2 in ’(P) and is generated by poe and p; 02. The inequality (6J3) corresponds 
to Hurwitz’s classical theorem, which says that the order of any group of orientation- 
preserving conformal automorphisms of a Riemann surface of genus g is bounded by 
84(g — 1) (see [223, 240, §5.11; 270, p. 103]). The groups + (P) for which equality 
holds in (6J3) are also called Hurwitz groups (see [84—-86]). 

There is a wealth of further results available which relate to regular or chiral maps. 
Some deal with specific classes of maps (see [1, 87, 89, 109, 110, 142, 171, 175, 392, 
395, 408, 409, 437], for example), others with general properties and construction 
principles (see [232, 233, 239, 241, 257, 268, 338, 458, 461, 463], for example). Some 
examples of small chiral maps are described in [176, 460]. The colouring of maps is 
discussed in [347]. Significant work has also been done on establishing connexions 
between the combinatorial theory of maps on compact orientable surfaces and the 
complex analytic theory of the Riemann surfaces underlying the maps (see [52, 239, 
240, Chapters 4, 5; 250, 394] for example). For a general discussion of the interplay 
between maps, graphs and groups, we also refer to [26, 27, 93, 128, 177, 196, 435, 436]. 

The next case is nm = 3. But here we cannot expect to gain much insight from a 
similar approach to that for maps, because the Euler characteristic of each compact 
3-manifold is zero. (Interesting examples of regular tessellations of type {4, 3, 5} on 
3-dimensional hyperbolic space-forms can be obtained from the polytopes 2” and 
2X95) with KC = {3, 5}; see Section 8D.) 

However, the method works again for n = 4. Then there are only five possible types 
{p,q,r, s}, namely, {5, 3, 3,5} with s = 3, 4 or 5, and their duals. If P is finite and has 
f; i-faces fori = 0,..., 4, and if the corresponding 4-dimensional space-form H*/N 
has Euler characteristic x, then 


Xx=f-Ath-hth 


=|rPi{ 1 1 1 1 je 1 | 
Gir. (Lone Apes” (2855°° Baas) 


6J4 


where we follow Coxeter [120, p. 130] in writing g, 4,5 = |[p,q,.-.,5]|. The de- 
nominator of the term in the parentheses which corresponds to f; is just the order 
of the stabilizer of an i-face of P. For the pair of duals {5,3,3,s} and {s, 3, 3, 5}, 
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this gives 
655 xX =es|FPIL, 
with 
: ifs = 3; 
1400 = 
66 ed ee ee eee 
28800 
13 
=, ifs=5. 
7200 


Now x > 0 (as it should be, by (6J8)). This proves again that there can only be finitely 
many regular tessellations P on a compact 4-dimensional space-form of a given Euler 
characteristic x. (We obtain examples of regular tessellations of type {4, 3, 3, 5} on 
4-dimensional hyperbolic space-forms from the polytopes 2“ and 2:9), with K = 
{3, 3, 5}; again, see Section 8D.) 

We proceed with the following theorem about regular tessellations on euclidean 
or hyperbolic space-forms. For euclidean space-forms it is already subsumed in our 
enumeration of the regular toroids in the earlier sections. In the hyperbolic case, it 
indicates that in general we cannot expect to obtain any classification results very 
easily. Our proof is non-constructive. 


637 Theorem Let n > 2, and let {p\,..., Py} be the type of an euclidean or hy- 
perbolic regular tessellation. Then there are infinitely many mutually non-isometric 
compact euclidean or hyperbolic space-forms, respectively, which admit a regular tes- 
sellation of type {pi,..-, Pn}. 


Proof. We already know from Corollary 4C5 that there are infinitely many regular 
polytopes P which are finite and have facets {p), ..., Pn—1} and vertex-figures {p2,..., 
Pn}. These polytopes are locally spherical polytopes of type {p1, ..., Pn}. In particular, 
by Theorem 6B3, they can be viewed as regular tessellations on n-dimensional euclidean 
or hyperbolic space-forms, respectively. 

We can now argue as follows. Since there are infinitely many such polytopes P, there 
is also an infinite sequence of integers which occur as the number of facets of such 
polytopes. But then Lemma 6B4 applies, and consequently we must have infinitely 
many mutually non-isometric space-forms which admit regular tessellations of the 
required type. 


For hyperbolic space-forms of dimension 2 or 4, we can also use equations (6J1) 
and (6J5) to improve on Theorem 6J7, and obtain the stronger result that there are 
infinitely many mutually non-homeomorphic (rather than non-isometric) space-forms 
which admit regular tessellations. In fact, in the proof of Theorem 6J7, the infinite 
sequence of polytopes P gives an infinite sequence of corresponding Euler character- 
istics, and this, in turn, gives an infinite sequence of mutually non-homeomorphic space- 
forms. We conjecture that the stronger version is also true for 3-dimensional hyperbolic 
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space-forms. The following considerations (which apply to all n > 3) indicate the dif- 
ficulties. Note that the stronger version cannot hold in the euclidean case, because the 
tori are the only compact euclidean space-forms which admit regular tessellations. 

Assume that two polytopes P; and ?2 from the infinite sequence in the proof of 
Theorem 6J7 belong to homeomorphic hyperbolic space-forms of dimension n > 3. 
For i = 1, 2, let P; = T/N;, where T = {p),..., pn} and N; is a normal subgroup 
of G(T). Since H”/N, and H”/N> are homeomorphic, their fundamental groups N; 
and N> are isomorphic. We can now appeal to the group-theoretic version of what is 
known as Mostow rigidity for hyperbolic spaces of dimension n > 3 [344, §11.6; 411, 
§5.7; 412]. This says that any two groups of hyperbolic isometries in H” are abstractly 
isomorphic if and only if they are conjugate in the full isometry group Z(H”) of H”; 
that is, abstract isomorphism of groups in HI” is equivalent to geometric isomorphism. 
One of the consequences is that the fundamental group of a hyperbolic space-form of 
dimension n > 3 determines it up to isometry. 

Now, when applied to H”/N, and H"/N, this shows that N; and N> are conjugate 
in Z(H”), and hence that H”/N, and H” / N> are isometric space-forms. The question is 
now whether or not N; and N> are also conjugate in the smaller group G(T), of which 
they are subgroups. Then indeed, N; = Nz, because N, and N> are normal in G(T), 
and therefore P; = P2. In other words, if this line of argument applies to a sequence of 
polytopes ?, then the corresponding space-forms will be mutually non-homeomorphic. 

In conclusion, we observe that it is difficult to compute the volume of hyperbolic 
space-forms in general. For even dimensionsn = 2k > 2, the theorem of Gauss—Bonnet 
says that the volume of a hyperbolic space-form H” /N of Euler characteristic x (H” /N) 
is given by 
6J8 Vol(HI"/N) = (—1)*} Vol(S")x (H"/N). 

In the situation of equations (6J1) and (6J4), this directly relates Vol(H"/N) to the 
order of I’(P). More exactly, ifm = 2 and P is of hyperbolic type {p, q}, then the area 
of the closed surface is given by 


1 


Vol(H? /N) = x (5 ae -) \'(P)|. 
2 p 4q 


Similarly, ifn = 4 and P is of hyperbolic type {5, 3, 3, s} or {s, 3, 3, 5}, with s = 3, 4 
or 5, then 
Amc, 

3 IT(P)I, 


with c, as in (6J6). For a brief survey on hyperbolic volume, see also Kellerhals [246]; 
a more extensive account is given in Johnson et al. [236]. 


Vol(E/N) = 


Mixing 


In this chapter and the next, we shall discuss some general techniques for constructing 
new regular polytopes from old ones, or, rather, for constructing groups of regular 
polytopes from other groups, which will be those of regular polytopes or those closely 
related to them. These techniques fall into two broad categories. First, we may select 
certain elements of such a group, which themselves generate a string C-group. Second, 
we may augment a given group by adjoining outer automorphisms. The two chapters 
will be devoted to these topics in turn. 

The general name for the first kind of technique will be mixing, while that for the 
second will be twisting. However, the two techniques are by no means exclusive, and 
we shall see that some regular polytopes can arise in both ways. 

The discussion of this chapter will be split into six sections. In Section 7A, we 
consider the general idea of mixing operations. We then concentrate in Section 7B 
on the special case of polytopes of rank 3, where mixing sometimes permits a deeper 
investigation of the combinatorial structure of a regular polyhedron. We next explore 
in Section 7C the notion of a cut of a regular polytope, which yields, as the name might 
suggest, a regular polytope of lower rank embedded in a natural way in the original. 
Then, in Section 7D, we enumerate the classical regular polytopes of [120]. Finally, 
in Sections 7E and 7F, we illustrate the various techniques developed in the chapter 
by classifying all the See polytopes (both finite and infinite) which admit discrete 
faithful realizations in E? 


7A General Mixing 


The idea of a mixing operation is very general. Let A be a group generated by in- 
volutions, say A = (09, ..., O—1); usually, but not necessarily, A will be a C-group. 
A mixing operation then derives a new group I" from A, by taking as generators 
f0,+-+, Pm—1 for I’ certain suitably chosen products of the o;, so that I” is a subgroup 
of A; it is denoted by 


(00, «++, On—1) > (00, --+5 Pm—1). 
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(We often loosely refer to mixing operations simply as operations.) We naturally wish 
TI to be a string C-group, but unfortunately there are few general circumstances which 
will guarantee this, and it is often the case that the intersection property has to be 
addressed directly. 

What we shall do in this section is illustrate mixing operations by means of a number 
of examples and discuss the notion of the mix of two regular polytopes (see [308]). 
The mixing technique is extremely versatile, and we shall see that many constructions 
for regular polytopes which have appeared in the literature can be subsumed under its 
heading. For instance, we may replace certain of the generators of a C-group by suitable 
conjugates; we shall explore such possibilities in Section 7B. 

In our initial example, A is the group of a regular n-polytope P. The operation 


7A1 (00, ---, Gn—1) > (090204 -+, 010305---) =: (Po, Pl), 


which results in the two products of alternate generators of A, yields a dihedral group, 
which is that of the Petrie polygon of P. (The period of the Petrie polygon is usually 
taken to be that of the product o90; --- 0, —; of the generators in their natural order, 
but it is a useful exercise for the reader to show that the products of the generators of a 
string C-group in any order are conjugate.) 

For the second example, let A = I'({4, 3”~*}) = [4, 3”~7] be the group of the regular 
n-cube. The operation 


7TA2 (0, ---, Gn—1) F (00, 010305 +++, 020406 ---) =: (Po, Pl, £2) 


yields the regular polyhedron {4, n | 4'2!~!}, which was first described by Coxeter [105, 
p. 57]. The notation here will be defined in Section 7B. The polyhedron shares its 2” 
vertices and 2”~'n edges with the n-cube, and its 2”~*n square faces occur among 
those of the cube; its vertex-figure is the Petrie polygon {n} of the vertex-figure {3”~7} 
of the cube. 

A very similar example arises from [4, 3”~7, 4] = (a0, ..., 0»), which is the group 
of the tiling of E” by regular cubes (as usual in such cases, the rank will be n+ 1 
instead of n). Let k be chosen with 0 < k <n, and define 


Po = ITjso OK-2j-15 
7A3 bi =]; oK+2;, 
2 = ITjso OK4+2j+1- 
In each case, we set 0; := € unless 0 <i < n; further, in the second product, 7 is any 


integer. Then the mixing operation 


7A4 (00, + +++ On) +> (Po, P15 02) 


yields a regular apeirotope of type {2(k + 1), 2(n — k + 1)}. The dual is obtained by 
replacing k by n — k, and taking the generators in the reverse order 0, ..., 09. For 
example, if m = 3 and & = 1, we have the Petrie—Coxeter apeirohedron {4, 6 | 4} (see 
Section 7E). 
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Figure 7A1. The Coxeter diagram of Eg. 


Our next examples arise from the Coxeter group A = Eg = [3+''] and certain of 

its subgroups. Here, we have A generated by oo, ..., 07, with relations (0;0;)? = «, 
where p;; = 1 fori = 0,...,7, pij = 3 for j =i+1 withi =0,...,6and {i, j} = 
{4, 7}, and p;; = 2 otherwise. (See Figure 7A1 for the Coxeter diagram of Fg, in which 
a label 7 indicates the generator o;.) The mixing operation is 
TAS (00, «++» 07) > (0006, 0105, 0204, 0307) =: (Po, P1, P2, P3)- 
It may be verified (see [320]) that (9, ..., 03) 1s isomorphic to the Coxeter group 
[3, 3, 5]; excluding 9 = o906 exhibits how to obtain [3, 5] from Be = [3°''!] by an 
analogous operation. The latter is worth comparing to the realizations of {3, 5} discussed 
in Section 5B, since one blend of its two pure realizations has the vertices of the regular 
6-dimensional cross-polytope. 

We next consider a construction which is often useful, but which unfortunately 
does not always yield a polytope. Let m < n, and let IP = (00,...,0,-1) and A= 
(T,---, Tm—1) be string C-groups. If we define 


Pj = (oj, T/) € Cx A, 
for 7 =0,...,n —1, with t; := ¢ for 7 > m, then the group 
7A6 POA: (f0,--+1 Pn—1) 


is called the mix of I’ and A. In Section 4F, we introduced a more general construction 
in the context of amalgamations; in that terminology, the mix is actually the 0-mix. Of 
course, we can express the mix as a mixing operation 
(00, «++, On—15 TO, +++ Tm—1) > (GoTO, «++ Fn—1Tn-1) =! (Po, «+» Pn—1): 

This certainly yields a group satisfying the relations (p;p;)? = « for0 <i < j-—1< 
n — 2, but it will not generally be a C-group. 

We first give an example which illustrates the latter point. Let P := {3, 3, 3} and 
O := {{5, 3}s5, {3, 5}5} (this self-dual polytope has 57 hemi-dodecahedral facets; see 
[121]), and define  := '(P) and A := I'(Q). Now we have 

(o90102)* =SE= (tT1T2)°. 

Within I”, we have 


020100 * 9201 - 090102 = 020102 - 0001000] - 02 


= 0201020] * 0902 


01020002 


= 01090. 
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Similarly, 
0201009 : O90] - 090102 = 02090102 = 07901020}. 
Thus, if a := 090102 = (090102)°, then 


2 =i 
(0201)* (0102) = (a100)" - (o100) 
= 01020109 : O00}{ 


= 010). 

However, within A, the analogous calculations with 6 := (tot: T)° = € yield 
(mt)? (11)? = HT Tm =€. 

Hence, if y := (0/1/02), then 


(0201)" (p1p2)” = (0102, €), 


so that (0102, €) € (Po, 1, 02). Analogous calculations (in effect, the same ones applied 
to the dual) show that (0,02, €) € (/1, 02, 03). But it is clear that (0102, ©) ¢ (p1, P2); 
and hence we have the required violation of the intersection property in I" > A. 

When I" := I'(P) and A := I'(Q) for some regular polytopes P and Q, then we 
define 


POQ:=P(l >A), 


whether or not I” > A is a C-group, and call it the mix of P and Q. Here, P(I” > 
A) denotes the poset (indeed, pre-polytope) determined by I" > A (see Section 2E). 
Clearly, P > Q is polytopal if and only if > A is a C-group. But, as we have just 
seen, the mix of two regular polytopes need not itself be a polytope. However, there are 
a couple of cases in which the mix is always polytopal. 


7A7 Theorem Let P be a regular n-polytope, and let Q be the m-face of P. Then, at 
least in the cases m = | andm =n — |, the mix P  Q is polytopal. 


Proof. The proof is easy. Using the notation for the groups employed before, we just 
consider the surjective homomorphism z of A := I'(P) 4 I'(Q) onto I(P) induced 
by the mappings 

bj = (Oj, Ti) OF 
for 7 = 0,..., — 1, and appeal to the quotient criterion of Theorem 2E17. Note that 
z is the restriction to A of the natural projection of the direct product [(P) x '(Q) 
onto its first factor '(P). If m = 1, the homomorphism is one-to-one on the group of 


the vertex-figure, and if m = n — 1, then it is one-to-one on the group of the facet. By 
Theorem 2E17, this proves that the mix is polytopal. 


We can say more about the case m = 1, where Q is a segment (1-polytope). 


7A8 Theorem Let P be a regular n-polytope and Q a segment. Then I'(P ) Q) = 
I'(P) if all edge-circuits of P are even; otherwise I'(P 4 Q) = I'(P) x Co. 
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Proof. Using the notation of Theorem 7A7, we write each relation in ["(P) in the form 
0010002 °-: Opa = €, 


with a),...,@% € (01,..., 0,1), the group of the vertex-figure of P. It is shown in 
Theorem 2F4 that this relation corresponds to an edge-circuit in P of length k. Since 
pi = (0;, €) fori > 1, we have 


PoBi pob2 «++ PoB = (aoe 002 +++ ook, T}) = (€, 7) 


inA=I(P > Q), with 6; := (a;, €). Clearly, this is the identity in A if and only if k 
is even. It follows at once that A = I"(P) if and only if all edge-circuits of P are even; 
otherwise (€, 7) € A, and A = I'(P) x C>. 


Before we proceed, let us give a couple of examples to illustrate Theorem 7A8; we 
shall appeal to these examples in Sections 10C and 11D. 

First, consider the toroidal polyhedron P := {4, 4},, with s = (s, 0) or (s,s). The 
criterion of Theorem 7A8 says that P > { } = P unless P has odd edge-circuits. The 
exceptions are thus those with s = (s, 0) and s odd. In this case, it is easy to see (just 
count the number of vertices) that 


7TA9 {4, 4is,0) O {} = {4 4.5) (s odd). 
Second, let P := {3, 3}. Then P ¢ { } is a toroidal polyhedron, namely, 
7A10 {3, 3} 0 {} = (6, 3}a,0). 


To see this, observe that the mix is of type {6, 3}, and hence is a toroid; again, a count 
of its vertices identifies which one it is. 

The result of Theorem 7A7 no longer holds in full generality when 1 < m <n—1. 
Nevertheless, it is still possible to obtain some fairly general results about polytopality 
of the mix in this case. 

We first discuss the case when the mix is isomorphic to the original polytope. Recall 
from Section 4E that a regular n-polytope P, with group '(P) = (00, ..., On—1), has 
the FAP (flat amalgamation property) with respect to its m-faces if and only if 


P(P) = Ny (00, +++, Fm=1)s 


1 


where N* := (y7'oig |i >m, w € I'(P)). Then we have 


7A11 Theorem Let P be a regular n-polytope, and let Q be the m-face of P. Then 
P % Qis isomorphic to P if and only if P has the FAP with respect to its m-faces. 


Proof. Recall that two regular n-polytopes are isomorphic if and only if there is an 
isomorphism between the groups mapping the distinguished generators of the first 
group onto those of the second. 

Consider again the surjective homomorphism wz: I(P) > '(Q) =: A > I'(P), 
which is the restriction to A of the natural projection of '(P) x I'(Q) onto I'(P). 
We now investigate when z is an isomorphism. 
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Let p := (i, Pi, +++ Pi, = (Y, T) be an element in A, where g := 0;,0;,---0;, and 
T := Tj, Tj, +++ T;,- Now consider g modulo N,*. First note that a generator 0; of I'(P) 
either belongs to (00, ..., Om—1) if j <m— 1 orto N*> if j > m. Then we have 


+ + + 
QNn = 07, 0i,*** oi, Nin — [11 Nn ’ 


where the product is taken over all / such that i; < m — 1. Since t; = ¢ if 7 > m, we 
also have t = [ [,7;,, where the product is taken over the same indices /. 

Now suppose that P has the FAP with respect to its m-faces, so that I'(P) is the 
semi-direct product of Nt by (a0, .-., Om—1). If p is in the kernel of z, then gy = ¢; 
hence [], 0;, = €, since the latter is the component of g in (00, ..., %m—1). But then 
also t = |], t;, = &, since this product represents the same element in I"(Q) as the 
former product. It follows that o = ¢; hence z is an isomorphism. 

Conversely, let x be an isomorphism. Then its kernel is trivial; that is, if (e, 7) € A, 
then t = e. To prove the FAP we show that the trivial element in [’(P) admits only the 
trivial decomposition as a product of an element in (00, ..., m—1) with an element in 
N+. Let € = gi, where g € (00,..., O%m—1) and g) € N*. Write gy) as a product of 
generators o; with 7 < m — 1, and @ as a product of conjugates of generators 0; with 
j =m by elements in (00, ..., Gm—1) (see Lemma 4E7). Let y = 0;,0;,---0;, and 
(2 = 9},,,9i,,, °** Oi, (Say), and consider the element p := (;, 0; --- pi, = (Y, T) in A. 
Then g = 91 ¢2 = €;hencealso 7;, T;, --- T;, = T = &, because z is an isomorphism. On 
the other hand, we also have 7;,,, Tj,,, --- Ti, = €; indeed, if we replace each generator 
0;, IN @2 by t;,, and use the fact that t; = ¢ if 7 > m, then we arrive at the trivial element. 
But then also 7;, --- t;, = €; hence oj, ---0;, = €, because both words in the generators 
represent the same element in /°(Q). It follows that gy; = e; hence also g) = e. This 
proves the FAP. 


The sufficiency of the FAP in Theorem 7A 11 can also be obtained from Theorem 4F9, 
applied with P2 := P, K := Q, and P, := (ae the dual of the power complex 2” 
of the dual K* of K. Then P is the vertex-figure of the polytope in Theorem 4F9, and 
inspection of the proof shows that this is just the mix P © Q. Hence, if the FAP holds, 
then the mix is isomorphic to the original polytope. 

Next we discuss conditions which guarantee polytopality of the mix. We begin with 
the following 


7A12 Lemma Let n >3 and 1<m<n-1. Let P be a regular n-polytope of 
type {pi,.--, Pn—1}, and let Q be the m-face of P. For0 <i <m define Tym := 
(Oj, ..+,; Om), where again I'(P) = (00,..., On—1). Lfeach group Tj, with1 <i <m 
is generated by the conjugates of Om in Tm, then the mix P  Q is polytopal. If the 
condition also holds for i = 0, then '(P 4 Q) = I'(P) x I'(Q). 


Proof. We first prove the polytopality statement by induction on 1, assuming that the 
condition on Ij, holds fori = 1,...,m.Then,ifm = 1 orm =n — 1, wecan directly 
appeal to Theorem 7A7. In particular, this settles the case n = 3. 

Now let n > 4 and 1 < m <n —1. Then we can make the obvious inductive as- 
sumption that the facet and vertex-figure of the mix P ¢ Q are polytopal. Indeed, the 
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condition on the groups Jj, is hereditary and holds again for the facet and vertex-figure 
of P, so that the inductive assumption for rank n — 1 yields polytopality of the facet 
and vertex-figure of the mix. 

We now appeal to Proposition 2E16 and verify a restricted intersection property 
for the group A := I'(P) 4 '(Q) of the mix. Set A,_1 := (f0,---, Pn—2), Ao := 
(Pts +++5 Pn—1), aNd Ap n—1 = (P1,.-+, Pn—2), Where again p; := (o;,T;), [(Q) = 
(To, +++5 Tm—1), and t; := € for 7 > m. Then A is a C-group if A,_; MO Ag = Ao n-1- 

Now, from the definition of the mix, it is clear that the two groups A,_; and Ao are 
contained in the direct products (00, ..., G»—2) X (T,---, Tm—1) and (01, ..., On—-1) X 
(T1,---,Tm—1), respectively, and so A,-;M Ao is a subgroup of (o1,...,On—-2) X 
(T1,--.-, Tm—1), by the intersection property of (P). We now use our hypothesis on 
Tim, with i = 1, to conclude that I), x (€) is a subgroup of Ao,,—1. First, note that 
Aon—1 contains Py = (Om, €) and all its conjugates by elements in ((1,..., Om—1), 
and that each such conjugate is of the form (9, €) with g € I\,,. But by assump- 
tion I}, 1s generated by the conjugates of o,, in I\,,, and so we can achieve every 
(ire 


We now know that Ao,,-1 contains all the elements (0;, ¢) fori = 1,...,n — 2, 
and hence also (e, t;) fori = 1,...,m — 1, since the latter is the product with ;. It 
follows that Aon—1 = (01,..-,;On—2) X (T1,..-, Tm—1). But then A,_1 MN Ao is clearly 


a subgroup of Ao,,—-1, because it is contained in the direct product. Since the opposite 
inclusion is trivial, this now proves that the mix is polytopal. 

Now assume that the condition on J;,,, also holds for i = 0. We can then replace 
Aon—1 by the group A,_1 of the facet and conclude similarly that it must contain I,m x 
(€) as a subgroup. But then A contains all the elements (0;, ¢) fori = 0,...,n — 1, 
and hence also (¢, t;) fori = 0,...,m — 1. It follows that A = I'(P) x '(Q). 


7A13 Theorem Letn > 4, let P be a regular n-polytope of type {p\,..-, Pn—1}, and 
let Q be the m-face of P. If po, ...,; Pm are odd, then the mix P > Q is polytopal. If 
Pi is also odd, then '(P 4 Q) = I'(P) x T'(Q). 


Proof. We apply Lemma 7A12, and use the simple observation that the distinguished 
generators of a dihedral group D, are conjugate in D, if p is odd. Then, if p2,..., Pm 
are odd, the two generators of (o;-1, 0;) (= Dp,) are conjugate in (o;-1,0;) for j = 
2,...,m; hence any two consecutive generators of I,m = (07,..., Om) are conjugate 
in Ij,m for 1 <i < m. But then each generator of Ij, is conjugate to o,,, and so Ij,» 
is generated by the conjugates of o,, in Ij,.. By Lemma 7A12, this proves polytopality 
of the mix. 

In addition, if p; is odd, then we can apply the same argument to the larger group 
Io.m t= (00, ---,%m) to show that it is also generated by the conjugates of o,,. Then 
another appeal to Lemma 7A12 yields '(P ) Q) = I'(P) x P'(Q). 


Before we give an example of a polytope whose mix with a face is not polytopal, 
we mention the following interesting special case. (This also admits a generalization 
to higher ranks m.) 
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7A14 Theorem Let P be a regular n-polytope of type {p1,..., Pn—1}, and let p2 be 
odd ifn > 4. Letr be a multiple of p, (including r = 00). Then the mix P & {r} is 
polytopal. 


Proof. We appeal to the quotient criterion. There is a natural covering 


POTIN PO {pi}. 


The latter is polytopal by Theorem 7A7 (with n = 3) or by Theorem 7A13 (with 
m = 2), and the covering mapping is one-to-one on the vertex-figure, which is the mix 
of the vertex-figure of P with the line segment { } (see Theorem 7A7). Hence P ¢ {r} 
is polytopal. 


We now describe a regular 4-polytope P whose mix with a 2-face is not polytopal. 
Thus, the entry p2 in its Schlafli symbol must necessarily be even. (Note that, when 
realized as a suitable section, this polytope will also give examples with n > 4 and 
m > 2.) 

Indeed, if P is a regular 4-polytope with facets {3, 6}(s,) and vertex-figures {6, 3},,0) 
with s, t odd, then the intersection property fails; thus the mix P © {3} is not polytopal. 
Examples of such polytopes P are obtained by Theorem 11H7. The defining relations 
for facets and vertex-figures now yield 


(p10203/P2)' = ((01020302)', t}) = (¢, T1) 
and 
(p0P1P2P1)° = ((o0010201)°, T)) = (€, tT); 
hence also 
PoPi(PoP1 2/1) Pi po = (E, ToT1 TTT) = (€, T1). 


But then (0, 01, 02) = (9, 01, 02) X (T, T1) and (1, P2, P3) = (01, 02,03) X (T1), 
and these groups intersect in (0), 02) x (t;) (= De x C2). On the other hand, the latter 
group is twice as large as the dihedral subgroup (1, 02) (= De) of the mix. It follows 
that the mix cannot be polytopal. 

Let us also observe that more general mixes of the kind discussed in Section 4F 
need not be polytopal either. A trivial example is provided by {3, 3} 4, { }. Let t; be an 
involution, set t; = ¢ for 7 = 0 and 2, and define p; := (o;, t;) for 7 = 0, 1, 2. Then 


(€, T1) = (pop1)° = (0162) € (po, 21) N(p1, p2), 


but clearly 


(€, T1) ¢ (p1). 


Hence we do not obtain a polytope. 

It is appropriate to end this section with some remarks about the connexions between 
mixing and blending. The point of view in Chapter 5 was “internal”; that is, we looked 
at a realization of a regular polytope and asked whether it was a blend in a non-trivial 
way, or, in other words, whether its symmetry group was reducible. The subject of this 
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chapter, however, is mixing, which may be regarded as an “external” construction. In 
a sense, blending and mixing are the geometric and combinatorial sides of the same 
coin; nevertheless, there are important distinctions between the two concepts. It should 
particularly be borne in mind that mixing is a combinatorial operation, which applies 
to different regular polytopes, whereas blending, on the other hand, is a geometric 
operation, which applies to different realizations of the same regular polytope. 

As a simple example of this distinction, if p > 3 is an odd integer, then (combina- 
torially) {2p} = {p} > { }. This mix, which is not isomorphic to either component, has 
pure faithful realizations as well as blended ones (see the description of the realization 
space of a polygon in Section 5B); we shall come across further instances in Section 7E. 

We saw earlier that the mix of two polytopes (even of the same rank) need not be 
polytopal. However, the example we gave, namely, 


EFS ag (feed ore Ore) cl 
760 


can be “realized” faithfully in E°’, as follows. Take the simplex realizations of the 
two component polytopes in E* and E*°, respectively, with corresponding groups 


(So, ..., 93) and (7o,..., 73) (thus S; corresponds to o; and 7; to t; in the nota- 
tion used earlier). We then copy the construction of the blend; that is, for 7 = 0,..., 3, 
we set 


Ry, i= S;x Tj CS a yx EO = BE, 


and apply Wythoff’s construction. Since both {3, 3, 3} and {{5, 3}5, {3, 5}3} are covered 
by the (infinite) universal polytope {15, 3, 15}, this construction has yielded a realization 
of the latter which is not itself polytopal (that is, its symmetry group is not a C-group). 

In Section 7E, we shall actually have the following situation. There will be blended 
realizations whose symmetry groups are C-groups, and the groups of the components 
will also be C-groups, which are often non-isomorphic homomorphic images of the 
original. The natural identifications induced by the projection mappings will then give 
coverings (again not usually isomorphisms) of polytopal components by the original 
realization. In this case, the realization is then also the mix of these components — 
certainly in the combinatorial sense that this holds of their symmetry groups. In such 
circumstances, it is, perhaps, pardonable to confuse mixing and blending, although we 
shall try to avoid doing so. Our attitude will be, as we said before, that blending is a 
geometric operation, while mixing is combinatorial. 

In our applications, mixing operations will usually admit a geometric interpretation. 
However, mixing operations can also be viewed purely mechanically as a way of deriving 
regular polytopes from a group generated by involutions. It is then natural to ask 
for the enumeration of all (regular) polytopes which are associated with the given 
group. Similar problems have been studied in the more general context of diagram 
geometries, where computer programs (CAYLEY programs) have been developed to 
compile an atlas of diagram geometries for certain types of groups. The interest is 
usually in “small” simple or almost simple groups ([12, 14]), and only mild restrictions 
are placed on the geometries to be regarded as admissible. This effort is led by a 
team consisting mainly of Buekenhout, Cara, Dehon and Leemans, and has resulted in 
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comprehensive lists with detailed information about such geometries (see [56, 57, 61— 
63, 65, 147, 216, 260—262]). These lists also include many new examples of regular 
polytopes. This computational approach is part of an ambitious program to under- 
stand the geometry of the finite simple groups (see also [13, 55, 90, 231, 253, 352, 419, 
427)). 
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Mixing operations are particularly powerful when applied to a polyhedron (3-polytope) 
Q, which we may also think of as a (finite or infinite) regular map. The underlying 
surface for such a map is, of course, the order complex C(Q) of Q, or, more exactly, 
its underlying (topological) polyhedron |C(Q)|. Recall that a triangle T(W) of C(Q) is 
associated with each flag W of Q, with each vertex of T(W) associated with a face of 
W, and two triangles share an edge precisely when the corresponding flags are adjacent. 
Here, many of the operations have direct geometric interpretations; we have already 
informally introduced these in Section 1D. 

The effect of a mixing operation on a polyhedron Q can often be pictured geo- 
metrically by applying Wythoff’s construction (or, rather, its abstract analogue) in the 
underlying surface C(Q). However, observe that the new faces (that is, 2-faces) which 
are obtained, regarded as circuits of vertices and edges, will not usually bound discs in 
C(Q). 

As usual, we shall take our regular polyhedron Q to have '(Q) = A = (00, 01, 02), 
and we suppose that Q is of Schlafli type {p, gq}. Each operation jz will lead to a new 
group I’, and a new polyhedron P := QO” with P(P)= T°. 


Duality 


Our first mixing operation is not commonly thought of as such. This is duality, denoted 
in this chapter by 6, and given by 

7B1 5: (00, 01, 02) FH (02, 01, 0) =! (Po, P1, (2): 

The dual of Q is thus denoted Q° here, rather than Q*. 


The Petrie Operation 
Next, we have the Petrie operation 1, defined by 
7B2 1: (00, 01, 02) > (0002, 01, 02) =: (Po, P1, 2): 


The resulting polyhedron Q” is often called the Petrie dual or, more briefly, the Petrial 
of Q. It has the same vertices and edges as Q; however, its faces are the Petrie polygons 
of O, whose defining property is that two successive edges, but not three, are edges of 
a face of Q. Thus the faces of Q” are zigzags, leaving a face of Q after traversing two 
of its edges. 
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Figure 7B1. The regular polyhedron {3, 6} (1,1). 


It is clear that the Petrie operation z is involutory, so that 7~! = m and(Q”)* = Q. 
If Q” is isomorphic to Q, then we call O self-Petrie; it should, however, be observed that 
a self-Petrie polyhedron and its Petrial do not coincide, since while they share the same 
vertices and edges, their faces are different. An example of a self-Petrie polyhedron 
is the hemi-dodecahedron {5, 3}5 = {5, 3}/2, obtained from the dodecahedron {5, 3} 
by identifying its faces of each dimension under the central involutory symmetry. We 
should recall from Section 1D that, in this context, a regular polyhedron of type {p, q} 
is denoted {p, q}, if the length 7 of its Petrie polygons determines its combinatorial 
type; observe that {p, g}” = {r, gq}. We shall meet further examples later. The group 
of {p, q}, is denoted by [p, q]-. 

There are rare cases in which the Petrial of a polyhedron is not polytopal (that is, 
is not itself a polyhedron). One instance is the flat toroidal polyhedron {3, 6}(1,1). This 
has six triangles with a common vertex, which form a hexagon with opposite edges 
identified (see Figure 7B 1), and so has 3 vertices, 9 edges and 6 faces. It is easy to check 
its polytopality, which is not vitiated by (for example) its edges falling into three triples 
with the same vertices. But its Petrial is not a polyhedron; between a face (illustrated 
by heavy lines in Figure 7B1) and one of its vertices are four edges rather than two. 

What is happening here indicates the condition under which polytopality is retained. 


7B3 Lemma The Petrial Q” of a regular polyhedron Q is polytopal if and only if a 
Petrie polygon of Q visits any given vertex at most once. 


Proof. Of course, this is the familiar interpretation of the intersection property, as was 
given in Section 2B. 


Curiously, the Petrial of the dual polyhedron {6, 3} 1,1) is polytopal, as may be verified 
by (for example) looking at Figure 7B2. (In this figure, the heavy lines indicate a typical 
identification to create the torus.) 

In general, though, the Petrial of a regular polyhedron will also be a regular poly- 
hedron (that is, it will also be polytopal). The polyhedra obtained from a given one by 
iterating the Petrie operation and duality then form a family of six; that is, we have 


7B4 Lemma (7:5)? = ¢, the identity operation on classes of polyhedra. 
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Figure 7B2. The regular map {6, 3}(,1). 


Proof. Indeed, considering the groups, we have 


rs 

(69, 01, 02) > (0002, 01, 02) 
5 

| (o>, 01, 0002) 


wu 
##— (00, 01, 0002) 


7B5 5 
K—> (0002, 01, 90) 
vs 
HK (02, 01, 00) 
3 
> (00, 01, 02), 
as claimed. 


Facetting 


We now have an operation which replaces 0, by some other reflexion (conjugate of 
0 OF 02) in (01, 02). More specifically, the kth facetting operation gy, is given by the 
operation: 


7B6 Pk: (00, 01, 02) > (00, 01(0201)* |, 62) =: (Po, PI, P2)- 


We shall suppose that 2 << k < 54, since g,—-; has the same effect as g, up to iso- 
morphism (actually, conjugation of the whole group by 02), and the case k = tq can 
only yield a polyhedron {r, 2} for some r. (In this last case, the number r may be of 
independent interest, but it is not in the present context. In some special circumstances, 
we shall also find it convenient to allow the case k = | as well, where gy, is just the 
identity mixing operation ¢.) When the highest common factor (k, gq) = 1, then p12 
has the same period q as 0102; indeed, the groups are the same, and gy, is inverted by 
gy, Where kk’ = +1 (mod q). In fact, we have 


7B7 Lemma The facetting operations satisfy Q,~m = Pym, where the suffix is to be 
read as that number between 0 and tq which is congruent to +km modulo q. 
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Proof. We apply g; and g» in succession to the group. Noting that only o; changes, 
and writing p) = 01(020,)*"! = (0;02)*o2, it becomes 


7B8 ((c102)*o3)"o2 = (o102)'"op, 


as required. 


This lemma covers all possible & and m. Generally speaking, we shall be rather less 
interested in the case (k, q) > 1, although it will occasionally be useful. In particular, 
we shall employ ¢2 with g even (actually, g = 6) in Section 7E; we also discuss the 
effect of g2 in Lemma 7B10, which deals with the theory we shall need. 

Geometrically, gy; has the following effect when (k, qg) = 1. The new polyhedron 
P := Q* has the same vertices and edges as Q. However, a typical face of P is a 
k-hole of Q, which is formed by the edge-path which leaves a vertex by the kth edge 
from which it entered, in the same sense (that is, keeping always to the left, say, in some 
local orientation of C(Q)). The faces of P then comprise all the k-holes of Q. Hence, 
if such a k-hole is an r-gon, so that r is the period of 


oP = 99° (a102)*!o4, 


then QO” is of type {r, g}. If Q is infinite, then it is possible that 7 = oo, even if p is 
finite. 

Of course, we must not forget to verify the intersection property, but in this case 
it is much easier to do this “geometrically”, thinking of P = Q* as embedded in a 
surface. Naturally, this will not generally be the same as the original surface |C(Q)| 
underlying Q, although in practice we shall be able to work with |C(Q)| instead of the 
new surface |C(P)|, and employ Wythoff’s construction, as we said earlier. Noting that 
I’(Q) is transitive on the k-holes of Q, the actual condition is, as in Lemma 7B3, just 
the usual interpretation of the intersection property. 


7B9 Lemma Let Q be a regular polyhedron of type {p,q}, and let2 <k < 5q with 
(k, q) = 1. Then kth facetting operation ~, applied to Q yields a regular polyhedron 
P = Q* ifand only if any vertex of Q is visited by a given k-hole at most once. 


When (k, g) > 1, the situation is similar, except that now, in general, a compound 
of several polyhedra of type {r, q/(k, q)} will be formed. However, if O* remains 
connected, then it will fail to be polytopal, since the vertex-figure at a vertex will 
no longer be connected. There is, however, one case of particular interest, when a 
polyhedron is usually obtained. 


7B10 Lemma Let Q be a regular polyhedron of type {3, 2s} for somes > 3. If P := 
QO” is aregular polyhedron, then it is of type {2s, s}. Moreover, I'(P) is then a subgroup 
of I'(Q) of index I or 3. 


Proof. We appeal to the geometry of the underlying surface |C(Q)| of the polyhedron 
Q; we shall see that |C(P)| = |C(Q)|. Let A = '(Q) = (09, 01, 02) as usual, and let 
W be the base flag of QO. If T := T(W) is the fundamental region of A in |C(Q)|, then 
the corresponding fundamental region of ” = I’(P) is, in general, T U To, U Topo. 
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Indeed, this is an example of a more general result obtained by simplex dissection; 
see Section 11G for similar methods applied to polytopes of rank 4. However, in 
certain special circumstances, when |C(Q)| has to be a torus, then it is possible that 
I'(P) = F(Q); an example of this is Q = {3, 6}(+,0), with 3 /t. The conclusions of the 
lemma are then immediate. 


The Petrie operation and facetting are related as follows. 
7B11 Lemma The Petrie operation x and the facetting operation p, commute. 


Proof. This is easily verified algebraically. However, it is even more instructive to look 
at the geometry. Whether we apply z or g; first, the result will be (assuming that it 
exists) a polyhedron P whose vertices and edges are those of Q, but whose typical 
face is a k-zigzag, given by an edge-path which (as for gy;) leaves a vertex at the kth 
edge from the one by which it entered, but in the oppositely oriented sense at alternate 
vertices (see [461]). Thus the Petrie polygons themselves are 1-zigzags, which accounts 
for our nomenclature. 


At this point, it is appropriate to introduce some general notation; we have seen 
particular cases already. Recall from Section 1D that we denote by {p, q | A} a regular 
polyhedron of type {p, g}, whose combinatorial type is determined by the fact that its 
(2-)holes are h-gons. Examples are the Petrie—Coxeter regular skew polyhedra {4, 6 | 4}, 
{6, 4| 4} and {6, 6 | 3} in euclidean 3-space, as well as the finite regular skew polyhedra 
{4, 6 | 3}, {6, 4 | 3}, {4, 8 | 3} and {8, 4 | 3} in spherical 3-space (see [104, 105, 107, 235]). 
For a discussion of regular skew polyhedra in hyperbolic 3-space, see also [178, 180, 
293, 447]. 

Analogously, if a regular polyhedron P of type {p, q} is determined by the lengths 
h; of its j-holes for certain 7 in the range2 <j <ki= L3a], then we denote it by 


7B12 P= {p.q|ho,..., heh; 


any unnecessary h ; (that is, one which is not needed for the specification) is replaced 
by “-”, with those at the end of the sequence omitted. (Of course, the 1-holes of P are 
just its faces.) An example where all the / ; are required for the specification is provided 
by Coxeter’s polyhedron {4, n | 4!2!—!} (see [105, p. 57]). 

Similarly, the notation {p, ¢}, for a regular polyhedron P of type {p, g} determined 
by the length r of its Petrie polygons is generalized to 


7B13 P= {D, Dd secares 


with P now determined by the lengths r; of its j-zigzags for 7 = 1,...,k, with k as 
before. The same conventions for unnecessary r; apply. 
These notations can be combined, to give regular polyhedra 


{p,q |ho,....hehr ee rl 


of type {p,q}, determined by certain of its holes and zigzags. The notation is not 
symmetric between holes and zigzags; the 1-holes are, of course, just the faces { p}. 
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The corresponding defining relations for the groups of such regular polyhedra are 
easily obtained from the earlier discussion. Thus, P is forced to have j-holes of length 
h; by imposing the relation 


7B14 (popi(p2piy')? = e. 


on the group I'(P) = (po, 1, 02), while P is forced to have j-zigzags of length r; by 
imposing the relation 


7B15 (po(Pih2)! = &. 


Of course, it is a consequence of Lemma 7B11 that the Petrie operation interchanges 
j-holes and j-zigzags. (Note that in [106; 131, §8.6] the group of {p, g}, was denoted 
by G?4".) 


Halving 


The halving operation n applies only to a regular polyhedron Q of type {4, q} for some 
q > 3, and turns it into a self-dual polyhedron P := Q" of type {q, q}. We define n by 


7B16 1: (G0, 01, 62) > (690100, 02, 01) =: (Po; Pl, 2): 


The intersection property is easily checked for I" := (9, 01, 02); it will become clear 
from the following discussion. When we think of A = I(Q) acting on the surface 
|C(Q)|, the triangle T = T(®@) associated with the base flag ® of Q is a fundamental 
region for A, and oo, o; and o> act as reflexions in the sides of T. Now let 7’ := 
T U Too. Then 7’ is the fundamental region for I’, and I is similarly generated by the 
reflexions in the sides of 7”. 

If we now apply Wythoff’s construction (or, rather, its abstract analogue, in the 
underlying surface |C(Q)|), then we see that there are two possibilities. 

First, suppose that the (edge-)graph of Q is bipartite, so that all the edge circuits of 
Q have even length. Then P will be a map on the same surface |C(Q)|. It will have 
half as many vertices as Q, namely, those in the same partition of the vertex-set Qo 
of Q as the initial vertex in the base flag ®. Further, will have index 2 in A. As 
we asserted before, P will be self-dual, since og € A acts as an automorphism of I’, 
which interchanges py and 2 and leaves p; fixed. The vertices of the dual P® will then 
be those in the other partition of Qo. 

We may observe that A can be recovered from I” by a twisting operation, of the 
kind we shall discuss in Chapter 8. 

In the other case, the graph of Q is not bipartite. Unless g = 4 also, P will be a 
map on a different surface from |C(Q)|. In actual fact, |C(P)| will be a double cover 
of |C(Q)| in every case; we must be careful to note that QO itself does not cover P in 
general. We shall now have J” = A, and P will have the same vertex-set Qo as Q. 
Finally, P will still be self-dual, although now the conjugating element oo is in I’. 

In either case, we have 


2 
P0P1 P21 = 990100020102 = (G90102)”. 
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This shows that, if the original polyhedron Q has Petrie polygons of length h, then the 
new polyhedron P will have 2-holes of length h or h/2 according as h is odd or even. 
Note that the latter will be the case when the graph of Q is bipartite (but possibly in 
other cases also); then [A : "] = 2. 

In this spirit, in certain cases the combinatorial type of a polyhedron P = Q” is 
easily determined from that of Q. 


7B17 Theorem Let g > 4ands > 2. Then 


(a) {4,q | 2s}" = {q, g}os; 
(b) ({4, q}as)" = {9,9 5}. 


Proof. The graphs of the two polyhedra {4, g | 2s} and {4, q}2; are bipartite, since their 
defining circuits are faces and holes or zigzags, of lengths 4 and 2s, respectively. The 
operation QO +> Q” =: P is given by 

11: (00, 01, 02) + (000100, 02, 01) =: (Po, PI, f2)- 


In case (a), we therefore have 
€ = (09010201) 
= (0901020109010201)° 
= (090102 - 0901000100 - 0201) 
~ (0102 + 090109 - 0102 - 690100)" 
= (0102 - 090100)" 
= (p2/1P0)"* 
~ (popi pr). 


Similarly, in case (b), we have 


E= (o90102)" 
= (090102000102)" 
= (090109 - 020102)" 
= (p0/P1/2/1)'- 


In each case, the defining relation of the original polyhedron Q is equivalent to the 
corresponding defining relation for the new polyhedron P. 

In support of this, we can also argue as follows. For part (a), let O := {4, qg | 2s} 
and R := {q, q}2s. By construction, it is immediate that P := Q” is a quotient of R. 
On the other hand, R is self-dual, and its extended group I'(R), consisting of all 
automorphisms and dualities of R, can be identified as a quotient of Q, which must 
therefore be Q itself. In fact, let [(R) = (To, 1, T2), and let w be the polarity which 
fixes the base flag of R, so that w? =e and wt;@ = t_; for each j. If F(R) = 
T'(R) x (@) = '(R) X Co, then F(R), with distinguished generators w, T, 71, is the 
group of a polyhedron Q’ which is a quotient of Q; note that (w12712)* = (tot 72)’. It 
follows that O’ = QO and P = FR. Also, Q must be bipartite, because ['(Q) : '(P)] = 
[P(R) : P(R)] = 2. The argument for part (b) is similar. 
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Halving admits a generalization to an operation ,,,, on a regular polyhedron of type 
{2n, q} with n = k + m, which is defined by 
TBI8 km: (Gs O15 62) H (901) 0, 82, (0100)”" 101) =: (Pos PI; P2): 
Thus 7;,; = 7 inthe case nm = 2 which we have been considering. We may observe that 
81k,md = Nm,k3 


the duality is induced, as before, by conjugation under oo. However, even if the resulting 
polyhedron P := QO” exists at all (that is, if  := (9, 01, 02) has the intersection 
property), it will appear that the structure of P is very complicated, unless k, m and qg 
are carefully chosen. 


Skewing 


Our final operation is the skewing operation o or, perhaps as it would better be named, 
skew halving. It applies to a regular polyhedron of Q type {p, 4}, and is defined by 


7B19 0: (0, 01, 02) > (01, 6002, (0102)") =: (Po, PI, P2)- 
It is remotely related to halving; in fact 
o = 16nd, 
since, because (a102)* = €, we have 
Big 
(60, 01, 02) -—> (0902, 01, 02) 
8 
#— (0, 01; 0002) 
n 
t—> (0720102, 0902, 01) 
rs 
> ((0102)", 6002, 01) 
6 2 
> (01, 0002, (0102)"), 


as claimed. This also indicates that o halves the order of the group just when n does, 
modulo the double of application of 74, that is, just when the graph of Q”° is bipartite. 
If this is the case, then o2 ¢ I’ := I'(Q”) = (0, (1, (2), but acts on it as an automor- 
phism. In any event, P := Q° is self-Petrie; the isomorphism between P and P” is 
given by conjugation of (P) by oo, since 


020102 = 01 - (0102). 
The type {s, t} of P = Q° is determined by the periods of 
PoP1 = 91 + 9002 ~ 000102 
and 
(12 = 0002 - (0102) = 09010201. 


Hence s is the length of the Petrie polygons of Q, while ¢ is the length of its 2-holes. 
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As in the case of halving, o admits a generalization o;,,, to polyhedra of type 
{p, 2n} with n = k + m. This is defined exactly analogously to n;,,,, bearing in mind 
the connexion between 77 and o, namely, 


7B20 Ok.m [= WONk mS. 
In direct terms, this is the operation 
Ok,m: (80, 01, 02) > ((0102)"' 01, 0002, (0102)"). 


From either definition, we see that o),, = 0 when n = 2. If o;,,, defines a new poly- 
hedron P := O° of type {s, t}, then we may verify directly that s is the length of the 
m-zigzags of Q, while ¢ is the length of its n-holes. 

Let us illustrate these techniques with a few examples. In particular, we shall see 
how they apply to the Platonic polyhedra. In this section, we shall treat them in a purely 
combinatorial way; in Section 7E, where we give further examples, we shall look at 
them more geometrically. 

With the regular tetrahedron {3, 3}, only one of the operations yields anything new, 
namely, the Petrie operation 2. The new polyhedron {3, 3}” is {4, 3}3; it can also be 
obtained from the cube {4, 3} by identifying its antipodal faces of each rank, so that an 
alternative notation for it is {4, 3}/2. 

With the cube, again only the Petrie operation leads to a new polyhedron (we leave 
aside duality for the moment); we have {4, 3}” = {6, 3}4 = {6, 3}(2,0), a toroidal poly- 
hedron. Similarly, for the octahedron, {3, 4}” = {6, 4}3. Duality completes the family; 
the cube and octahedron are dual, and the duals of the two Petrials, namely, {3, 6}4 and 
{4, 6}3, are each the Petrial of the other. 

The operation g> can be applied to the octahedron, but will only yield the degenerate 
polyhedron {4, 2}. 

The icosahedron {3,5} and dual dodecahedron {5, 3} give rise to a rich family. 
We begin with the icosahedron. Its Petrial is {3,5}” = {10,5}3. If we apply the 
facetting operation 2, we obtain {3, 5}” = {5, 3} => {5, 5 | 3}, and applying both yields 
{3, 5}”7” = {6, 5}5.3; this polyhedron is actually {6, 5}..3. Combinatorially, of course, 
{5; 3} is self-dual, and so the only new member in the family obtained from it by taking 
duals and Petrials is the dual {6, Sie = {5, 6}5.43. The notation for the second suffix 
has the following meaning; we prefix a « to a number denoting a k-hole for k > 3, or 
a k-zigzag for k > 2, to mean that this is the size of the corresponding hole or zigzag 
of the dual polyhedron. Of course, (2-)holes and Petrie polygons (1-zigzags) are sym- 
metric between a polyhedron and its dual, so the « prefix is omitted. This polyhedron 
{5, 6}5..3 illustrates the situation we considered in Lemma 7B9; if we apply ¢2 to it, we 
do not obtain a polyhedron, but instead the dodecahedron {5, 3} with antipodal vertices 
identified, but not antipodal edges or faces. 

From the dodecahedron, we first obtain {5, 3}” = {10, 3}5. Its dual {3, 10}5 is the 
Petrial of the dual {5, 10}; of {3, 5}”. Now we can apply ¢3 to both these polyhedra 
with vertex-figures {10}; in each case the resulting polyhedron is isomorphic to the 
other. Of course, these polyhedra are also interchanged by the Petrie operation; it is 
interesting to see why. 
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Figure 7B3. Petrie polygons and facetting. 


7B21 Theorem Let QO be a regular polyhedron of type {3, q} for some q not divisible 
by 3, whose Petrie polygon has length h. Then Q® is a polyhedron of type {p, q}, where 
p =h/2 or h according as h is even or odd. 


Proof. This is easy to see. The edge-paths forming the faces of QO” are the 3-holes of 
Q. These join alternate vertices of the Petrie polygons of Q (see Figure 7B3, where the 
face of Q® is indicated by heavy lines), whence the result. 


Operations on polyhedra or maps on surfaces have appeared in the works of many 
authors, either implicitly or explicitly (see, for example, [39, 131, §8.5, 8.6; 150, 198, 
241, 268, 295, 304, 461]). From Lemma 7B4 we know that 6 and w generate a group 
of operations on regular maps which is isomorphic to $3. For arbitrary surface maps, 
there is again a group $3 of invertible “operations” which is generated by the duality 
operation and a Petrie-type operation [268, 461]. Algebraically, these operations can 
be defined by requiring that they be induced by outer automorphisms of the Coxeter 
group [0o, co] acting on the flags [241]. There are also similar such “operations” for 
higher dimensional complexes, each (by definition) induced by an outer automorphism 
of the (universal string) Coxeter group [00, ..., oo] [232, 233, 421]. We should point 
out here that our use of the term “operation” for regular polyhedra or polytopes is more 
general than this; indeed, most operations we employ are not directly related to outer 
automorphisms of [0o0, ..., oo]. 


7C Cuts 


The notion of a cut of a regular polytope is a special case of a mixing operation, and is 
potentially very useful. However, we shall see that there are basic problems in trying to 
employ the idea. What we mean will become clearer as we proceed; indeed, the initial 
definition is itself somewhat vague. 

Let P be a regular n-polytope with group = I'(P) = (00,..., O—1), and let 
S = S() := {o; |i € [} be a subset consisting of n — m of the distinguished gener- 
ators of ’(P). In the underlying surface |C(I”)| of I, the corresponding intersection 
Hy, := (\{H; | i € I} ofthe mirrors H; associated with the o; (thought of as the concrete 
mirrors of reflexions) is an (m — 1)-dimensional “subspace”. We may also associate S 
with an (m — 1)-dimensional face 7(/) of the fundamental simplex T(®) correspond- 
ing to the base flag ® of P. 

Let I'(/) be a subgroup of the centralizer of S in I'(P), which is itself a string 
C-group with respect to some suitably chosen set 9, ..., Omn—1 of generators. Then the 
associated regular polytope P(/) := P(I'(/)), or its dual, will be called a cut of P. 
(We shall assume the distinguished generators to be taken in reverse order, if necessary, 
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so that the cut is always P(/) itself; the context will usually determine the appropriate 
choice.) 

In some examples, "(/) will be the whole centralizer of S(/), but generally it will 
be a proper subgroup. The informal idea of a cut of P is that it should be the part of 
P cut through by some subset of its generating involutions, but there will not always 
be such a neat geometric interpretation. 

Let us begin by giving some examples. One which we frequently encounter is the 
following. Let n > 2, and consider the regular apeirotope P,, := {4, 3”~?, 4} of rank 
n + 1, the tiling of ordinary n-dimensional euclidean space E” by cubes (as in Section 
7A, the geometry accounts for our choice of the rank, as it will for our use of m rather 


than m — | in the following). Let its group be (00, ..., 0) in the usual way (that is, we 
make the natural correspondence between the generators). When 1 < m < n, define 
the new reflexions p; (for 7 = 0,...,m) by 


"C1 p; ‘=o; forj =0,...,m—1, 


Pm = OmOm+1 °° * Gn—19n9n-19n-2°** Om- 


Then I'(/) := (po, ..-, Pm) is the group of a cut P,, = {4, 3”~7, 4} of P, (or Pi := 
{oo} incase m = 1). In fact, in geometric terms, the cut is the intersection of the tiling P,, 
by the m-dimensional space H; containing one of its m-faces; the corresponding subset 
ICN :={0,...,n}isl ={m+1,...,n}.Since po, ..., Om—2 clearly commute with 
Pm, the only relation to be checked algebraically is that giving the period of pn—1 Pm. 
We appeal to the following useful remark. 


7C2 Lemma Let I" be a group, and let p, 0,1 € I be involutions such that (po) = 
(pt) = «. Then 


poto ~ot. 
Proof. We have 

poto ~ opot 

= popt 

= potp 


~ OT,” 


as claimed. 


For our result, we apply Lemma 7C2 n — m times to 
Pm-1Pm = Sm-19mOm41 + * OnOn-1°** Om, 
to obtain 
7C3 Pm—1Pm ~ On-19n- 


The space H, of the cut is, as asserted by the notation, the intersection of the reflex- 
ion hyperplanes H,,41,..., H,, and so is invariant under each a in the centralizer. In 
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particular, po, ..., Pm are in this centralizer, because their reflexion planes are perpen- 
dicular to those of 0m41, ..., On. However, I’(/) is a proper subgroup of the centralizer, 
since the latter contains the central element @ := (0m41-+-On)"~” Of (Om41,---, On) 
(= [3”-"-3, 4]), which is not in (/). In fact, this element a fixes the base m-face of 
Pn, but is not in the stabilizer (9, ..., Om—1) of this face in (/). 

There are two examples of cuts in the infinite group (09, ..., 04) = [3, 3, 4, 3], one 
of which will be very useful in our investigation of locally toroidal polytopes. This is 


7C4 (00, ---, 04) > (00, 0102030201, 0403020304) =: (Po, 1, 02). 
Now we see that 

PopP1 ~ 0203, 
by two applications of Lemma 7C2. Further 


P1P2 = 01020302010403020304 
™ 04030402030102010302 
™ 04020302030103020302 
™ 040307010703 
~ 03020102 
™ 01020302 


= 0203, 


where we have applied Lemma 7C2 twice. Finally, p9 and 2 clearly commute. It 
follows that (7) := (po, (1, 02) = [4, 4], and we have J = {2, 3}. Actually, all that 
we have really shown is that the group is a quotient of [4, 4]. However, inspection of the 
geometry shows that the corresponding cut genuinely is {4, 4}; its vertices and edges lie 
among those of the original tessellation P = {3, 3, 4, 3}, its faces are diametral squares 
of facets {3, 3, 4} of P, and its vertex-figure is a diametral square of one of the cross- 
polytopes {3, 3, 4} inscribed in the vertex-figure {3, 4, 3} of P. (We should recall that 
the 24 vertices of {3, 4, 3} split into three sets of eight vertices of such cross-polytopes.) 

Similar calculations to those we have just employed show that po, 0; and / all 
commute with 0 and 03. The cut is thus determined by J = {2, 3}, as just stated. 

The less useful cut of the two is the {3, 6}, whose vertices and edges are again among 
those of P = {3, 3, 4, 3}, but whose vertex-figure this time is a diametral hexagon {6} 
of the vertex-figure {3, 4, 3}. (The neighbouring vertices to a given vertex of such a 
hexagon {6} are antipodal vertices in this vertex-figure {3, 4, 3}.) With [3, 3, 4, 3] = 
(00, ..., 04) as before, the cut is given by 


(0, ..-,04) + (00, 01, (620304)°) =: (0, Pi, p2)- 


Thus p2 is the central symmetry of a co-edge of ?. We may check that indeed 
(00, P1, 02) = [3, 6], and that po, 01, C2 commute with o3 and o4, so that J = {3, 4}. 
However, since we do not use this particular cut for any specific purpose, we shall leave 
the details to the interested reader. 
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There are analogous examples derived from hyperbolic tilings, which we shall em- 
ploy in what follows later. The first occurs in {3, 4, 3, 4}. If we write [3, 4,3, 4] = 
(00, 01, 02, 03, 04), then we obtain an obvious cut through the operation 


(60, 01, 02, 03, 04) F> (0, 01, 02, 030403) =: (00, P1, 02, 3): 


That is, we merely pass to the cut {4, 4} in the vertex-figure {4, 3, 4}; this is clearly the 
cut determined by J = {4}. 

More interesting are the cuts of the hyperbolic honeycombs of rank 6 (and so di- 
mension 5). These are obtained in exactly the same way as the cuts of {3, 3, 4, 3}. 
Up to duality, there are three regular hyperbolic 5-honeycombs, namely, {3, 3, 3, 4, 3}, 
{3, 3, 4, 3, 3} and {3, 4, 3, 3, 4}. Let us treat them in turn. 

First, then, let (oo, ..., 05) = [3, 3, 3, 4, 3]. If we perform the analogous operation 
to that of (7C4) on the generators of the group of the vertex-figure, namely, 


(50, 01, 02, 03, 04, 05) F> (0, 01, 0203040302, 0504030405) =: (00, Pl, P2, P3)s 


then we obtain the cut whose group is ’(/) = [3, 4, 4], with J = {3, 4}. 
We may also employ the second of our cuts of the vertex-figure, given by 


yee: 
(0, 01, 02, 03, 04, 05) > (09, 1, 02, (030405)”) =: (00, 1, P25 3)s 


which gives a cut with group '(/) = [3, 3, 6], where J = {4, 5}. 
Second, with (09, ..., 05) = [3, 3, 4, 3, 3], we perform the operation given by (7C4) 
on the group of the facet instead, namely, 


(0, 01, 02, 03, 04, 05) F> (G0, 0102030201, 0403020304, 05) =: (00, P1, 02, /3)5 


then we obtain the cut whose group is "(/) = [4, 4, 4], with J = {2, 3}. In this instance, 
there is no cut analogous to the second kind of {3, 3, 4, 3}. (It is tempting to think that 
there might be a cut of kind {3, 6, 3} of {3, 3, 4, 3, 3}, but this appears not to be the 
case.) 

With the last case (o9,...,05) = [3, 4, 3,3, 4], we perform the analogous dual 
operation on the group of the facet, yielding 


(00, 01, 62, 03, 04, 05) F> (0901020109, 0302010203, 04, 05) =: (0, P15 2; (3); 


which leads to a cut with group I(/) = [4, 4, 4] again, but now J = {1, 2}. Here, there 
is again a cut analogous to the second kind of {3, 3, 4, 3}, given by 


(00, 01, 02, 03, 04, 05) + ((a00102), 03, 04, 05) =: (0, P15 P2, (3); 


the group is now I"(/) = [6, 3, 4], with 7 = {0, 1}. 

There is one important aspect of the theory of cuts which we have not so far men- 
tioned. In our applications of cuts to problems of classifying locally toroidal regular 
polytopes, we should most like to know which cuts were universal, in the following 
sense. 

Suppose that we wish to obtain a new regular polytope by imposing a set R of further 
relations on the group /’\(P) ofa given regular polytope P. In many applications, P will 
be a universal polytope {p1, ..., Pn—1}, for instance, a regular honeycomb in euclidean 
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or hyperbolic space; then °(P) will be a Coxeter group in the natural way. In some 
cases, it turns out that we are, in effect, actually imposing such relations R on the group 
I’(Q) ofa suitable cut of the original polytope P, the corresponding cut O = P(/) itself 
having a Coxeter group as its group. The question which must therefore be addressed is 
whether the imposition of these relations actually forces more relations on the quotient 
of I’(Q) induced by ?e, by virtue of the embedding of ’(Q) as a subgroup of I'(P). 
(We shall see later that this is the likely situation.) If they do not, then we say that Q is 
a universal cut of P relative to R. 

The new relations R on I'(P) may indeed define a new polytope P’. However, in 
many cases, the cut QO of P induces a cut O’ of P’ whose group I"(Q’) satisfies the set 
R’ of relations corresponding to FR, but with the addition of other independent relations. 
Thus, Q is a universal cut of P relative to F if and only if R’ and the defining relations 
for ’(Q) give a complete presentation for '(Q’). 

Unfortunately, it turns out that very few cuts are actually universal. We shall shortly 
discuss the concept in general terms, but for the moment let us illustrate the phenomenon 
of non-universality by a simple example. (We shall encounter some more important 
examples in our investigation of locally toroidal regular polytopes in Chapter 12.) Let 
n > 4, and consider the group [4, 3”? 4] = (00, ..., On) of the regular tessellation of 
“” by cubes. There is a cut Q = {4, 3”~3, 4} of P = {4, 3”-?, 4}, given by 


(00, «+ +5 On) F® (G0, «+ +s On—2 Fn—1 nF n—1) =! (POs +++ + Pn—1)- 


The relation which we impose on I"(Q) to yield {4, 3"~7, 4}(s-1) is 
(00° + Pail = 6. 
In terms of the generators of I'(P), this is 
(00 *** Gn-10nFn-1)"” = 8. 


Now we saw in Section 6D that a toroidal quotient of P can only be of the form 
{4, 3”-?, 4},, with s = (s, 0”~'), (s, s, 0"~7) or (s”). Indeed, the analysis there (which 
relied quite heavily on the geometry) showed that the corresponding quotient P’ of P 
must be {4, 3”~7, 4},, with s = (s, 0”~!) or (s,s, 0"~7), as n is even or odd. In either 
case, the resulting relation on the cut is not the one originally imposed. In fact, the 
cut Q’ of P’ which is induced by Q is actually {4,3”~7, 4},, with s = (s, 0"~7) or 
(s,s, 0"~). On the other hand, the new relation on ”(Q) is just the one which yields 
the toroid {4, 3-7, 4} (52-1). It thus follows that Q is not universal relative to the relation 
which we imposed on I"(P). 

What, then, is the general situation? Let us write, as before, ’ = I\(P) for the full 
group, and A := I’(Q) for the group of the cut. We wish to impose on I" a set of 
relations 7 C A. (Here we adopt the usual convention of identifying a relation w = ¢, 
where @ is a word in the appropriate group, with the corresponding relator w.) The 
resulting quotient group is thus "/N (7), where N(R) is the normal closure of 7 in 
I (that is, the smallest normal subgroup of I” which contains 7). The induced quotient 
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of the subgroup A is 
A/(AN Nr(R)) = A- Nr(R)/Nr(R). 
It is then clear when the cut is universal. 


7C5 Theorem Let I = I'(P) be the group of a regular polytope P, A = I'(Q) the 
group of acut Q of P, andR © Aaset of relations such that '/Nr(R) is a C-group. 
Then Q is universal relative to R if and only if Na(R) = AN Nr(R). 


Proof. This is clear from the definition. Observe that Na(R) < AN Nr(R) always 
holds, so that imposing the relations ? on I” will, in general, force more identifications 
on the cut Q than would have resulted from imposing 7 on A. 


7D The Classical Star-Polytopes 


The polytopes of the heading of this section are those whose classification was central to 
the earlier theory of regular polytopes, and, in particular, to [120]. For a brief historical 
introduction, see also Section 1A. 

We adopt an exclusively geometrical viewpoint here, confining our attention to faith- 
fully realized finite regular n-polytopes P, with the additional property that, for each 
j =0,...,n and each j-face F of P, we have dim F = /. Recall that we distinguish 
between the combinatorial concept of rank of a polytope and the geometric concept of 
dimension of one of its realizations. We also refer to Theorem 5B20; since the dimen- 
sion of a faithful realization cannot be less than the rank, such regular polytopes have 
an obvious minimality property. We shall call these polytopes classical, in view of their 
historical role in the subject. Of course, the motivation is provided by (among others) the 
regular convex polytopes, which certainly are classical in this technical sense as well. 

Our first main result will illustrate the importance of the defining condition. However, 
we begin with a geometrical lemma concerning the centre c(P) of a regular polytope 
P, that is, the centroid of its vertices. 


7D1 Lemma Let P be a classical regular polytope, and let F be a facet of P. Then 
c(P) ¢ aff F. 


Proof. We employ an induction argument on n := dim P; the case n = 1 is trivial. If 
n> 1, let G < F be a ridge (that is, (n — 2)-face) of P; in such circumstances, we 
may always assume that faces under consideration belong to the base flag of P. By 
the inductive assumption, c(/’) ¢ aff G, since F itself is classical. Were we to have 
c(P) € aff F, then c(F’) = c(P), by the uniqueness of the centre. But then the generat- 
ing reflexion R,_; of G(P) would have to fix G and c(F’), and so would fix F itself, 
since aff(G U {c(F)}) = aff F. Since P is faithful, this is impossible. The contradiction 
thus yields the result. 


We are now in a position to prove 


7D2 Theorem The symmetry group G(P) of a classical regular polytope P is gener- 
ated by hyperplane reflexions. 
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Proof. Again, we may use induction on n := dim P, the case n = | being trivial. Let 
F and G be as in the proof of Lemma 7D1, and let G(P) = (Ro, ..., Rn—1) in the 
usual way. Within aff F’, by the inductive assumption, (the mirrors of) Ro, ..., Ry—2 are 
hyperplanes; that is, dim(R; N aff F) = n — 2 foreach j = 0,...,n — 2.Sincec(P) ¢ 
aff F by Lemma 7D1, we see that R; = aff((R; M aff F) U {c(P)}) is a hyperplane for 
j=0,...,n—2. Finally, since R,_, fixes G, dimG =n —2 and c(P) ¢ affG C 
aff F, we conclude that dim R,,_; > n — 1. Using Theorem 5B20, or just remarking 
that R,-1 4 E”, we see that the opposite inequality is trivial, and so we have proved 
the result. 


It is usually the case that an abstract regular polytope can only be described com- 
binatorially by considerable modification of the symbol denoting its Schlafli type. For 
classical regular polytopes, on the other hand, a much more concise notation can be 
devised. Let P be a classical regular n-polytope, and let G(P) = (Ro, ..., Rn—1) be 
its symmetry group, generated by the hyperplane reflexions associated with a base flag 
of P. Taking the ambient space of P to be E” and c(P) = 0, for 7 = 0,...,n — 1, we 
may write 


R; = {x € E” | (x,u;) = 0}, 


with each uw; a unit vector. Further, we may change signs of the u;, if necessary, to 


ensure that (uw ;_1,u;) < O for j = 1,...,2— 1 (we have (w;, ux) = Oif j < k — 2). 
Since (R;_1, R;) isa finite group, foreach j = 1, ..., — 1 there is a rational number 
Pp; > 2 (written as a fraction in its lowest terms), such that (u;_1,u;) = — cos(z/p;). 


Then P is denoted by its Schlafli symbol 


7D3 P:= {P1,--+> Dn—-1}- 


This new notation naturally accords with our informal earlier usage, such as { 3} 
for the regular pentagram, and { 5, 5} for the small stellated dodecahedron. We have 
shown (see Section 1B) that the classical regular polytopes whose Schlafli symbols 
contain only integer entries are precisely the convex regular polytopes (or, equivalently, 
the finite universal regular polytopes {p1,..., Pn—1} of Section 3D). Those whose 
symbols contain at least one non-integer entry are therefore starry, or are regular star- 
polytopes, so called because their faces or co-faces are not those of the convex hull of 
the vertices. 

There are important consequences of Theorem 7D2. 


7D4 Corollary A classical regular polytope P = {p,,..., Pn—1} always has a dual, 
which is the classical regular polytope P* = {pn-1,..-, Pi}. 


Proof. We construct P* geometrically. Just as P is obtained from its group 
(Ro, ..-, Ra—1) by Wythoff’s construction, starting with the initial vertex v € (R, N--- 
A Rn-1) \ {0}, so we obtain P* by Wythoff’s construction, with initial vertex v* € 
(Rn-2 M--+-M Ro) \ {o}. In this context, observe that the Wythoff space is one- 
dimensional, because the generators R ; are hyperplane reflexions. Thus G(P*) = G(P), 
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with the distinguished generators labelled in the reverse order. Evidently the Schlafli 
symbol of P* is the reverse of that of P, as claimed. 


7D5 Corollary Forn > 2, the facet and vertex-figure of the regular n-polytope P = 


{P1,---, Pn-1} are the regular (n — 1)-polytopes {p,, ..., Pn—2} and {p2,---, Pn—1}, 
respectively. 


Proof. This is clear either directly, or by applying Wythoff’s construction to the sub- 
group (Ro, ..., Ry—2) with the same initial vertex v of P, or to (Ri,..., R,-1) with 
initial vertex the other vertex w of the initial (base) edge E of P. 


The aim in this section is to classify completely all the classical regular polytopes; 
we shall demonstrate that there are no starry such polytopes in dimensions larger than 
4. In fact, we shall establish a result first observed by Hess [215], and proved using a 
case by case enumeration by van Oss [337]. Several proofs are to be found in [120, 
Chapter 14], but here we follow the systematic approach in [280], which does not rely 
on any prior knowledge of the actual polytopes. For a discussion of the densities of the 
regular star-polytopes, the reader is referred to Coxeter [95, 97, 98, 120, §14.8]; see 
also Section 3E. 

The observation made by Hess was 


7D6 Theorem Every regular star-polytope has the same vertices as some regular 
convex polytope. 


We shall prove this theorem in a stronger form, for which we need one further 
concept. Associated with the regular polytope P = {p1,..., Pn—1} is its Schlafli deter- 
minant A(P), which is defined by 


1 —cos ae 0 0 see 0 0 
—cos + 1 —cos = 0 
Pl P2 
0 —cos 4 1 —cos2 .-. 0 0 
A(P) es V2 ; P3 

0 0 1 —cos + 
Pn 

0 0 —cos 4 1 

be -1 
7D7 


Thus the appropriate definition for the 1-polytope { } is 
7D8 A({}) := 1. 


If we write U for the n x n matrix whose rows are the unit vectors ug, ...,U,—1 
associated with the mirrors Ro, ..., R,—1, then we see that 


7D9 A(P) = det(UU") > 0, 


aan 


since clearly {uo, ..., Un—1} spans 
We now give a seotielnic interpretation of the Schlafli determinant (compare [120, 
§7.7]). Let P be a classical regular n-polytope in E”; as usual, we take c(P) = o. An 
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edge E of P will subtend an angle 2y(P), say, at o. We recall also that P/v denotes 
the vertex-figure of P (at some vertex v). Then we have 
7D10 Lemma /f7n > 1, then 

A(P) = A(P/v) sin’ g(P). 


Proof. Suppose that the vertices of P lie on a sphere of radius p(P) about o, and that 
P has edge-length A(P); thus 


A(P) = 2p(P) sing(P). 


The vertices of the vertex-figure P/v are the other vertices of the edges of P through 
v, so that a typical edge E of P/v has length 


A(P/v) = 2A(P) cos —, 
Pi 


the edge-length of the vertex-figure of the 2-face {p1} of P. Further, we clearly have 
p(P/v) = MP) cos (P). 
Substituting A(P/v) = 2p(P/v) sing(P/v), there follows at once 


P(P/v) — A P/v) p(P/v) _ cos(a/pi) 
MP) ~~ ACP) A(P/v) — sing(P/v)’ 


7D11 cos g(P) = 


which we can rewrite as 


cos*(x7/p1) 


7D12 sin’ o(P) = 1— : 
ol) sin’ y(P/v) 


We may now make the inductive assumption 
A(P/v) = A(P/E) sin’ y(P/v), 
with F (as before) an edge of P. We observe that the lemma does hold if n = 2, as is 
easily checked. This then leads to 


A(P/v) sin’ g(P) = A(P/v) [ is ead 


sin’ y(P/v) 

= A(P/v) — cos? a A(P/E) 
1 

= A(P), 


by direct calculation from the definition (7D7). This concludes the proof. 


Proof. We shall now prove Theorem 7D6, in the following strong form. If P is a starry 
regular n-polytope, then 


(a) P has the vertices of a unique regular convex polytope P, 
7D13 (b) moreover, G(P) = G(P), 
(c) and A(P) > A(P). 
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The induction begins with the case ie = 2. If P = {4} is a regular star-polygon, with 
p and d integers satisfying 2 <d < 5 |» and (d, p) = 1, then P is the convex regular 
p-gon {p} with the same vertices. Clearly, G(P) = G(P); further 


d 
A(P) = sin? Ba > sin’ — = A(P). 
P P 


Thus the conditions hold here. 

Now suppose that n > 3, and that P = {pj,..., Pn—1} is a regular star-polytope. 
Then at least one of pj, ..., P»—1 iS not an integer; appealing to Corollary 7D4, we may 
dualize, if necessary, and suppose that it is one of p2,..., Pn_1. By Corollary 7D5, 
the vertex-figure P/v = {p2,..., Pri} of P is a classical regular (n — 1)-polytope, 
which is starry. Our inductive assumption then enables us to replace Po := P/v by the 
unique regular convex polytope Po = {q2, ..-, dn—1}, Say, With the same vertices. Note 
that qo,...,Gn—1 > 3 are integers. 

Let E = {v, w} be the initial edge of P. Since, also, G(Po) = G(Po) = G(P/v) = 
(R,,..., Ry—1) (each considered as a reflexion group in E”), we can write G(Po) = 
(S},..., Sn-1), Where S},..., S,-1 € G(P/v) are the distinguished generators (again 
hyperplane reflexions in E”) associated with a base flag of Py which contains w. Define 
So := Ro, where G(P) = (Ro, ..., Ry»—1) with the usual convention. Since v € S$; for 
each j = 1,...,2—1,andw € S; for 7 = 2,...,n—1, wesee that E C S; for j = 
2,...,n—1. But So = Ro is the perpendicular bisector of E, so that So 1 S; for 
j=2,...,.n—-1. 

Our inductive assumption says that G(P)) = G(Po) = G(P/v); hence 


(So, ++, Sn-1) = (Ro, ..-, Rn-1). 
If we apply Wythoff’s construction, with the same initial vertex v, we thus obtain a 
regular polytope 
O={1,---+4n-1} 
with vertex-figure Py. By construction, Q will have the same vertices and edges as P; 
observe that £ is also the initial edge of Q. We call this process of obtaining Q from 
P vertex-figure replacement. 
We calculate A(Q) and q; as follows. First, we have g(Q) = y(P), since P and O 
have the same vertices and edges. From Lemma 7D10, we have 
A(P) = A(Po) sin’ (P), 
A(Q) = A(Po) sin” y(P), 
so that 
A(Q) _ Ao) 
A(P) — A(Po) 


In view of the inductive assumption A(P)) < A(Po), we conclude that 


A(Q) < A(P). 
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Second, (7D11) immediately implies that 
. 
cos — = cos ¢(P) sing(P/v). 
Pi 


Since g(P) = ¢(Q), there follows 


cos(z/qi) _ sing(Q/v) 


7D14 cotela aio IUy 


whence q; can be calculated using 


A(Q/v) _ A(Po) | 
A(Q/E) — A(Py/w) 


sin’ g(Q/v) = 


recall that E = {v, w}. 

If gi is also an integer, then we are finished. Otherwise, we dualize and replace 
the vertex-figure, repeating the process as often as necessary. Now G(P) is finite, 
and so only finitely many choices are possible of distinguished systems of generating 
reflexions from among those of G(P). Since A(Q) < A(P), the Schlafli determinant 
strictly decreases at each stage. The only way the process can terminate is thus at a 
convex regular polytope P, say. 

Now G(P) = G(P). We recall the description in Section 1B of the group G(P) ofa 
convex regular n-polytope P. This is a finite Coxeter group, generated by the reflexions 
R; in hyperplanes H; containing o, for 7 = 0,...,n — 1. Since Ho,..., Hy—1 bound 
a simplicial cone C which is a fundamental region for the action of G(P) on E”, 
any subgroup of G(P) which is generated by hyperplane reflexions and fixes a line 
is conjugate to a subgroup of a distinguished subgroup (R ; |J7 € J), for some subset 
J CN :={0,...,2— 1}. In particular, the only subgroups of G(P) which can be the 
symmetry groups of classical regular (n — 1)-polytopes are (subgroups of) the groups 
of its facet or vertex-figure. Dualizing P if necessary, we may thus suppose that the 
subgroup G(P/v) of G(P) = G(P) is a subgroup of the group of the vertex-figure P. 
It follows at once that P can be taken to have the same initial vertex v as P, so that the 
vertices of P and P coincide; this completes the inductive step of the argument. 


Theorem 7D6 shows how a regular star-polytope is related to some regular con- 
vex polytope. But the method of proof of Theorem 7D6 is, if anything, even more 
instructive, for it says that we may find all the regular star-polytopes, if we reverse the 
vertex-figure replacement process in all possible ways, starting from a suitable regular 
convex polytope. Thus we may replace any vertex-figure by another regular polytope 
with the same vertices. 

Taking for granted the regular star-polygons, we first apply the procedure to 3- 
polytopes. In this case, (7D 14) takes the form 


cos(/qi) _ sin(z/q2) 
cos(t/pi) — sin(t/p2) 
The only regular convex polyhedron to which the process is applicable is QO = {3, 5}, 
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whose vertex-figure {5} may be replaced by {3}. We then obtain the family 
{5,3} {3,5} 
{5.3} {3.5} 
13.3} {3,3} 

Polyhedra in the same row are dual, while those in the same column are obtained 
by vertex-figure replacement. Considering the symmetry groups of the vertex-figures 
shows that, of the star-polyhedra, { x, 3} has the same vertices as {5, 3}, while the others 
have the same vertices as {3, 5}. 


For a regular 4-polytope P = {p1, po, p3}, an easy direct calculation from (7D11) 
(see also [120, 2.44]) yields 


1 W 
cos y(P/v) = cos — cosec — 
P2 P3 


for its vertex-figure P/v. Thus (7D 14) takes the form 


cos(z/qi) 1 — cos*(/qz) cosec*(zt/q3) 
cos(t/p1) 1 — cos*(x/p2) cosec?(zt/p3) 


The only possible starting point for applying the procedure is the 600-cell O = {3, 3, 5}. 
With the same conventions as before, the resulting family is 


{5,3,3} {3,3,5} 
(5:3) (25:3) 
(5, §,5} 
+3 


{5.3.3} 


-3} {3.3.3} 


Considering the groups of the vertex-figures, we see that, among the star-polytopes, 
(3, 3, 3} will have the vertices of {5, 3, 3}, while the remainder will have the vertices 
of {3, 3, 5}. Note that, in the second and fourth columns, the first two polytopes share 
the same 2-faces (as well as vertices and edges), as do the last two. 

Since the procedure is not applicable to any regular convex n-polytope with n > 5, 
we see that these two lists complete the enumeration of the classical regular polytopes. 

Let us end the discussion of this section by describing the groups of the regular star- 
polytopes (see also [290]). We shall employ the mixing operations which we introduced 
in Section 7B, and variants of them. We begin with a result we have already quoted; it 
occurs first in [105, p. 52]. 


7D15 Theorem {5, 3} = {5,5| 3}. 


Proof. Let '({5, 3}) = (0, P1, 02), in terms of its distinguished generators. Since 
{5, 3} = {3, 5}”, we see that the required group is obtained from the Coxeter group 
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[3, 5] = (00, 01, 02) by the mixing operation 
(00, 01, 62) + (60, 010201, 02) = (Po, P1, 02): 


The inverse of this operation is g3. This is equivalent to g2, but would not yield the 
original generators; in this context, the distinction is unimportant, but we shall wish to 
maintain it when we come to the starry 4-polytopes. Thus the inverse is 


(00, P1, 02) > (Po, 01210201, 02) = (G0, 01, 02). 


Now the holes of any regular polyhedron P of type {3, g} are q-gons, and so P® is 
of type {q, q} if g is odd. Thus {5, 3} is indeed of type {5, 5}. Of the other defining 
relations for [3, 5], there remains (o901)° = €, which gives directly (00/1 02 py =6 
this says that the holes are triangles. This is the conclusion required. 


Since {5,5 |3} is self-dual, we see from the second half of the list of 3-polytopes 
that polyhedra obtained from each other by interchanging 5 and 3 are isomorphic. 

We now move on to the 4-polytopes. We shall soon see that the interchange of 5 and 
3 induces isomorphism of polytopes here as well. If we anticipate this result, and also 
confine our attention to one of each dual pair, we conclude that we need only consider 
the three polytopes {3, 5, 5}, {5, , 5} and {5, 3, 3}. For the last, we must introduce a 
generalization of the notation for holes. Ifthe automorphism group I"(P) of the regular 
n-polytope P is obtained from the Coxeter group [p1,.--, Pn—1] = (Po, ---; Pn—1) by 
imposing the single extra relation 


(P0P1++* Pn—1Pn—2°** pi)’ = 6&, 


then we write 
P= {Pi.---> Pn-1 |r}. 


We may think of this extra relation as determining a deep hole. Just as with ordinary 
holes, a deep hole corresponds to a certain circuit of edges; its group is generated by 
the involutions (9 and (; «++ Pn—1Pn—2-- + 1; the former interchanges the two vertices 
of the initial edge in the base flag of P, and the latter is a conjugate of p,_; which fixes 
the initial vertex. 

The relation for a deep hole is preserved under duality, so that 


P* = {Pn-1,---, Polr}. 


We remark that Lemma 7C2 and induction on k show that, for k > 3, a regular 
polytope of type {3*~?, q} has deep holes of type {q}. 
The starry regular 4-polytopes are then given by 


7D16 Theorem 7he following isomorphisms hold: 


(a) (3,5, 3} = {{3, 5}, (5, 5| 3} 
(b) {5, 3, 5} = {{5, 5| 3}, {5, 51 3}} 
(c) {5, 3, 3} = {5, 3, 5|3}. 


Proof. Note that (a) and (b) say that the two polytopes are universal of their type, 
while (c) says that the type of {5, 3, 3} is determined by triangular deep holes. Of 
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course, {5, 3, 3} cannot be universal of type {5, 3, 5}, since the latter is infinite. Another 
consequence of (c) is that {5, 3, 3 } is isomorphic to its dual { 5 , 3, 5}, and this will justify 
the earlier remark about the interchange of 5 and 3. 

It is tedious rather than difficult to find the mixing operations which give the dis- 
tinguished generators po, ..., 03 of each new group in terms of the Coxeter group 
[3, 3, 5] = (00, ..., 03), and the inverse operations. We are guided by the process of 
vertex-figure replacement described earlier; the dissection theorems of [146] are also 
relevant in this context. It is helpful to remember that only the subgroup of the vertex- 
figure will actually change. 

In the calculations that follow, we shall make frequent use of Lemma 7C2; we shall 
not note each occurrence of it. 


(a) The first operation on [3, 3, 5] is 
(00, 01, 02, 03) +> (G0, 01, 020302, 03) =: (Po, 1, 2, 3); 
this employs the facetting operation gy) on the vertex-figure {3,5} of {3, 3, 5}. Most 
of the relations satisfied by the new generators are obvious (for example, they are 
all involutions), and so we concentrate on those which are not. We first observe that 
£2P3 = (0203)", reflecting the change from 5 to 3 in the Schlafli symbol; thus (p23) = 
é. Further, 
P12 = 01020302 
~ 0203, 
with ~ as usual denoting conjugacy, since (o;0)> = e. 
The inverse operation is 
(00, P1s P2+ 03) > (Po, P1, 2032032, (3) = (G0, 01, 02, 03). 
It follows that the automorphism group I"({3, 5, 2}) of {3, 5, 3} is obtained from the 
Coxeter group [3, 5, 5] by imposing the single extra relation arising from (0,02) = e. 
Now 
0102 = P1P23/2P3/2 
= P1P3P2/P3 2 /P3 
= P3P1 2/3 P2P3 
~ P1232. 
That is, {3, 5, 3} = {{3, 5}, {5, 5 | 3}}, as claimed. 
(b) The next operation on [3, 3, 5] is 
(00, 01, 02, 03) > (09, 0102030201, 03, 02) =: (00, P1, P2, (3): 
We observe that 
POP1 = 90019203020] 
™ 01020302 


~ 0203, 
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since (o901)° = (o\02)° = é. Next, 


P12 = 010203020103 
= 01020302030, 


es (02 03 1g : 
Finally 


P1P3 = 010203020102 
= 01020301020] 
= 01020103020) 
= 02010203020] 


= P31. 


The inverse operation is 


(0; P15 P25 03) > (P05 0302010201203, 03, 02) = (G0, 01, 02, 03). 


It thus follows that '({5, 5, 5}) is obtained from [5, 5, 5] by imposing the two extra 


relations arising from (o901)° = € = (o102)°. Now 
0001 = (0032/1201 /2P3 
= (3/2 P0P1P2P1 P23 
~ PoP1P2P1; 


while 


0102 = £30201 0201 P20; 

= (3P2P1P2P1/2 

= (3P1P2P1P2P1 

= P1P3P2P1P2P1 

™~ (3 P2P1 2 

~ P1P2P3P2- 
That is, {5, 5, 5} = {{5, 5| 3}, {5, 5 | 3}}, as claimed. 

(c) The final operation on [3, 3, 5] is 
(00, 01, 02, 03) > (G0, 610203020), 030203, 02) =: (0, P1, 02; P3); 
which is the operation of (b), followed by the facetting operation @ applied to the 
vertex-figure (3, 5} of {5, , 5}. We see that 
PoP1 = 900102030201 


~ 0203, 
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as in case (b). Next, 


P02 = 00030203 
= 03020300 


= (2/0- 
Then we have 


P1P2 = 0102030201030203 
= 0102030203010203 
™~ 01072030102030703 
= 0102010302030203 
= 0201020302030203 
™ 01020307203070302 
= 01030203 
= 03010203 


™ 0102. 


We also have p;/3 = 03/1 as in case (b), and p23 = (030)" ~ (0203)*, so that 


(293)” =e. 
The inverse operation is 


(0, P1, 025 (3) > (Po, 010203 0201230201, P35 20302302) = (G0, O1, 02, 03). 


It follows that ({5, 3, 3}) is obtained from [5, 3, 5] by imposing the extra relation 
arising from (0901) = ¢. (We have already implicitly mentioned (o102)* = e, since 
this comes from (02) = €.) For this, 


F001 = P0P1/23 02/1 P23 02/1 
= P0P1P2P3P1P2/P1 P3P2P1 
= P0P1P2P1 P32 P3P1P2P1 
= P0P2P1 P23 P23 P21 P2 
= P2P0P1 P23 P23 P21 P2 
™~ P0P1 P23 P2P3 P21 
= P0P1 P3 P23 2/3 P1 
= (3 P0P1 P23 P21 P3 
~ P0P1P2P3/2/1- 


That is, {5, 3, 3} = {5, 3, 5| 3}, as claimed. 
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7E Three-Dimensional Polyhedra 


We now employ the techniques we have introduced to describe the possible 3- 
dimensional realizations of abstract regular polytopes, which are both discrete and 
faithful. These restrictions are the natural geometric ones; they will be assumed to hold 
henceforth, and will not be repeated. We then prove, by direct methods, that the enu- 
meration is complete. In this section, we treat the polyhedra (finite and infinite), and in 
the next we deal with the apeirotopes of rank 4 (there can be no finite 4-polytopes in E’). 
Our treatment will follow [304]. 

We have already described the geometric regular polygons in Section 5B (and poly- 
topes of lower rank are just points and segments). However, it is worth reminding 
ourselves about them. In E?, a finite regular polygon P can only be either planar, and 
thus a pure polygon {p}, or skew, being a blend. In the latter case, we tend to use 
terminology a little loosely. In writing a skew polygon as P = {p} #{ }, we mean that 
the natural identifications under the projections on the components yield {p} and { }. 
Then P itself is a faithful realization of the abstract regular polygon P := {p} 9 {}, 
where p is the numerator of p, regarded as a fraction. We further note that P = {p} 
or {2} as p is even or odd. When we speak geometrically, we shall use the language 
of blends; however, when the combinatorial aspects come to the fore, we shall then 
talk about mixes. We refer to the end of Section 7A for a general discussion about the 
relationship between blends and mixes. 

In general, in a blend {p}#{}, we allow p > 2 to be a fraction; in this section, 
however, p will always be an integer. The vertices of a skew polygon {p} # { } (with 
integral p) are among those of a p-gonal prism; they will form all the vertices if p is 
odd, in which case the blend is a 2p-gon, and half of them if p is even; in each case, 
they will lie alternately on the two p-gonal faces of the prism. Similarly, an apeirogon 
(infinite regular polygon) is a linear one {oo}, a (planar) skew one (zigzag apeirogon), 
which is the blend {co} #{} with a segment, or a helix, which is the blend of {co} 
with a bounded regular polygon. Note that the bounded regular polygon in the last 
type need not itself be finite, although it will actually be so in this section and the 
next. 

When we consider discrete regular polytopes in E? of higher rank, we note that the 
three regular tessellations {3, 6}, {4,4} and {6, 3} are planar. However, we can treat 
these cases with the others, all of which are genuinely 3-dimensional. 


Finite Polyhedra 


We begin the classification problem with the finite case. One reason why we are clas- 
sifying these polytopes in this chapter is that we can then apply the various mixing 
operations we have described in the previous sections, particularly Section 7B. So 
we shall begin by listing the (finite) regular 3-polytopes in E*, with the relationships 
between pairs of them. These polytopes will have the same symmetry groups as the 
tetrahedron, octahedron or icosahedron. In our lists, we shall not repeat self-dual poly- 
topes, for example. And we should emphasize again that we are really considering 


218 7 Mixing 


realizations of polytopes; thus a polytope may be realizable, while its dual is not (at 
least, not faithfully). 
The three groupings are then: 


Tetrahedral Symmetry 

7E1 {3,3} <> {4, 3} 
Octahedral Symmetry 

7E2 (diy eG Ae ore et, 
Icosahedral Symmetry 


hd C) 4 


{10,5} <—~ {3,5} <— {5,3} <— = {10,3} 


7E3 {6,3} <>» {5,3} <> {3,5} — {6,5} 
t $2 t G2 
10 1 8 a 10 
{7.3} <> {3.3} <> {3.3} <> {93] 

We should say a few things about the last display. First, we have suppressed the exact 
description of most of the polyhedra. Instead, we have given symbols more akin to those 
used by Coxeter in [120, Chapters 2, 6]. In fact, the polyhedra occur in isomorphic pairs, 
given by symmetry of the display about its centre, or by interchanging 5 with 3 and 10 
with 2. The remaining details are: 

{10, 5} = {10, 5}5, 
{10, 3} = {10, 3}s, 
{5,5} © {5,5]3}, 
{6, 5} = {6, 5}5,3. 
For the last of these, recall from Section 7B that the subscripts denote the lengths of 


the 1- and 2-zigzags of the polyhedron. 
The classification result here is 


7E4 Theorem The list of the 18 finite regular polyhedra in (7E1), (7E2) and (7E3) is 
complete. 


Proof. The enumeration is performed by a systematic investigation of the various 
possibilities. Let P be a regular polyhedron P in E?, and let G(P) = (Ro, Ri, R2) be its 
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symmetry group. We may suppose that G(P) is an orthogonal group, so that P has centre 
o. Further, we adopt our usual convention of identifying a reflexion with its mirror. 

By Theorem 5B20, we have dim Rp > | and dim R; = dim R2 = 2. That is, Ro may 
be a line or a plane, and R; and R> must both be planes. 

We now employ a trick that we have already used in Section 5C. If Ro is a line, then 
we replace it by the orthogonal plane Sp := Ra. Asan orthogonal mapping, Sy = — Ro, 
that is, the product of Ro with the central reflexion. We note that Sp still commutes with 
Ro, but does not with R;. If Ro is a plane, we set So := Ro. Further, we set S; := R; 
for 7 = 1,2 in each case. Define H := (So, S;, S)). Then A is an irreducible finite 
(plane) reflexion group in E*, which is the symmetry group of some classical regular 
polyhedron Q (see Section 7D). 

We may clearly reverse the argument. If we take the group H = (So, S|, Sy) of 
a classical regular polyhedron Q, we may replace Sp by —So, to obtain a new finite 
orthogonal group in E> generated by involutions. This then adds another 9 regular 
polyhedra to the 9 classical ones; thus, we arrive at the 18 polyhedra listed. 


Let us make a remark about this pairing of polyhedra. When the group is [3, 5], a 
line which is the axis of a two-fold rotation is perpendicular to a reflexion plane; thus 
the two groups G(P) and H are the same. But when the group of P is [3, 3] or [3, 4], 
something strange can happen: the two groups may be interchanged by the procedure 
of replacing Sp by — Sp. However, it is clear that applying this procedure to Petrie duals 
will yield Petrie duals. The resulting pairings among the 18 polyhedra are 


{3, 3} <> {6, 3}4, 
{3,4} —~ {6, 4}, 
{4, 3} <> {4, 3}3, 


{5,3} <> {¥, 3}, 
TES cme ee ee 


For the polyhedra with symmetry group [3, 5], we have adopted the same abbreviated 
notation as that in (7E3). 

Finally, let us observe that two of the same pairings can be expressed as {P, P ¢ { }}, 
with a polyhedron paired with its mix with a segment (see the end of Section 7A). This 
emphasizes again the distinction between the combinatorial sense of mixing and the 
geometrical sense of blending. In fact, we have 


{6, 3}4 = {3, 3} 0 {}, 
{4, 3} = {4, 3}3 0 {}. 
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For the other seven pairs {P, O}, we have the curious phenomenon that P > {} = 
O  {}. In each case, the group '(P) = I'(Q) has a relation involving pp an odd 
number of times (a different one in the two cases), corresponding to an odd edge- 
circuit. Hence, mixing with a segment doubles the order of the group, giving a new 
group I'(P) x Cy = I'(Q) x Cp. All the edge-paths now have even length; a path is 
doubled in length in going from P to P > { } precisely when the length in P was odd. 
But edge-paths in P and Q are also related in such a way; if a path in one is odd, then 
the corresponding path in the other is even. The claimed conclusion thus follows. 

For higher-dimensional euclidean spaces, no complete classification of the regular 
polyhedra (faithful realizations of finite abstract 3-polytopes) is known. However, under 
the assumption of planarity of the 2-faces, a complete enumeration of such polyhedra 
in E* has been achieved in Arocha, Bracho, and Montejano [11] and Bracho [42]. 


Apeirohedra 


We now move on to the regular apeirohedra, or infinite polyhedra, in E>. We repeat our 
blanket assumptions of discreteness and faithfulness. 

A key tool in settling the classification problems is a refinement of Bieberbach’s 
theorem [25] (see also [344, §7.4]). 


7E6 Lemma 4An affinely irreducible discrete infinite group of isometries in E* or E 
does not contain rotations of periods other than 2, 3, 4 or 6. 


Proof. Let G be an affinely irreducible discrete infinite group of the whole group Z,, 
of isometries of E”. In saying that G is affinely irreducible, we recall that we mean that 
there is no proper invariant linear subspace L of E”, such that G permutes the affine 
subspaces of E” which are translates of L. (Our use of the term “invariant” is thus a little 
irregular.) If such an invariant subspace L exists, then its orthogonal complement L+ is 
also invariant in the same sense. This accords with the usual definition of irreducibility, 
if we associate with an affine mapping x + xA+5 (with A ann x n matrix and 
b € E”) the linear mapping on E”*! given by 


: 
cnr ool? % |. 


In this context, of course, we do not count the invariant hyperplane of points (x, 0), 
which arises from E”. 

Bieberbach’s theorem now tells us that such a group G contains a full subgroup T 
of the group 7, of translations of E”, and the quotient G/T is finite; in effect, T can 
be thought of as a lattice of rank n in E”. If x H xg +t is a general element of G, 
with g € O,, the orthogonal group, and ¢ € E” a translation vector (we may thus think 
of t € T,,), then the mappings ¢ clearly form a subgroup Go of O,, called the special 
group of G. Thus Go is the image of G under the homomorphism on Z,,, whose kernel 
is J, (the image is, of course, O,,). In other words, 


Go = GT, /T, = G/(GNT,) = G/T. 
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There is no loss of generality in assuming that Go contains the central inversion 
—TI; if it does not, then we adjoin it. Suppose now that n = 2 or 3, and that Go does 
contain a rotation with period k 4 2, 3, 4, 6; then it contains such a rotation g through 
an angle 27/k. We first consider the planar case n = 2. Since —J € Go, we may 
suppose that k > 8 is even. There is a minimal length 6 among the translations of 7. If 
t € T has ||f|| = 4, then the distance between ¢ and fg is 26 sin(a/k) < 6, an obvious 
contradiction. In the case n = 3 of ordinary space, we argue similarly, except that we 
consider the minimal distance between parallel axes of k-fold symmetry. 


Planar Apeirohedra 


We have already mentioned the regular planar tessellations. To these must be added 
their Petrials. We thus obtain the two families of planar apeirohedra: 


TET {4,4} <> {00, 4}4 
and 
7E8 eo) Oe ned Ry a (ee a foe 


The other operations we have described in Section 7B lead to no new polyhedra, even 
when they are applicable. In fact, we have {4, 4}” = {4, 4} (actually, another copy, 
whose edges are diagonals of the original squares), and {3, 6}” = {6, 3} (a special 
case of Lemma 7B10). 


7E9 Theorem The list of six planar regular apeirohedra in (7E7) and (7E8) is com- 
plete. 


Proof. The argument is similar to that for the finite regular polyhedra, but a little easier. 
Let P be a planar regular apeirohedron, with group G(P) = (Ro, Ri, R2). The initial 
vertex v satisfies v € R; M Ro, and R; and R» are non-commuting involutions in E?; 
hence, R; and R2 must be intersecting lines. Lemma 7E6 then implies that the angle 
between R; and R>2 can only be 2/3, 2/4 or 1/6. Next, Ro may be a point or a line. 
In the latter case, G(P) must just be one of [4, 4] or [3, 6], yielding the three ordinary 
planar tessellations. In the former case, since Ro commutes with R2, the point must lie 
in Ry, and we obtain the three Petrials of the planar tessellations (observe that Ro Ro 
will be the reflexion in a line perpendicular to R2). 


Blended Apeirohedra 


We now consider the genuinely 3-dimensional discrete regular apeirohedra in E*. We 
shall see that they fall into two families of 12 each. The first comprises those which are 
blends in a non-trivial way, while the second consists of the pure apeirohedra. 

The non-pure 3-dimensional apeirohedra are derived from the six planar regular 
apeirohedra by mixing with either a segment { } or the linear apeirogon {00}. (This point 
of view builds up a blended apeirohedron from its components.) The apeirohedra in 
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each of these two families form one-dimensional classes under similarity; the parameter 
is the ratio between the edge-length of the planar apeirohedron and either the length of 
the segment or the edge-length of the apeirogon. These apeirohedra are thus listed as 
follows. First, we have the blends with segments: 


{4,4} #{} <> {00, 4a #{}, 
7E10 {3, 6} #{} <> {co, 6}, #{}, 
{6, 3} #{} <> {o0, 3}o #{}. 


Recall that, combinatorially, these blends are also mixes, whose planar and linear 
components are covered by the 3-dimensional apeirohedra. Then we have the blends 
with apeirogons (to which the same comments about mixes apply): 


{4, 4} # {00} <=> {00, 4}4 # {oo}, 
7E11 {3, 6} # {oo} <=> {00, 6}; # {oo}, 
{6, 3} # {oo} <=> {00, 3} # {oo}. 


If p is finite, the facets of a blend {p, g} # { } are skew polygons {p} # { }, and their 
vertex-figures are flat polygons {q}, parallel to the plane of the tessellation {p, g}. Note 
that {3} # { } is actually a skew hexagon (see our earlier remark about polygons). For a 
blend {00, q}, #{ }, the facets are (planar) zigzag apeirogons {00} # { }, since we have 


({oo} #{ })#{} = foo} #{}, 


if we ignore the implicit parameter giving the relative sizes of the components of 
the blend. The vertex-figures are again flat polygons {q}, since the Petrie operation 
preserves vertex-figures. 

Similarly, the facets of a blend {p, gq} # {co} with p finite are helical apeirogons 
{p} # {oo} (spiralling around a cylinder with a p-gonal base), and the vertex-figures 
are skew polygons {q}#{}. The facets of a blend {00, g}, # {oo} are now zigzag 
apeirogons, since 


({oo} # { }) # {oo} = foo} #{}, 


again ignoring any implicit parameters. The vertex-figures are still skew polygons 
{q} # {}. 

In preparation for the classification theorem for these apeirohedra, we need a pre- 
liminary result. 


7E12 Lemma Let P be a faithful discrete blended regular apeirohedron in E>. Then 
the components of the blend are discrete. 


Proof. It is not possible for a blended regular apeirohedron to be planar; hence, the 
apeirohedron P is genuinely 3-dimensional. Its components must thus have dimensions 
2 and 1. Let its (geometric) symmetry group be (Ro, R;, R2), and write R; = S; x Tj, 
with S; C L and 7; C M, in the standard notation for blends adopted in Section SA 
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(thus L is the plane and / the line in the decomposition). We may suppose that Z and 
M contain the initial vertex o. We first concentrate on the 1-dimensional component. 
We must have 7) 4 M, otherwise P is planar, contrary to assumption. Hence 7p is a 
point, distinct from o. Further, 7; and 7 contain 0, and 7 commutes with 7). This 
implies that 7, = M. 

If 7, = M also, then the component in M is a segment. It is at once clear that the 
projection on Z must be discrete. 

Alternatively, T; = {0}. Then the component in M is an apeirogon, and hence is 
discrete. From Bieberbach’s theorem, the group G of P contains a full translation 
subgroup A; this can safely be identified with a subset of the vertex-set V of P. 
Since the projection of A on M is discrete, the kernel of the projection is spanned by 
rational, and hence linear, combinations of points of A; thus it is a sublattice which 
spans L. 

Next, the group of the vertex-figure of P (at 0) also respects the decomposition 
(3 = L x M, and contains the element R; R> of period at least 3. This acts on the 
kernel sublattice Z A, and so must have period 3, 4 or 6. More importantly, consider 
the mirrors So, S; and S:. We must have S; and S» lines, since they are proper mirrors 
which contain o (we cannot have S; = L since Rp # E3, and so S| # L as well). The 
angle between S; and S) is thus 2/3, 2/4 or 7/6. If So is a point rather than a line, 
perform the Petrie operation Sp > SoS2 (induced by Rp > RoR); then Sp can be taken 
to be a line also. It follows at once that Ro R; is a rotatory-translation with a rational 
twist (so all we really need is that SS; be of finite order); hence some power of it is a 
translation. It follows that M is spanned by a sublattice of A as well, and this is all that 
is required to ensure that the projection of P on L be discrete. 


7E13 Theorem The list of 12 blended apeirohedra in (7E10) and (7E1 1) is complete. 


Proof. Again, for the first claim there is little to say here; we have done most of the work 
in Lemma 7E12. A regular apeirohedron P in E? which is a non-trivial blend must have 
invariant subspaces of dimensions 2 and 1. Moreover, the 2-dimensional component 
must be one of the six planar apeirohedra listed previously. Lemma 7E6 eliminates any 
other possibilities; in particular, the projection of P on the corresponding plane must 
be discrete. The required classification is then immediate. 


Notice that each of the blends with an apeirogonal component can be regarded 
equally as the corresponding blend with an apeirogon. However, we only obtain a 
different apeirohedron by blending with a segment if the original has edge-paths of odd 
length, which is true for {3, 6} and its Petrial alone. 


Pure 3-Dimensional Apeirohedra 


We finally come to the pure 3-dimensional apeirohedra. Let us begin by listing them, 
together with the various ways in which they are related. We shall see that, in a sense, 
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they fall into a single family, derived from the regular honeycomb {4, 3, 4}: 


{00, 4}o4 <> {6,4]4} <> {4,64} <> {00, 6}4,4 


of Yn 
{00, 4}..43 {6, 6}4 —> {oo, 3} 
7E14 xt ba 
{6,4}6 <> {4,6}6 > foo, 3} 
o5 | Yn 


{00, 6}63 <> {6,6|3} 


The two apeirohedra of type {00, 3} will be described later in terms of their groups. In 
addition to the relationships given in the diagram, the two apeirohedra of type {6, 6} are 
of course self-dual, since they are obtained from other apeirohedra by the operation 7. 
Further, {6, 4}¢ is self-Petrie as its notation indicates, as is {00, 4}. 3 since it is obtained 
by means of o from another apeirohedron. Finally, from the definition o = 26n76, we 
also have 


({00, 4}6,4)” = {6, 4}o. 


There are no other new apeirohedra which can be derived from any of these. For 
example, further applications of y2 give 


{4,6|4}” = {4, 3}, 
{6, 6|3}” = {3, 3}, 

both finite polyhedra. Similarly, with the operation 7. we obtain 
{6,4 | 4}"? = {4, 4}, 

a planar apeirohedron. 


7E15 Theorem The discrete pure 3-dimensional apeirohedra are just the 12 listed in 
(7E14). 


Proof, Let P be a pure 3-dimensional apeirohedron in E*, with symmetry group 
G(P) = (Ro, R;, Ry). Thus Ro, R; and R; are involutory isometries of E? such that 
Ro and Rz commute, while R; does not commute with Ro or Ro. As usual, we identify 
a reflexion with its mirror. 

We first show that each of Ro, R; and R2 must be a line or a plane; in other words, 
generating reflexions in points are excluded. Without loss of generality, we may take 
the initial vertex of P to be o. We then have o € R, M Ro, and so this latter intersection 
must be non-empty and strictly contained in both. Hence dim R; > 1 for j = 1, 2. 
For these 7, we write S; = R; or —R; as R; is a plane or line (as before, —R; is the 
orthogonal complement of R;), and H for the plane through o perpendicular to S; 
and S. Further, o ¢ Ro. If dim Rp = 0, then it easily follows that G(P) is reducible, 
since each R; permutes the planes parallel to H, which is contrary to the assumption 
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that P is pure. Indeed, we would have Rp C Ro, since these reflexions commute. Thus 
dim Ro > 1 also. 

We next exclude the possibility that dim R; = 2 for each j = 1, 2. In this case 
R, and R would be planes through o, with some acute angle between them. Then 
Ro is a line or plane, whose reflexion commutes with R, but not with R,. If Ro is 
a plane, then since G(P) is irreducible it will follow that Ro NR} N Ro 4 Y; hence 
G(P) will be a discrete orthogonal group, and so finite. Similarly, if Ro is a line, there 
are two possibilities. First, Ro may lie in Ro, giving Ro N Ri MN Ro # VY since G(P) is 
irreducible, and as before G(P) is finite. Second, Ro may be perpendicular to R; this 
makes the group G(P) reducible, which is again not permitted. 

There is now a further case to be excluded; we cannot have dim Ro = 2 and dim R» = 
1. If this were so, the line Ry would have to be perpendicular to the plane Ro (since 
o € Ro, the possibility Ro C Ro is forbidden). As in the previous case, the group G(P) 
would then be reducible, which we do not allow. 

In conclusion, then, the dimension vector (dim Ro, dim R;, dim R) for the mirrors 
can take only four values, namely, (2, 1, 2), (1, 1, 2), (1, 2, 1) and (1, 1, 1). 

We have already introduced the planar reflexions S$; and S:. We now define a third 
reflexion So, whose mirror is also a plane, as follows. We let Rj be the translate of 
Ro which contains the origin o, and then set S; := R’, or —R’, as R; is a plane or a 
line. In other words, we are employing the same trick which we used earlier. We write 
G’ := (Ro, Ri, R2), which is the special group of G(P) (see the proof of Lemma 7E6), 
and set H := (So, S|, $2). Then H isa finite irreducible (plane) reflexion group, namely, 
one of [3, 3], [3, 4] or [3, 5], and G’ is either again one of these reflexion groups, or 
its rotation subgroup (this can happen only when dim R; = | for each /). Since G(P) 
has to be discrete, Lemma 7E6 excludes 5-fold rotations; hence G’ cannot be [3, 5] or 
its rotation subgroup. In other words, H must be [3, 3] or [3, 4]. 

With the four possibilities for the dimension vector (dim Ro, dim R;, dim R2), and 
three for the group H (which can also be taken as [4, 3], of course), we see that we 
have just twelve possibilities. These twelve all occur; we may reverse the method of 
the proof, observing that different positions of Ro not containing o (but meeting R2) 
lead to similar apeirohedra. 


We may now list these twelve apeirohedra, according to the different scheme given 
by the proof of Theorem 7E15. 


{3, 3} {3, 4} {4, 3} 


(2, 1, 2) {6, 6 | 3} {6,4 | 4} {4, 6 | 4} 
(1,1,2) {00, 6}44 = {00, 4}5,4 (00, 6}6,3 
(1,2,1) — {6, 6}4 {6, 4} {4, 6}6 

(1,1,1) {00,3} — {00, 4}.43 foo, 3} 


In this table, the entries on the left are the dimension vectors (dim Ro, dim R;, dim R2). 
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The columns are indexed by the finite regular polyhedra to which the respective apeiro- 
hedra correspond. 

Itis appropriate to make one further comment here. The symmetry groups of the three 
apeirohedra associated with the dimension vector (1, 1, 1) are generated by rotations 
(half-turns) in E>; thus the whole groups contain only direct isometries. This implies 
that the three apeirohedra occur in enantiomorphic (mirror-image) pairs, with their 
facets consisting of either all left-hand helices or all right-hand helices. The other six 
apeirohedra with helical facets (three blended and three pure) contain both left- and 
right-handed helices, since there is a plane reflexion among the generators of each of 
their symmetry groups. 

On an historical note, let us record that Petrie found {4, 6 | 4} and {6, 4| 4} in 1926, 
and Coxeter immediately afterwards discovered {6, 6| 3} (see [105]). All the other 
3-dimensional regular apeirohedra (including those which are blended), except for 
{o00, 4}...3, were described by Griinbaum around 1975 (see [198]), and the final instance 
was discovered by Dress, who proved the completeness of the enumeration, around 
1980 (see [148, 150]). Some apeirohedra and polyhedra had indeed been found earlier, 
although no classification had been attempted; for example, see [69, 339, 358, 359, 448— 
451, 454]. 

There are quite a few other classes of more or less symmetrical polyhedra and 
apeirohedra in ordinary space, whose symmetry groups have transitivity properties 
which are weaker than flag-transitivity (see [198, 273]). Interesting classes are defined 
by requiring the symmetry group to be transitive on the vertices, on the edges, or on the 
2-faces, or even simultaneously on all three (“fully transitive’). However, except for the 
enumeration of the regular polyhedra and apeirohedra, and the papers by Farris [165, 
166] on fully transitive polyhedra, no general discussion is available in the literature. 
On the other hand, many interesting figures are known; for examples, see [51, §4; 
129, 130, 198, 201, 203, 264-266, 349, Chapter 6]. 


The Automorphism Groups 


It remains for us to determine the groups of the regular apeirohedra. We may take 
those of the planar apeirohedra for granted. We must thus look at the 3-dimensional 
apeirohedra. 


The Blended Case 


We shall treat the blended apeirohedra somewhat briefly. As we have already empha- 
sized, combinatorially speaking these apeirohedra are mixes, and the discussion of the 
groups will soon reflect that fact. Of the six blends with segments, four are easily dealt 
with, namely, those whose edge-circuits all have even length. 


(4,4}#{} S={4,4,0{} = {4,4}, 
{00, 4}4 #{} = (00, 4}4 0 {} = {00, 4}4, 
{6,3}#{} ={6,3}0{} = {6, 3}, 
{00, 3}6 #{} = (00, 3}6 O {} = {00, 3}o. 


7E16 
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There remain {3, 6} #{ } = {3, 6} © { } and its Petrial; it is clearly enough to consider 
the former. A face of {3, 6} > {} is a (geometrically skew) hexagon {3} #{ } = {3} 
{ } = {6}; this forms one kind F' of minimal edge-circuit. The other kind is a skew 
quadrilateral O, constructed as follows. Go round two sides of a face, then switch to the 
adjacent face which does not contain either of the first two edges; going round two edges 
of this will return one to the starting point. However, there is another way of thinking 
about the relation. In the group (9, 01, 02) of the apeirohedron, the “rotation” (090) 
leaves the component {3, 6} of the mix invariant, but interchanges the two vertices of 
the segment component. Hence, if we conjugate this rotation with any element of the 
group, and take the product, we must get the identity. It is appropriate to choose the 
conjugating element to be 2 (which takes the initial face to an adjacent one), and this 
leads to the relation 


€ = (popi)’ p2( pop)’ p2 
= (1100/1 PoP1P2) 


taking into account (9/;)> = (~19)* and conjugacy. We then have the following, 
bearing in mind the * notation, which refers to a (hole or zigzag) relation on the dual 
(see Section 7B). 


7E17 Theorem As an abstract regular polytope, 
{3, 6} 0 (} = (6, 6| -, *2}. 


Proof. We have to show that any edge-circuit C in the graph of P := {3, 6} > { } canbe 
obtained by concatenating copies of the two kinds of basic circuits F and Q. We look 
at the projection C’ of C on the plane of the component {3, 6}, noting that C alternates 
between two parallel planes. If C lies above a single triangle, it must be a copy of F’ 
(and C’ traces the triangle twice). If C lies above only two triangles, then it is a copy 
of O (of course, we always consider just the connected components). Thus we may 
assume that C’ requires the edges of at least three triangles. 

A vertex of C can be written v*, labelled by the corresponding vertex v € C’, and 
the copy of {3, 6} in which it lies. Now C’ has components of the following kinds. The 
first is a Joop, over which C returns to its starting point but in the other component 
over {3, 6}; thus C goes from a vertex v* round to v-, say — we shall call the pair 
{vt, v—} the hinge of the loop. A loop necessarily contains an odd number of edges, 
and encloses an odd number of triangles. The second is a string, which is an edge-path 
doubly covered by C. 

A loop which encloses two or more triangles can be reduced by concatenating with 
copies of QO. Begin at a boundary triangle, and observe that the loop also encloses an 
adjacent triangle, so that concatenating with an appropriate copy of O whose projection 
encloses the two triangles reduces the total number of enclosed triangles by 2. On the 
other hand, the part of C overa loop which encloses a single triangle can be concatenated 
with a copy of QO sharing two of its edges; this has the effect of rotating the loop about 
the hinge. Repeating as necessary will rotate the triangle until it encounters another 
edge of C, when edges of C will cancel in pairs. 
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It is clear that such reductions eventually reduce C to a single vertex (observe that a 
circuit cannot consist entirely ofa string), and this leads to the assertion of the theorem. 


The substitution ~9 > 00902 gives the group of the Petrial {oo, 6}3 > { }, but the 
resulting relation seems to be of little interest. 

We now move on to the blends in which one component is (or, more strictly, covers) 
an apeirogon. Again, we shall treat only one of a pair of Petrials, choosing that one 
whose planar component has finite faces. This time, the distinction is between those 
whose planar components have even or odd polygons as vertex-figures. 

Bothanapeirohedron P := {p, g} > {oo} and its Petrial {oo, g}, © {oo} have infinite 
faces, and so we must look for edge-circuits in their graphs which arise in different 
ways. The key observation is that, if (0, 01, 02) is the (abstract) group of P, then 
(0/1)? 1s a translation parallel to the linear component, and so its product with any 
conjugate of its inverse (that by 2 is usual) is the identity. 

We begin with {4, 4} > {oo}. Take the conjugating element of the last paragraph to 
be 2. We quickly deduce the relation 


(p1P0P1PoPip2) = €. 


This corresponds to a circuit H of six edges. The helical facets {4} {co} over adjacent 
square faces of {4, 4} have opposite twists. 

The circuit H goes along three edges of a helix, and then returns to its starting point 
via three edges of the helix over an adjacent square. We then have (and again recall the 
* convention) 


7E18 Theorem As an abstract regular polyhedron, 
{4, 4} > {oo} S foo, 4] -, *2}. 


Proof. In other words, we assert that a general edge-circuit in the graph of P := 
{4, 4} > {co} can be obtained by concatenating copies of H. Let us call the height of a 
circuit C the number of (distinct) edges of its projection on the apeirogonal component 
of P. Thus, # itself has height 3. 

We first reduce the height to at most 2. The two edges at a highest vertex v of an 
edge-circuit C descend one level by edges to opposite vertices of the vertex-figure {4} 
of P. Concatenating C with a copy of H for which v is also the highest vertex, and 
cancelling other edges in pairs as necessary, replaces v by vertices on at most the next 
three lower levels. (This may split C into subcircuits, of course.) Repeating as often as 
necessary results in one or more circuits of height 2 or less. 

Actually, a circuit cannot have height less than 2, because the projection of an edge- 
path whose height is 1 on the planar component lies ina straight line (of edges of {4, 4}). 
Moreover, if C does have height 2, then its projection encloses sets of 2 x 2 blocks of 
squares of {4, 4}. Concatenating two copies of H over such a block which share the 
central vertex gives a “basic” circuit of height 2 (this can be done in two ways), and 
a general such circuit is clearly obtained by concatenating these “basic” circuits. This 
ends the proof. 
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The apeirohedron {3, 6} } {oo} succumbs to a similar argument. This time, the extra 
relation is 


(01001 P0P1P2)” = &. 


The basic circuit is now a quadrilateral O which goes up round two sides of a helical 
face, and back down two sides of an adjacent face. There then results 


7E19 Theorem As an abstract regular polyhedron, 
{3, 6} > {oo} & {o0, 6| * 2}. 


Proof. The argument is very similar to that in the previous case, and so we shall only 
sketch it. Defining height as before, we see that O itself has height 2. Thus we may 
concatenate a circuit C with copies of O to reduce its height to 1. A “basic” circuit 
of height | is a skew hexagon over the outside of six triangles of {3, 6} containing a 
common vertex, and is obtained by concatenating three copies of Q (this can be done in 
two ways). A general circuit of height 1 is then obtained by concatenating such “basic” 
hexagonal circuits. 


Among the blended apeirohedra, we finally come to P := {6, 3} > {oo}. Now the 
vertex-figure is a skew hexagon {3} > { }, and we soon see that above each hexagon {6} 
of the planar component {6, 3} lie six distinct helical faces, three with each twist. 

There are two basic kinds of relations. While we have ones analogous to those of 
the last two cases, it is more convenient to observe that a (2-)hole of P is a skew 
hexagon H lying over a hexagon of the planar component; this is one kind of basic 
circuit in the graph of P. The other is a quadrilateral circuit Q; go round two edges 
of a hole, and then return by two edges of another hole with the same pair of end 
vertices. The corresponding relation is explained as follows. Let P have (abstract) 
group (9, 01, 02). Then o := (9/1/21) takes us two steps around a hole, and is a 
rotation by 27/3 which leaves the linear component fixed. Similarly, t := (1 02)° is 
just the reflexion in the base plane of the blend, and so leaves the planar component 
fixed. Thus o and t commute, and after some manipulation (involving the fact that o, 
and p2 both commute with (p;02)°), we obtain the relation 


(10P102P1Po(P1p2)) = &. 
Our characterization in this case is 


7E20 Theorem The group of the apeirohedron {6, 3} > {co} is the Coxeter group 
[co, 6] = (0, P1; 2), with the additional relations 


(00010201)° = (0016261 P0(P1/2)°)” = &. 


Proof. Again, we shall treat this very briefly. Concatenating a general circuit with 
copies of the quadrilateral O reduces its height to at most 1. This resulting circuit is 
then the concatenation of hexagonal holes H, and the theorem follows. 
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The Pure Case 


For the pure 3-dimensional apeirohedra, it remains for us to verify that ten of the apeiro- 
hedra do have the automorphism groups that their notations signify, and to determine 
the groups of the remaining two. 

For the moment, we shall leave aside {4, 6 | 4} and its dual; we shall thus take their 
groups as given. In Corollary 7F7, we shall demonstrate that their groups are as indicated 
by the notation. We shall also obtain them by twisting arguments in later chapters. (The 
same assumption could apply to {6, 6 | 3}, but we shall actually obtain its group here, 
as it fits into our general scheme.) Since the Petrie operation interchanges k-holes and 
k-zigzags, we see that 

(4, 6|4} > {00, 6}4,4, 
(6,4|4} > {00, 4.4, 
as claimed. (Strictly speaking, perhaps we ought to replace “oo” here by “-”!) 
We next appeal to Theorem 7B17, to obtain 


{4, 6|4} > {6, 6}4. 


The Petrie operation and duality then yield {4, 6}5 and {6,4}5. Another appeal to 
Theorem 7B17 results in 


{4, 6}6 > {6, 6| 3}. 
From this last, just as before, we obtain 
{6, 6| 3} > {o0, 6}6,3. 


We have three apeirohedra remaining: one obtained by an application of o (= 
z6n76), and the other two by applications of yz. The first we can do directly: 


{6,4|4} +> {00, 4}o4 
o> {4, co}6e4 
I> {00, 00 | 3}4 
> {4, co}oo3 


6 
> {o0, 4}. 43. 


Recall that the * prefix indicates (here) the 2-zigzag of the dual. We have replaced 
the oo in the suffix by “:,” to indicate that the corresponding value is unspecified. The 
only step left unexplained is the third, namely, the application of 7 to {4, co}¢,44. The 


operation is 


N: (00, 01, 02) > (090100, 02, 01) =: (Po, P1, £2): 


The first suffix 6 is dealt with by Theorem 7B17; observe that the graph of {4, 00}6 x4 
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is indeed bipartite. For the second suffix «4, the relation gives the period of 
02(0100) = 0201000100 = /1/2/0 ~ Popip2, 


namely, that of the Petrie polygon of the second apeirohedron. 

The last two apeirohedra, those of type {co, 3}, must be characterized by direct 
methods. We shall work with P® := {oo, 3} rather than P := {o0, 3}, because 
its structure is a little easier to describe. The symmetry group of {4, 6 | 4} is generated 
by the three involutions 


So: x > (1 — &1, &2, &3), 
Spi x Fe (&, &1, —&3), 
Ss e519 83 782); 


in terms of x = (&, &, &3), and the initial vertex is o. These are all symmetries of 
the honeycomb {4, 3, 4} of unit cubes in E*, whose vertices are the points with integer 
cartesian coordinates; hence all the groups which occur in the discussion are subgroups 
of its symmetry group [4, 3, 4]. Indeed, we shall see in Section 7F that, if [4, 3, 4] = 
(To, ..., 73) in the natural way, then Sp = 7p, S; = 7,73 and S; = 7). As before, we 
have taken 


Tose (= 615 S5585), 
Ty: x +> (&2, &1, &3), 
Toe x > (is 63,82), 
Tay Xe (615-89, 83). 
If we start from {4, 6| 4} and trace through the three mixing operations which lead to 


{oo, 3} (namely, nz @2), we find that the symmetry group of the latter has generators 
(reflexions in lines) 


+ 


w 


Ro = (SoS): x > (1 — &1, 1 — &, &), 
Ry = S28 Sy: x +> (&, —&2, &1), 
Ry = Si: x + (E2, €1, —§3). 


We may picture P”) in the following way. As we have already remarked, its facets 
are all helices with the same sense. The initial vertex is still 0; hence all the vertices 
are points of E> with integer cartesian coordinates. We easily see from the generators 
that, in fact, the sum of the coordinates of each vertex is even. 

The initial edge of P) has vertices o = (0, 0, 0) and oRo = (1, 1, 0), which is a 
diagonal of a 2-face of {4, 3, 4}; hence all edges are such diagonals. Next, Rj Ro, which 
preserves the initial facet and takes o into (1, 1, 0), is 


Ri Ro:x (1 — &, 1+ &, &1), 


which is a translation by (0, 1, 0) together with a right-hand (or negative) twist of 
z/2 about the axis through G. 0, » in direction (0, 1, 0). Hence the facets are helices 
of type {co} > {4}. Finally, R; takes (1, 1,0) into (1, 1,0)R; = (0,—-1, 1), and R» 


232 7 Mixing 


takes (0, —1, 1) into (0, —1, 1)Ry = (—1, 0, —1); indeed, Rp Ri: x  (—&, —&, &) 
is a cyclic permutation of the signed basis vectors e), —e2, —e3). 

It follows from this that (R; Ro)* is the translation by (0, 4, 0). However, such transla- 
tions in the directions of the three coordinate axes do not generate the whole translation 
group. Instead, we observe that 


x RoR, Ro = 1 + &, 1 4+ &1, &2), 


so that (R2 Rj Ro)’ is the translation by (2, 2, 2). Since the image of (2, 2, 2) under R; R2 
and its inverse are (—2, 2, —2) and (—2, —2, 2), we see that the translation subgroup is 
actually the lattice A := A(,2,2) defined in Section 6D, which is generated by (2, 2, 2) 
and its transforms under changes of signs of the coordinates. Incidentally, since R2 Ri Ro 
is conjugate to the “translation” Rp Ry - R; which takes one vertex ofa facet of the Petrial 
P® of P) into the next vertex, we see that these facets are of type {00} {3}; this 
time, they are helices with a left-hand (positive) twist. 

The axes of the helical facets of P) are parallel to the three coordinate axes; as we 
have seen, these three axes are permuted by R2 R; Ro. To visualize the way in which the 
facets fit together, it is more convenient to concentrate on the vertical ones. The cubes 
in {4, 3, 4} fall into vertical stacks or (infinite) towers. Just an eighth of these towers are 
associated with facets; they are all the images of one fixed tower under the translation 
lattice A. A typical facet winds upwards (or downwards) in a right-hand spiral around 
the tower, crossing its square faces diagonally; we may envisage it as a staircase. (In 
Figure 7E1, we are looking at the vertical towers from above. As we go around a 


a 


= 


Figure 7E1. The apeirohedron {o0, 3}. 
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tower in the clockwise direction, we rise by a floor each time we traverse an edge of a 
square.) 

The origin o is a vertex of a vertical tower; we think of it as lying at ground level. 
Ascending four flights of stairs brings us to (0, 0, 4) on the fourth floor, immediately 
above our starting point. At each floor is a single horizontal bridge, leading away from 
one tower to an “adjacent” tower, across the diagonal of a horizontal square of {4, 3, 4}. 
If we ascend one flight to the first floor, cross the bridge, descend one flight in the 
adjacent tower to the ground floor, and then cross the next bridge, we shall similarly 
have gone four edges along a facet of P“”) with a horizontal axis. Each bridge belongs 
to two such horizontal facets, of course, according as it was reached by an ascending 
or descending flight. 

Theorem 2F4 shows that we can find a presentation of the automorphism group 
of P) by considering its edge-circuits (the vertex-figure is, of course, known). We 
regard circuits as undirected (closed) chains of edges; it is also convenient to allow 
them to contain more than one component (so, strictly speaking, we are talking about 
finite unions of simple circuits), and we ignore isolated vertices. A minimal or basic 
circuit is constructed as follows. Ascend four floors of a tower by the staircase, cross 
the bridge to the adjacent tower, descend four floors by its staircase, and then cross back 
over the bridge to the starting point. The other basic circuits are then the images of this 
one under the symmetry group G®) := G(P®)) of P®). A typical basic circuit using 
horizontal towers is formed similarly, although the description superficially appears 
different. From a starting vertex, cross a bridge and ascend one floor of a staircase. 
Repeat this twice, then cross a final bridge and descend three floors. Of course, we may 
interchange “ascend” and “descend” in this description. Such a circuit uses four towers 
in a square formation; the circuit goes along the inside of three towers and around the 
outside of the fourth. (In Figure 7E1, such a horizontal basic circuit is indicated by 
heavy lines.) 

If C and D are two edge-circuits, then we concatenate them by taking their symmetric 
difference CAD. Observe that (CAD)AD = C, so that concatenating twice with a 
fixed circuit has no effect. The key result for categorizing G is 


7E21 Lemma An arbitrary edge-circuit in {00,3} is a concatenation of basic 
circuits. 


Proof. It is clear that, at any stage, we may confine our attention to a single connected 
circuit C; if, after any concatenation, a circuit becomes disconnected, then we simply 
consider the resulting components. 

We now reduce the circuit C to a vertex by means of two kinds of operation. First, if 
C uses two or more bridges between the same towers, we may concatenate with vertical 
basic circuits to eliminate these bridges in pairs. Thus we may assume that C contains 
no more than one bridge between any two towers. 

We now look down on C from a vertical direction, as in Figure 7E1. Since the 
plane is simply connected, we may contract the projection of C to a single vertex. For 
this purpose, we can safely identify the vertices of C in any one tower, since there is 
now no more than one bridge between any two towers. A contraction over a diamond 
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formed by four towers is achieved by concatenating with a horizontal basic circuit (like 
one of those indicated in Figure 7E1) which uses these four towers and shares one of 
the bridges of C. Of course, further reductions of the first kind will then also generally 
be needed, since horizontal bridges along the other three sides of the diamond may be 
introduced (and some may disappear). It is clear that systematic application of these 
two kinds of operation will eventually reduce C to a single vertex of P"). Hence, if 
we reverse the successive concatenations, we shall recover the original circuit, as was 
claimed. 


A basic edge-circuit in P corresponds to a relation in G” between its distinguished 
generators Ro, R; and Ro. Let us consider the following horizontal basic circuit. It starts 
from the initial vertex o and contains the first four successive edges of the initial facet F. 
This sequence of four edges is continued at each end by the two edges (corresponding 
to bridges) joining F, to the facet in an adjacent (horizontal) stack of cubes, and 
is completed by the four intermediate edges of that facet. The symmetry group of 
this basic circuit has two generators. The first is the conjugate U, := (Ro R1)°’ Ro of 
R, by (R; Ro)’, which fixes F, and interchanges the two bridging edges. The second 
is the conjugate Uy := Ry R, RoR, Ry of Ro by R; Ro, which interchanges F and the 
“adjacent” facet, and fixes the two bridging edges. The relation which imposes this basic 
circuit is then U; U2 = U2U;, or (U; Uz) = I;, the identity in ‘3. When expressed in 
terms of the generators Ro, R; and Ro, the relation (U; Ur) = I; involves Ro ten times, 
in keeping with the fact that a basic circuit in P has ten edges. 

In order to state the main theorem, we provide alternative interpretations of the 
group relation given by this basic circuit. We split the circuit into the four edges 
in the initial horizontal stack of cubes of {4, 3, 4} (those in the facet Fy), and two 
sets of three edges, formed by a bridge and two of the four edges in the adjacent 
stack. Each of the latter two sets forms three edges of a Petrie polygon of P”). 
This partition of the edges is depicted for the basic circuit just considered in Figure 
7E1, with the solid circle indicating the initial vertex o. It gives three translations 
(elements of the lattice A) in G); the first is V; := (R,Ro)* along Fy, the sec- 
ond is Vz := Ri(RoR; Rz)R; along a Petrie polygon from o, and the third is V3 := 
T,Vy'T, = (RoR1)*(R2R1 Ro) (Ri Ro)* = U; '(R2 Ri Ro) U1. (We leave the details of 
these calculations to the reader.) The consequent relation arises from 


(U1 Ur)? = (RoRiy° Ro + RoR RoRi Ro (RoRiy Ro» R2Ri RoRi Ro 
= (RoR1)* - Ro Ri R2RoRi Ro - (RoRi)° - Ro RoR, RoR2Ri Ro Ri 
= (RoR\)* - (RoR, Roy’ + Ri(RoRi Ro) Ri 
=V3-Vi' +N, 


since V3 = V,'(RyR1Ro)>Vi; we have used RyRy = RyRo and RRR, = RyRi Ro 
several times. Rearranging, we conclude that the relation (U; U))? = J; is equivalent 
to V; = V2V3. Indeed, further manipulations show that both relations are equivalent to 
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the commutation of the translations 

S := (RoR1)' = V,! 

T := (RoR Roy. 
To see this, we rewrite 

(U1 U2)” = (RoR) = (RoR Roy?» (Ri Ro)* » RoRi RoR Ri Ro 
=s7 is-"f, 

showing that (U; U2)? = J; is equivalent to ST = 7'S. It is this last relation which we 
shall employ. 


7E22 Theorem The automorphism groups of the two apeirohedra of type {oo, 3} in 
3 are the Coxeter group [o©, 3] = (0, P1, P2), with the imposition of the single extra 
relation 


ot =TO, 


with o :=(popi)> and t = (popipr)* for {00,3}, or o :=(popi)* and t= 
(p0p1 2)? for {o0, 3}. 


Proof. The given relation for {00, 3} is equivalent to the last one given, since o 
corresponds to S and t corresponds to 7. Any relation on the automorphism group 
I) of P® corresponds to an edge-circuit, and we have shown in Lemma 7E21 that 
these are composed of basic circuits, which are specified solely by the extra relation. 
Thus the automorphism group of {00, 3} is as claimed. 

The corresponding relation for {o0, 3} is obtained from that for {oo, 3} by means 
of the Petrie operation substitution of 902 for po. Indeed, in terms of the generators 
of Fr), and with o and t retaining (for the moment) their original definitions, we have 


(pop2p1)” = p2Tp2 
(p0/2P1/2)* = p2opr. 


Thus the commutation relations for the new o and Tt are just those for the old ones, 
conjugated by 2. This then gives the automorphism group of {00, 3}. 


Let us make a further comment on this group. By definition, {o0, 3} = ({4, 6}6)”, 
by means of the operation 


(00, 01, 02) F (G0, 010201, 02) =: (Po, 1, 02) 


on the automorphism group [4, 6]6 = I"({4, 6}6) = (00, 01, 02). If we substitute for 
fo, 1 and pz in this way, it is easy to check that (as we must) we do obtain a valid 
relation in [4, 6]6. 

We end with a remark on the groups of the pure apeirohedra with finite faces. We 
put them in a table, together with the finite regular polyhedra to which they corre- 
spond; as before, the entry in the first column of the table is the dimension vector 
(dim Ro, dim R;, dim R2). 
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(22,2) {3,3} {3,4} {4, 3} 
(1,2,2)  {6,3}4 {6,4}; {4,3} 
(2,1,2) {6,6|3} {6,4|4} {4,6|4} 
(12,1) {6,6}4 (6, 4}6 (4, 6} 


A convex regular polyhedron of type {3, g} (or {q, 3}) has holes {h} with h = q, while 
its Petrie polygon is an r-gon with 


2q +2 

——| 
Gg 

(this is derived from [120, 4.91], and is just one of many possible expressions; we write 

r here for Coxeter’s h, for obvious reasons). For p > 2, we define p’ by 


1 1 1 


an aS 
The corresponding polyhedra in each column are then 


{p, qh; {p’, qhr's pe q' | h}, {p’, Glee 


Of course, the fact that the holes or Petrie polygons of the derived polyhedra are those 
given follows from the relationship between the generating reflexions Ro, R, and Ry 
of their groups, and the corresponding plane reflexions Sp, S, and S; which generate 
the group of the convex polyhedron. 
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We may confine our attention to apeirotopes in our discussion of possible faithfully 
realized regular polytopes of rank at least 4 in E?, since Theorem 5B20 tells us that finite 
regular 4-polytopes admit no such realizations. Indeed, Theorem 5C3 tells us that, if P 
is a discrete faithfully realized regular n-apeirotope in E”, then m > n — 1. Moreover, 
when m =n — 1, then the theorem also gives lower bounds for the dimensions of 
the mirrors of the generating reflexions R;. In our case (n = 4 and m = 3), we have 
dim R; > j for j = 0 and 1, and dim Rp = dim R3 = 2. 

Let P be a discrete faithfully realized regular 4-apeirotope in E*, with symmetry 
group (Ro, R1, Rz, R3). Its facets are (finite or infinite) regular polyhedra. Furthermore, 
its ridges (2-faces) must be planar regular polygons, again finite or infinite; they cannot 
be 3-dimensional, because this would force a stabilizing element R3 of the base ridge 
to be the identity, and no regular apeirohedron has linear apeirogons as facets (basically 
for the same reason in two-dimensional space). 

It follows that R3 must be the reflexion in the plane of the base ridge. Moreover, the 
facets cannot be planar, because then all the vertices would lie in the plane of this base 
ridge. 

The vertex-figure P/v of P at its initial vertex v must be a finite regular polyhedron, 
and hence one of the eighteen in our list; see Theorem 7E4. However, Bieberbach’s 
theorem and discreteness again exclude 5-fold rotational symmetries; see Lemma 7E6. 
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The vertex-figures must therefore belong to the crystallographic family 
{3,3}, {4,3}3; {3,4}, {6,4}3; {4,3}, {6, 3}4. 


We have listed Petrie duals together. 

The only polyhedra which can be vertex-figures of a regular 4-apeirotope P with 
finite planar ridges are {3, 4} and its Petrial {6, 4}3; the 2-faces are then squares {4}. 
(Note, incidentally, that blended regular apeirohedra cannot have finite planar facets.) 
To see this, we may use the same argument as that of [120, p. 69]. If P has 2-faces { p} 
for some rational number p, its vertex-figure must be a finite regular polyhedron whose 
ratio of edge-length to circumradius is of the form 2 cos(z/p); the only instances are 
the octahedron {3, 4} and {6, 4}3, where p = 4. We thus obtain the two apeirohedra 


7F1 {4, 3, 4} = {({4, 3}, (3, 4}},  ({4, 6] 4}, (6, 4}s}. 


We shall justify the notation for the second apeirotope later; it is indeed the universal 
regular polytope of its kind. 

In our listing of the regular apeirohedra in E*, we found that the only ones with 
planar (zigzag) apeirogons as facets are 


{oo, 6}3 #{}, {00, 4}4 #{}, {00, 3}6 #{}; 
{00, 6}3 #{oo}, — {00, HJ4g# {oo}, (00, 3} 5 # {oo}. 


In each case, the reflexion Ro is that in a point (obtained as the product of two such 
reflexions, one for each component of the blend). It follows that the only other pos- 
sibilities for discrete regular 4-apeirotopes are obtained by taking Ro to be a point 
of Ry R3, since Ro must commute with Ry and R3. (Observe that the six possible 
vertex-figures do have R2M R3 a line.) Since Ro and R; must not commute, we have 
Ro ¢ Ri. In effect, this amounts to choosing Rp to be a vertex w of the vertex-figure 
P/v at v, or, more strictly perhaps, half-way between v and w (this ensures that w is 
the image of v under Ro). Each possible choice will yield an apeirotope. 
The resulting six apeirotopes are 


{{oo, 3}6#{},{3,3}}, — {oo, 4}4 # {oo}, {4, 3}3}; 
TF2 {{0o, 3}6#{},{3,4}}, — {{oo, 6}3 # {oo}, {6, 4}s}; 
{{oo, 4Ja#{},{4,3}}, — {{oo, 6}3 # {oo}, (6, 3}4}. 


For the moment, the notation suppresses the exact definitions of these apeirotopes; we 
shall consider their groups later. 

The identification of the apeirotopes in the list (7F2) is facilitated by the observation 
that the vertex-figures of an apeirohedron {00, q}, # { } are planar polygons {q}, while 
those of {00, g}, # {oo} are skew polygons {q} # { }. (The 2-faces of {4, 3}3 are skew 
polygons {4} # { }, while those of {6, 4}; and {6, 3}4 are skew polygons {6} # { }.) 

Summarizing this discussion, we see that we have proved 


7F3 Theorem The list of discrete faithful 3-dimensional 4-apeirotopes in (7F 1) and 
(7F 2) is complete. 
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Before we go on to describe the groups of these eight apeirotopes, let us make some 
remarks. The two lists (7F1) and (7F2) group the apeirotopes in pairs; their vertex- 
figures are Petrie duals, and so their automorphism (or symmetry) groups are related 
by the involutory mixing operation 


(00, 01, 62, 03) F> (00, 0103, 02, 03) =! (00, P1, 2, 03): 


This may also be seen to induce the appropriate changes of kind in the facets in (7F2), 
namely, that between blends with the segment { } and the apeirogon {co}. Geometrically, 
when the vertex-figure is a convex regular polyhedron {p,q}, with symmetry group 
(R,, Ro, R3) generated by plane reflexions, then Ro is a point of the line R. NM R3, 
showing that a 2-face, with group (Ro, 1), is a finite planar polygon. If we replace 
R, by Ri R3 = R, A R3, which is the reflexion in a line, we see that the new 2-face is 
a zigzag (planar) apeirogon. Further, if we have a presentation for the automorphism 
group of one of the pair, then we have it for the other, just by making the substitution 
of 013 for p; wherever the latter occurs. 

Now we already know that {4, 3, 4} = {{4, 3}, {3, 4}} is the universal regular poly- 
tope of its Schlafli type (see Proposition 4A9). When we replace its vertex-figure {3, 4} 
by its Petrial {6, 4}3, we obtain the following presentation for the automorphism group 
of P := {{4, 6| 4}, {6, 4}5}: 


= (6103) = pz = p} 
= (p0/103)* = (p0p2)” = (pop3)” 
= (91p3-2)° = (0103)” = (02/3)* = €. 
Simplifying these relations and reordering them, we obtain 
6 = Pt = 03 = 03 
7F4 = (popi)* = (0062) = (pop3)” = (p1P3)" = (0203) 
= (p10203)° = &. 


The relations involving 1, 2 and 3 certainly specify the group of {6, 4}3, which 
must therefore be the vertex-figure. 

The relation (1 02)° = ¢ is implied by the other relations, and it is only conventional 
to insert the number “6” in {-, 4}3, as its omission looks a little strange. 

The relations involving 9, 0; and 2, on the other hand, are clearly inadequate as 
they stand to specify the facet {4, 6| 4}. It is curious, therefore, that the relations of 
(7F4) must serve to specify the group of P itself. In this context, we shall show in 
Corollary 7F7 that the mixing operation 


(G0, 01, 02, 03) +> (00, 0103, 02) =: (0, 1, 02) 


applied to [4, 3, 4] indeed yields the group of {4, 6 | 4}. Here, it is appropriate to demon- 
strate: 


7F5 Theorem An abstract regular 4-polytope of type {4, 6, 4} with vertex-figure of 
type {6, 4}3 is a quotient of {{4, 6 | 4}, {6, 4}3}. 
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Proof. In fact, we could really describe the type of the polytope as {4, -, 4}. Under the 
given conditions, the group of such a polytope Q, say, satisfies the relations (7F4); we 
have observed that the vertex-figure then must be of type {6, 4}3. We now reverse the 
Petrie operation on the vertex-figure, whereby we recover the relations for the Coxeter 
group [4, 3, 4]. 

It remains to show that we come to the same conclusion, even if we impose the extra 
relations which specify the facet {4, 6 | 4}. We may certainly set (9 02)° = ¢, if this is 
not already given to us. Under the (reverse) mixing operation, 


P0P1P2P1 = 9900103020103 
™ 00010201 
= 09020102 


~ 0001, 


so that (~9 121)" = € is compatible with the presentation of [4, 3, 4]. 


There are two immediate consequences of this argument. The second fills in the last 
gap in the arguments of Section 7E about the groups of the regular apeirohedra derived 
from {4, 6 | 4}. 


7F6 Corollary The apeirotope of type {{4, 6 | 4}, {6, 4}3} in E> is universal. 


7F7 Corollary The mixing operation 
(00, 01, 02, 03) > (00, 0103, 02) =: (P1, Pi, P2) 
applied to [4, 3, 4] yields the group of {4, 6 | 4}. 


For the other six apeirotopes, on the face of it the procedure appears very simple. 
To the group (1, 02, 03) of the vertex-figure, we adjoin a new generator such that 


Po = (Pop2)” = (pop3)” = &. 


This is just the dual procedure to the construction of the free extension in Theorem 4D4. 
However, we do not actually obtain the free extension, because the translation subgroup 
of the apeirotope imposes extra relations on the group. 

We need only consider one out of each pair whose vertex-figures are Petrie duals; 
the natural choice is to take that vertex-figure which is convex (Platonic). 

There are two distinct kinds of argument employed here. We begin with the vertex- 
figure {3, 4}. Let the group of the apeirotope be (po, ..., 03). The half-turn about the 
base edge is (0203)"; hence 09 := Po(02/3) is the reflexion in the plane which bisects 
the base edge. Thus the operation 


7F8 (0, -- +, 23) > (00(0203)", P1, 02, P3) =: (00, -- +, 03) 


yields a discrete group in E> generated by plane reflexions, such that oy commutes with 
07 and 03, and (01, 0, 03) = [3, 4]. It follows that (09, ..., 03) = [4, 3, 4] is the only 
possibility. 
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We therefore conclude 


7F9 Theorem The group of the 4-apeirotope of type {o0, 3, 4} in E? is isomorphic to 
[4, 3, 4]. Zt is also the group (po, ..-., 3) of [00, 3, 4], with the single extra relation 


(popi(o2p3))* = €. 
Proof. The remaining relations for [oo, 3,4] need no comment. The extra relation 
arises from (901)* = ¢, since 
3001 = polp203) pi 
= (0203) pop 
~ popi(p2p3) « 


This gives the result. 


While we do not need to comment on its Petrial, the group is nevertheless of interest. 
For this group, we replace ~; by 01/3. Since 3(2 p3)° = (02/302, we see that the group 
of the 4-apeirotope of type {00, 6, 4} in E? is obtained by imposing on the Coxeter group 
[co, 6, 4] = (po, ..., 03) the extra relations 


(00/1 203/2)" = (p10263)" = &. 


The other two cases turn out to be universal of their kind, that is, universal with 
the facets and vertex-figures which we know they have. We first have the apeirotope 
with vertex-figure {3, 3}, whose facets are isomorphic to {00, 3}5 = {6, 3}”. Thus we 
certainly have hexagonal edge-circuits in the graph of the apeirotope; we show that 
these suffice to generate all edge-circuits by concatenation. 

In fact, we have in effect already solved this problem. Consider the mixing operation 
on the group (, ..., 03) (say), given by 


(0, -- +, 03) > (0, P13, 02) =! (G0, O1, 02). 


Then (09, 01, 02) is the group of a discrete regular apeirohedron in ‘3 of type {00, 4}, 
whose corresponding concrete mirrors So, S; and Sz have dimensions dim S; = j for 
each j. This identifies the apeirohedron unambiguously as 


{00, 4}4 # {oo} = ({4, 4} # {oo})”. 
Hence the further operation 
(00, 01, 02) > (0002, 01, 02) =: (To, T1, T2) 


gives the group of {4, 4} # {co} itself. As we saw in Theorem 7E18, all circuits in the 
edge-graph of the last are concatenations of hexagonal basic circuits. (Note that the 
version of {4, 4} # {oo} which we have here is special, since these basic hexagons gen- 
erally only have symmetry group C2 x C2.) Indeed, from Theorem 7E18, the relation 
corresponding to the hexagon is 


(4 ta)? Ty Tt) =€. 
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Performing the substitutions given by the mixing operations, we have 


(t1 70)’ T1172 = (1030002) P1032)” 
= P1Po * (3203 * P1P0P2P1 Po * P3023 * P1p2 
= P1P0* P2P3P2° P1P0P2P1P0 * P2P3P2 ° P12 
~ P0P3P2P1 0 P2P1 00203 * 2P1P2P1/2 
= P03 P2P1P0P2P1 P0231 
~ (pop2pi)> ~ (popip2)« 


We conclude that we have 


7F10 Theorem The group of the regular 4-apeirotope of type {oo, 3, 3} in E? is the 
Coxeter group [00, 3, 3] = (0, ..-, 03), with the imposition of the single extra relation 


(p0P1/2)° = €. 


In other words, the apeirotope is the universal polytope 
{{0o, 3}6, {3, 3}}. 


The Petrie operation on the vertex-figure of this apeirotope replaces p; by 1/3, 
and so we see that the apeirotope with vertex-figure {4,3}; has group [oo, 4, 3] = 
((0,---, 03), factored out by the additional relations 


(p1p2P3)" = (p00102p3)° = €. 


Let us add a few words of description to the formal treatment we have just presented. 
The common edge-graph of the two apeirotopes is the famous diamond net; in the 
diamond crystal, the carbon atoms sit at the vertices, and the bonds between adjacent 
atoms are represented by the edges. Wells [451, pp. 117, 118] describes this graph as 
one of a number of uniform nets; however, his approach is far from systematic, and he 
does not emphasize the fact that the diamond net has such a high degree of symmetry. 

We treat the apeirotope with vertex-figure {4, 3} in a quite different way. We may 
take the vertices of this apeirotope to be the lattice Aq,1,1), generated by (1, 1, 1) and 
its images under the symmetries of the cube (in effect here, all changes of sign of the 
coordinates). With initial vertex o, joined to (1, 1, 1) by the initial edge, a typical basic 
circuit then goes to (2, 0, 0), then to (1, —1, 1), and finally back to o. This is indeed a 
Petrie polygon of a facet, and so corresponds to the relation (p90) 2)* = ¢ imposed on 
the Coxeter group [0o, 4, 3]. 

The convex hull of such a circuit is a tetrahedron, with a pair of opposite edges 
of length 2, and the remaining lateral edges of length /3. It is easy to see that these 
tetrahedra tile E>; for example, the 6 - 4 = 24 which contain o form a rhombic dodec- 
ahedron. There is then little difficulty in using this fact to show that any edge-circuit in 
the graph of the apeirotope is a concatenation of basic circuits. That is, we have 


7F11 Theorem The group of the 4-apeirotope in E> with vertex-figure {4,3} is the 
Coxeter group [00, 4,3] = (po, ..-, 03), with the additional relation (py p12) = &. 
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The three apeirotopes we have just described fall near the beginning of three infinite 
families of apeirotopes. We introduce some (temporary) notation. We write 


OF = {00, 3}é: OF = {oo, 3,3), 
7F12 Oe = {oa “OF = (60, 3,4}, 
QO} := {00, 4a, O} := {00, 4, 3}. 


Of course, the notation used here is the abbreviated one. Note that Q} = Q3; we may 
even begin all three series with OF := {oo} for eachi = 1, 2, 3. 

Now we may carry out exactly the same constructions in E”, to obtain regular 
(n + 1)-apeirotopes with vertex-figures the three regular n-polytopes, namely, the sim- 
plex {3”~!}, the cross-polytope {3”~7, 4}, and the cube {4, 3”~'}. The initial vertex lies 
at the centre of the vertex-figure, and the reflexion Ro is the mid-point of the edge join- 
ing the initial vertex to a vertex of the vertex-figure. Let us denote these apeirotopes by 
Qt! Q°*! and Q"*!, respectively. While we shall give few details here, it is possible 
to prove the following. 


7F13 Theorem The two apeirotopes OF and Oui are universal, in that 
Qt = {Oi 8" }}, Ost" = (Qs, 4,3" 7}}. 


The group of oF is isomorphic to [4, 3”~*, 4] = (00, ..., 0), and is obtained from 
it by the involutory mixing operation 


n—1 


(0, «++, On) > (d0(02 +++ On) ,O1,+++,0n) =! (00, --+s Pn). 


Hence this group is the Coxeter group [oo, 3"~7, 4] = (0, ..., Pn), with the imposition 
of the single extra relation 


(p001(02 ++ bn)” |) = €. 


Proof. We just comment on the last assertion, in noting that (02 - --o,,)"~! is the half- 
turn about the initial edge of {4, 3-2 4}. The relation arises from (o901)4 = ¢, of 
course. 


We now feel obliged to mention two similar examples of this kind, which do not 
fit into these series. First, we perform the same construction with vertex-figure the 
hexagon {6} in E?. We then obtain {00, 6}3. 

If we begin instead with the 24-cell {3, 4, 3} in E*, and then note that the reflexion 
in the mid-point of the initial edge of {3, 3, 4, 3} is o9(o20304)° (in terms of its group 
[3, 3,4, 3] = (00, ..., 04)), we conclude 


+4 
he, 


7F14 Theorem There is a discrete regular 5-apeirotope of type {0o, 3, 4, 3} in 
whose group is isomorphic to [3,3,4,3]. Abstractly, the group is obtained from 


[3, 3,4, 3] = (00, ..., 04) by the involutory mixing operator 
(00, a erens 04) b> (09(020304)°, OL 556 oty 04) = (po, Maing (4). 
It is therefore the Coxeter group [00, 3, 4, 3] = (po, ..-, 04), with the imposition of the 


single extra relation (p0p1(p2/3P4)°)> = 6€. 
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We may further generalize these constructions. Let P be a finite regular n-polytope. 
If P admits any faithful realizations, then its simplex realization P is faithful. We now 
adjoin to the geometric group of P the reflexion in one of its vertices. This certainly 
leads to a discrete group, which is of a regular (n + 1)-apeirotope with apeirogonal 
2-faces and vertex-figure isomorphic to P. 

Indeed, all that we really need is some kind of “crystallographic” restriction on the 
symmetry group and initial vertex of the realization P. (We shall deliberately leave 
the meaning of this term vague, but the intention to obtain a discrete group is clear.) 
This freedom, though, indicates that the construction is far from being combinatorial; 
it depends crucially on the geometry of the realization. As a simple example, take P 
to be a hexagon. With the planar realization {6}, there results the Petrial {co, 6}3 of the 
tessellation {3, 6}, as we remarked earlier. On the other hand, beginning with a blend 
{3} #{ }, we obtain the apeirohedron 


{00, 3}6 0 {oo}, 


which we discussed earlier. 
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Twisting 


We now discuss a general method for constructing regular polytopes P from certain 
groups W by what are called twisting operations. These operations provide an important 
tool in the classification of the locally toroidal regular polytopes in later chapters. In 
our applications, W will usually be a Coxeter group or a complex reflexion group with 
a diagram admitting certain symmetries. In this chapter, we shall mainly study twisting 
operations on Coxeter groups; we shall leave the case of complex reflexion groups to 
Chapter 11. 

Our use of the term “twisting operation” is motivated by the analogy with the 
importance of diagram symmetries for the twisted simple groups (see [75]). 

The present chapter is organized as follows. In Section 8A we explain the basic 
concept of twisting. Then in Section 8B we construct the regular polytopes £9 and 
describe their basic properties. This construction is very general and leads to a re- 
markable class of polytopes. In Sections 8C and 8D we shall treat two particularly 
interesting special cases of this construction, namely, the polytopes 2 and 2%-96), 
Then in Section 8E we prove a universality property of £9, and apply it to iden- 
tify certain universal regular polytopes. Finally, in Section 8F we describe a method 
for finding polytopes with small faces as quotients of polytopes constructed in earlier 
sections. 


8A Twisting Operations 


The basic idea of a twisting operation is to extend a given group W by some ofits group 
automorphisms to obtain a new group I” which is then the group of a regular polytope. 
In this section, we explain this method in more detail. However, here and in the next 
sections, we shall not attempt to develop the twisting technique in full generality, but 
instead restrict ourselves to some particularly interesting cases. 

Let W bea group generated by k involutions 01, ..., 0%; we allow & to be infinite 
here. In most applications, W will actually be a C-group (see Section 2E), but we 
shall not impose this condition. Our operations will only be defined for those groups 
W which admit certain group automorphisms t permuting the generators o;. If these 
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automorphisms t are themselves involutions, then we can augment W by adding 
them, and in suitable cases obtain a new group I” with certain distinguished generators 
fo, +--+, Pn—1 Which isa string C-group. Then, writing A forthe group of automorphisms 
of W generated by the t, we have 


T=WxA, 


a semi-direct product of W by A. In the examples, A may be of order 2 generated by 
a single involutory automorphism T, or, in the other extreme case, may itself be the 
group of a regular polytope of rank at least 2 acting suitably on W. 

Of particular interest are those groups W which are represented by diagrams. In 
this case, the automorphisms t correspond to diagram symmetries. The most important 
examples are the Coxeter groups with finitely many generators 0;, as well as certain 
complex reflexion groups preserving an hermitian form (see Chapter 9). 

As to the admissible choice of the generators p; for the new group I’, there is the 
obvious restriction (2E2), namely, that 


(pipjy =e (O<i<j—-1<n-—2). 


This cuts down many possibilities, but is still not sufficient for I” to be the group of 
a regular polytope, unless I” also satisfies the intersection property (2E1). However, if 
both (2E2) and (2E1) hold, then I’ is a string C-group and, by Theorem 2E11, is the 
group of the regular polytope P(/’). In the applications, the intersection property for 
I will usually follow from the fact that both W and A already have this property with 
respect to their (distinguished) generators. 

For a twisting operation x on W, we introduce the following notation. We write 


8Al1 Ki(O1,--++, O43 T1,-++5 Tm) > (00, +--+ Pn-1)s 
where o1,..., 0% are the generators of W, t),..., T» the generating automorphisms 
in A, and po, ..., On—1 the distinguished generators of = W x A constructed from 


the o; and the t; by «. Here we usually consider I” as an internal semi-direct product 
of W by A (so that A acts on W by conjugation). 

The following simple lemma deals with an interesting special case where the semi- 
direct product I” is also a direct product. 


8A2 Lemma I/n the previous situation, if A is generated by a single involutory au- 
tomorphism t which transforms W according to an inner automorphism, and if the 
centre of W only contains elements of odd (finite) order, then 


Tr=wx C>. 
Proof. Let t € W be such that 


-1 


t ojt =t loj;t Gj 1yse. sk): 


Then w := it~! ¢ W, a? € W, and a belongs to the centre of W. Let r denote the 


order of a”. Sincer is odd, B := a” ¢ W, 6? = e,and 8 commutes with each o;. Hence 


rEWx(ByZ=wxe. 
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Figure 8A1. Twisting by 7. 


In what follows, we shall assume that W is a Coxeter group with diagram D on 
the nodes 1, ..., & (where we allow k = oo). In particular, we adopt the notation of 
Chapter 3, and write 


W = W(D) = (o1,..., OK). 

Then, by Theorem 3A2(b) and its analogue for groups with infinitely many generators, 
W isa C-group. 

In describing or drawing diagrams D we adopt the following convention, which is 
in agreement with our notation in Chapter 3. Sometimes it is convenient to think of a 
pair of distinct nodes i, 7 of D which are not directly joined in D as being joined by an 
improper branch with label m;; = 2. Accordingly, ifa diagram D is drawn and some of 
its branches are labelled by 2, then these branches are improper branches and, strictly 
speaking, do not belong to D. The diagram with k isolated nodes is called the trivial 
diagram on k nodes; here, each branch is improper, 


W=ch, 


and each permutation of the nodes corresponds to an automorphism of W. 

To give a simple example of twisting, let W be the triangle group with the diagram D 
in Figure 8A1. Here, and in similar figures, the symmetries of the diagram are indicated 
by arrows. Now, using T, and twisting by 


K1: (01, 02, 033 T1) > (T1, 02, 03) =: (0, 1; 02) 
gives the Coxeter group 
(Po, Pi, P2) = Wx Cr = [2p, gq], 


and its corresponding regular 3-polytope {2p, q}. 
On the other hand, if p = q, then the diagram of Figure 8A1 admits further sym- 
metries, as shown in Figure 8A2. Now the operation 


kK: (01, 02, 035 T1, T2) > (T1, T2, 03) =! (00, P1, /2) 
employs both symmetries tT; and Tt, and leads to the Coxeter group 
(Po, Pi, 2) = W x S3 = [3, 2q], 
and its corresponding regular 3-polytope {3, 2q}. 
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Figure 8A2. Twisting by t, and Tt). 


8B The Polytopes L*-9 


The kind of twisting operation we shall discuss in this section is very general, and 
yields regular polytopes which are denoted L*- (see [294, §3; 303, §4]). Here, £ and 
K are regular polytopes of ranks m (> 1) and n (= 1), respectively, and G is a suitable 
diagram determined by K only. We shall frequently take £ to be of rank 1 or G to be 
a trivial diagram; if £ is of rank 1, we also write 29 for L“9, since £ is determined 
by its 2 vertices (see Section 8C). In the general situation, £9 is of rank m + n, with 
m-faces isomorphic to £ and with co-(m — 1)-faces isomorphic to K. Its group is a 
semi-direct product of a Coxeter group W = W(D) by the group I’(K), where D is a 
diagram which is defined by £ and K and contains G as an induced subdiagram. 

The most important property of G is that (AC) acts suitably on G as a group of 
diagram automorphisms. This implies a certain restriction on K, but still covers the 
most interesting cases. On the other hand, the structure of G and D essentially limits 
our construction to universal polytopes £ = {q1,..., Gm—1}, which is a restriction only 
ifm > 3;ifm = 1, then £L = { }, the unique 1-polytope. 

In what follows, we shall need the notion of a K-admissible diagram. Let G be the 
diagram of a group generated by involutions (typically a Coxeter group), and let K be 
a regular n-polytope with group 


T(K)= (To, an oT) 


Then G is called K-admissible if G has more than one node, and I’(K) acts as a group of 
diagram automorphisms on G with the following properties. First, [’(C) acts transitively 
on the set V(G) of nodes of G. Second, the subgroup (7), ..., T,-1) of I'(K) stabilizes 
anode Fo (say) of G, the initial node (it may stabilize more than one such node). Third, 
with respect to Fo, the action of (-) on G respects the intersection property for the 
generators T,..., T,—1 in that, if V(G, 7) denotes the set of transforms of Fo under 
(t%; |i € TZ) for 7 C {0,..., — 1}, then 


8B1 VGDAVG, N=VGINA ifL7C{0,...,.n-I}. 


Note that we do not demand that I"(X) be faithfully represented as this group of 
diagram automorphisms. Observe that, if 7 <n — 1 and K;; is the basic j-face of K, 
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Figure 8B1 


then the induced subdiagram of G with node set V(G, {0,..., 7 — 1})isaK;-admissible 
diagram with the same initial node. Note also that Fot) 4 Fo, because otherwise (XK) 
stabilizes Fy, which then would be the only node of G. 

We shall usually have 


VG)=V(K), 


the vertex set of K; then I’(X) acts in the natural way, and Fo is the vertex in the base 
flag of K. In this situation, (8B1) is always satisfied, and K-admissibility of a diagram 
G just means that "(K) acts on G as a group of diagram automorphisms. In particular, 
if J C {0,...,m— 1} and 7 is the first index among 0,...,” — 1 which is not in J, 
then 


VG, I={F € V(K)|F < Fj}, 


where as usual {F'_|, Fo, ..., F,} denotes the base flag of K. 

For instance, consider the diagram G on the vertex set of the octahedron K = {3, 4} 
which connects antipodal vertices by a branch labelled s with s > 3, but has no other 
proper branches (or, equivalently, all other branches are improper); see Figure 8B1. 
Then I’(X) acts on G in a natural way as a group of diagram symmetries; equivalently, 
I(K) acts on the corresponding Coxeter group D, x D, x D, as a group of automor- 
phisms permuting the generators. If the vertices of K are 1,..., 6 withi, i + 3 (mod 6) 
adjacent, then we can take 


t = (12045), 11 := (23/56), m= (36), and Fy:=1. 


Then Fo is fixed by the group (t,t) of the vertex-figure at Fo, and (8B1) is also 
satisfied. Hence G is K-admissible. If we allow s = 2, then G is the trivial diagram 
with no (proper) branches. We shall revisit this example in Corollaries 8C6 and 8E18. 

In the general situation where K is given as before and G is unspecified except for 
its node set V(G) = V(K), the number of possible choices for G depends essentially 
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on the number of diagonal classes of K. Recall that a pair of distinct vertices of KC 
is called a diagonal of K, and that two diagonals are said to be equivalent if they are 
equivalent under I(K) (see Section 5A). The diagonals of K thus fall into diagonal 
classes, consisting of equivalent diagonals. 

Now, given any diagonal class of K, either none of its diagonals is represented by 
a (proper) branch in G, or all diagonals are represented by branches with the same 
label. Clearly, if G is the trivial diagram on V(K), then G is K-admissible. By the 
edge-transitivity of (Kc), if any edge of K is a branch of G, then all edges of K are 
branches of G with the same label r > 3; that is, G contains the r-labelled 1-skeleton 
of K as an induced subdiagram. 

If K has only one diagonal class, then K is neighbourly, where we recall that a 
polytope is neighbourly if any two of its vertices are joined by an edge. (More strictly, 
this property is 2-neighbourliness, but we shall not need to consider its higher gen- 
eralizations here; see Griinbaum [197, Chapter 7].) In this case, if G is not the trivial 
diagram, then G is the r-labelled 1-skeleton of K. If K is neighbourly and regular, then 
any two vertices are joined by the same number of edges. But note that, in the diagram 
G, only one of these edges is represented by a branch. 

If K has at least two diagonal classes, then some classes may be represented by 
branches of G, while others are not. This gives much freedom for the choice of G, 
and thus for the corresponding (Coxeter) groups. Though these groups are generally 
infinite, there is at least one (non-trivial) important special case where they become 
finite. In fact, if K is centrally symmetric, in the sense that (XC) has a proper central 
involution @, which does not fix any of its vertices, then a pairs up the vertices of K, 
and these pairs of antipodal vertices form one diagonal class of ; we shall elaborate 
on this in the next section. If this but no other diagonal class is represented by branches 
in G, all with the same label, then G is a matching; thus the corresponding Coxeter 
group is finite if and only if K is finite, in which case it is a direct product of dihedral 
groups. The diagram of Figure 8B1 gives an example of this kind which is based on 
the octahedron K = {3, 4}. 

Now, to construct the regular polytope £9, let G be any K-admissible diagram 
with node set V(G), and let 


L= {q1,---,9m-1}> 
the universal regular m-polytope whose group is the Coxeter group 
[91,---+Gm-1] = (00, ---, Om-1) 
with string diagram 
0 1 2 m-3 m-2 m-1 


8B2 o—_____e_____e—__ - - - - ——_®_—_e_—_® 
1 q2 Um-2 Am-1 


We construct a new diagram D by adjoining this diagram to G, as follows. 
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Figure 8B2 


We identify the node m — 1 of (8B2) with the initial node Fo in V(G), and take as 
the node set of D the disjoint union 


8B3 V(D) := V(G)U{0,...,m — 2}. 


As branches and labels of D we take all the old branches and labels of both (8B2) and 
G, and, in addition, for each node F 4 Fo (= m — 1) in V(G), one new branch with 
label g,,-1 connecting F’ to the node m — 2 of D. Then D takes the form of the diagram 
in Figure 8B2, on which I"(K) acts as a group of diagram symmetries fixing the new 
nodes 0, 1,...,m — 2. But then (X) acts also on the corresponding Coxeter group 


W := W(D) = (ox |k € V(D)) 


as a group of automorphisms which permute the generators and fix 09, 01, ..., Om—2- 
By construction, W contains '(L) = (00, ..., Om—1) aS a Subgroup. Note that D = G 
(with initial node Fo) if £ is of rank 1. 

We can now define the (m + n)-polytope £9 by its group 


Tr :=WxTI(K), 


the semi-direct product induced by the action of [(K) = (t,..., T-1) on W, and the 
distinguished generators 9, ..-, Pm+n—1 Of I” given by 


Oi, fori =0,...,m—1, 
Tim, fori=m,...,m+n-—1. 


8B4 pi = 


The transitivity of (X) on the nodes of G implies that these elements 0, ..., Om+n—1 
really generate I”. In fact, for each F € V(GQ), there exists an element t € I'(K) such 
that 


Of = OR = t lop,t = Tt! Om_1T. 
Then we have 
8B5 Lemma I is a string C-group with distinguished generators fo, ..-, Pm+n—1- 
Proof. We need to check properties (2E1) and (2E2). Here, (2E2) takes the form 


(pj =e O<i<j—-l1<m+n—2). 
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This is trivial ifi, 7 <m-— lori, 7 >m.Ifi =m —1, it follows from the fact that, 
by our choice of Fo, the element p; = tj» fixes Fo in G and thus in D. Similarly, 
if i <m—2 and j >™m, then the element p; = t;_» fixes the node i of D; thus 
PjPiPj = Pi- 

To prove the intersection property (2E1), let J C {0,...,m-+n— 1}. Write J = 
I, Ub, with l, C {0,...,m— 1} and C {m,...,m-+n-— 1}. Then the subgroup 


(pi |i € 1) = (oj, tj-m |i € Ny and j € In) 


is given by 


8B6 ee ifm—l¢éh, 


(on|kKEVG, b—m)UN) (tj-m|fEb) ifm—-leh. 


Here, the first factorization is a direct product, while the second is a semi-direct product; 
in any case, the first factor is a subgroup of W and the second a subgroup of (XK). 
Now, if J € {0,...,m +2 — 1} also, with J = J, U J, its corresponding decomposi- 
tion, then JN J = (41 N J) U (2 N J), and (2E1) now follows from the intersection 
property for W and I’(K), and our assumption (8B1). 


For later use, we note a special case of (8B6). Ifm < j <m-+n — 1, we have the 
semi-direct product 


(po. +--+.) = (on|kE VG, {0,..., 7 —m})U{O, ...,m —1}) (t0,.-65 Tm) 
8B7 


Here, if V(G) = V(K), then 
VG, {0,...,7 —m})={F € V(K)|F < Fy-msi}- 


Our next theorem states the basic properties of the regular polytope whose group is 
I’. This polytope will be denoted by £9. Strictly speaking, £9 also depends on the 
action of "(K) on the K-admissible diagram G and on the choice of the initial node 
Fo, but we shall not make this part of our notation. Note that different choices of Fo 
lead to inner automorphisms of the group. In our applications, V(G) = V(K) and Fo 
is the vertex in the base flag of K.. Also, in this situation, we simply write L* for L&9 
if G is the trivial diagram on V(K). 


8B8 Theorem Let £ = {q),...,dm—1} be a universal regular m-polytope, and let K 
be a regular n-polytope of type {pi,.--, Pn—1} with group T'(K) = (to, ..., Ti-1), 
where m, n > 1. Let G be a K-admissible diagram with node set V(G), initial node 
Fo and subsets V(G, 1). Further, let D be the diagram with node set V(D) defined 
by G and L as in (8B3) and Figure 8B2, and let W = W(D) = (o;, |k € V(D)) be 
the corresponding Coxeter group. Then the regular (m + n)-polytope LX’9 has the 
following properties. 


(a) The m-faces of L’’9 are isomorphic to L, and its co-(m — 1)-faces are isomor- 
phic to K. 
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Figure 8B3 


(b) LYS is of type {q1,- «+s Qm—1s 20s Pls ++ +s Pn—1}s Where r = 2 if the two nodes 
of G in V(G, {0}) = {Fo, Foto} are not connected by a branch ofG, or elser > 3 
and r is the label of the connecting branch of these two nodes. If K is of rank 1, 
then LEG = {G1,-+->Qm—1, 2r} is universal. 

(c) P(L™9) = P = W x T(K), a semi-direct product, where the action of '(K) 
on W is induced by that on G. In particular, L“9 is finite if and only if W and 
K are finite. 

(d) If\ <i < nand ifK; denotes the i-face of K and G; the induced subdiagram of 
G on the subset V(G, {0, ...,i — 1}) of VG), then the (m + i)-faces of LX’9 are 


isomorphic to LX°9, Similarly, if —1 <i < m —2 and L; = {di42,---. m1} 
denotes the co-i-face of L, then the co-faces of i-faces of L’§ are isomorphic 
to ros 


Proof. Lemma 8BS says that I” is a string C-group, so that Theorem 2E11 takes care 
of the various properties of the corresponding regular (m + n)-polytope L“-Y = P(L). 
In particular, part (a) follows from 


(0, +++5 Om—1) = (00, -++5 Om—1) =I (L) 


and 


(Pmy+++5 Pmtn—-1) = (T0.+++5 T-1) = P(K). 


For the first part of (b), note that 


(Om—1 Pm)” = (ORT) = OR, (TORT) = THO» 


which is of order r. Ifrank K = 1, then D takes the form of the diagram in Figure 8B3, 
and the situation is similar to that of Figure 8A1; in particular, the second part of (b) 
can easily be verified. 

Part (c) is trivially true by construction. The first part of (d) is a consequence of 
(8B7), with 7 = m +i — 1. Finally, the last part of (d) relies on the fact that the induced 
subdiagram of D on the node set V(G) U {i + 1, ..., m — 2} coincides with the diagram 
which is constructed from £;, K and G in the same way as D from £, K and G. This 
completes the proof. 


It is straightforward in principle, but often tedious in practice, to obtain a presentation 
for the group © = W » I'(K) of LY from that of W and (XK) and the action of '(K) 
on W. In some particularly interesting cases, this is done (implicitly) in Sections 8E 
and 8F, by identifying £9 as the universal polytope in its class. 
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Figure 8B4. The diagram D,.;. 


8B9 Remark Under the assumptions of Theorem 8B8, if V(G) = V(K) and I'(K) 
acts on G in the natural way, then the first part of (b) takes the form 


(b’). LY is of type (91, .--, m—1, 27, Pi, -- +» Pn—1}, Where r = 2 if the edges of KC 
are not branches of G, or else r > 3 and r is the label of those branches of G 
given by edges of K. 


Note that, in Theorem 8B8, we do not rule out the possibility that K is flat, where 
we recall that a polytope is flat if each vertex is incident with each facet. In this 
case, if V(G) = V(K) (with the natural action of '(X)), then G,_; = G; moreover, 
L* is also flat (by Lemmas 4E3 and 4E1), and the facets of £9 are in one-to-one 
correspondence with the facets of K’, where the facets of K correspond to the right 
cosets of (T,..., T—-2) in P'(K), and those of LEG correspond to the right cosets of 


(Po; wes Pm4n—2) =Wx (To; S25i ted) 


inl’. 

In most applications, £ will be of rank 1; this case is further investigated in the 
next two sections. Here we illustrate our concepts with some interesting examples of 
polytopes £9 with £ and K of higher ranks. 

For k, 1 > 0, let Dy; denote the Coxeter diagram with k +/ nodes and k+/—1 
(unmarked) branches depicted in Figure 8B4. In particular, Do, is a trivial diagram and 
D,.o a string diagram. Then we have 


8B10 Corollary Let m,n>1. Let Dy-tn41 be as in Figure 8B4, and let 
W(Dmn—1,n+1) be the corresponding Coxeter group. Then 


Br efor Aart), 
with group 
[37-1 4, 3°] = W(Dm— inst) * Sat: 


Proof. Apply Theorem 8B8 with £ := {31}, K := {3”~!}, and G the trivial diagram 
on V(K); here, £ = {} ifm = 1. ThenD = Dy_j nai, P(K) = Spyi, and L* = £9 
is of the correct Schlafli type. 
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To prove the universality, consider the group 
Beas feed ies) anne em See Pememe 
where the a; are the distinguished generators. Let 
A = (Amy. ++) Um4n—1) = [3"7 1]. 
Then 
(Qm—15 +++) @m+n—1) = [4,31] 

= C3t!  Si41 = (p7!am-19 |p € A) x A. 

Also, g~!a;y = a; ifi <m—2andg € A. Hence, if 
We= (gp lag|i <m—landge€ A), 

then we have the semi-direct product 

"43° "= Wx A, 


with A acting on the m +n generators of W by conjugation. But W is easily seen to 
satisfy the defining relations for W(Dy,—1,n41), and thus is a quotient of this group. 
On the other hand, [°(L*) is a quotient of [3”~', 4, 3”~!], and so we must have W = 
WD <4 29) and LY 37.4.3" as claimed, 


The sequence of polytopes in Corollary 8B10 includes the following interesting 
special cases: the (n + 1)-cube 


(43a PF = 20), 
the (m + 1)-cross-polytope 
igeer as ean ae 
the 24-cell 
(543) =43)) 


the regular tessellations {3, 3, 4, 3} and {3, 4, 3, 3} in euclidean 4-space, and the regular 
honeycombs {3, 4, 3, 3, 3}, {3, 3, 4, 3, 3} and {3, 3, 3, 4, 3} in hyperbolic 5-space (see 
[113, §5; 120, Chapters 7, 8]). 

There is another way in which the (star) diagrams D,,; with / + 1 nodes can be used 
to construct regular polytopes. For example, taking the diagram D,,5 in the form of 
Figure 8B5, then the twisting operation 


(00, - ++, 055 T0, T1, T2) F> (To, T1, Oo, O5, 03, T2) =! (Po, -- +5 05) 


on W(D\,s) defines the regular honeycomb {3, 4, 3, 3, 4} in hyperbolic 5-space with 
group 


8B11 (P0,---, 5) = [3, 4, 3, 3,4] = W(D1,5) ™ (S3 x C2). 


But D,,5 = D2,4, and so we have the following 
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5 
1 T% 
T] ~ 
0 4 


Figure 8B5 


8B12 Corollary The Coxeter group [3, 4, 3, 3,3] has subgroups [3,3,4, 3,3] and 
[3, 4, 3, 3, 4], of indices 5 and 10, respectively. 


Proof. By Corollary 8B10 and by (8B11), the three groups mentioned are extensions 
of the same group W(D,,5) = W(D2,4), namely, by Ss, S4 and S3 x C2, respectively. 
But the latter two groups are subgroups of Ss; of indices 5 and 10, respectively. 


We remark that Corollary 8B12 can also be proved by simplex dissection of hyper- 
bolic simplices. 

We conclude by observing that the regular (m + n)-polytopes L‘9 are almost al- 
ways infinite ifm = rank £ > 1. In fact, if £ = {q1,.--,dm—1} and qi, ---,dm—1 > 3, 
then Theorem 8B8(c) implies that there are only two possible ways to make LY finite, 
namely, LX-9 = {3”—!, 4} and L*Y = {3, 4, 3}, with G trivial, and with rank K = 1, 
L= (3"-'},r =2, andK = £ = {3}, r = 2, respectively. Both examples were men- 
tioned earlier. 
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We begin with a brief discussion of centrally symmetric regular polytopes. A regular 
polytope P is called centrally symmetric if its group ’'(P) contains a proper central 
involution, which does not fix any of its vertices. Note that, if a central involution in 
I'(P) fixes one vertex, then it fixes every vertex, and thus acts on the vertex-set of P like 
the identity. For the definition of central symmetry it is therefore natural to leave such 
central involutions out of consideration. On the other hand, a proper central involution 
pairs up antipodal vertices of P. Note that a central involution a in the group I’(P) of 
a regular polytope P whose faces are uniquely determined by their vertex-sets (as is 
the case, for example, when P is a lattice) must be proper, and so makes P centrally 
symmetric. In fact, if @ is not proper, then it must fix every face of P because it fixes 
each of its vertices; hence a is the identity on P. 

Antipodal vertices of a centrally symmetric regular k-polytope P cannot be joined 
by an edge unless P has only two vertices, or, equivalently, p; = 2 in the Schlafli 
symbol {p1,..., px—1} of P. To see this, let '(P) = (po, ..-, Px—1), with the p; the 
distinguished generators with respect to the base flag {Fo,..., F,_,} of P, and let 
a € I'(P) bea proper central involution. If the vertices Fp and Foo of the base edge 
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F are antipodal, then Foa = Foo implies that pp € (1, .-., Ox—-1)a@, and hence that 
I'(P) = (p1,---, Pk-1) X C2. It follows that P has only two vertices, as claimed. 

More generally, we shall often be interested in the condition that no two antipodal 
vertices of a centrally symmetric regular polytope lie in a common proper face. To 
see when this holds, let P be a regular k-polytope, and let a be a central involution 
of ''(P). Fori <k —1, let V; denote the vertex-set of the basic i-face of P. Now, 
if Via NV; 4 @, then the transitivity of (t,...,t-1) on V; forces V;a = V;; thus 
(Vig)a = Vig for each gy € I'(P); that is, w fixes the vertex-set of each i-face of P. 
Hence, ifi < & — 1 and there is a pair of antipodal vertices in an i-face of P, then for 
each j >i there is such a pair in V, and therefore a must fix the vertex-set of each 
j-face of P. This property is usually strong enough to imply that no pair of antipodal 
vertices can lie in a common proper face of P. The following lemma covers a fairly 
general case. 


8C1 Lemma Let P be a centrally symmetric regular polytope with the property that 
both its faces and those of its dual P* are uniquely determined by their vertex-sets (as 
is the case, for example, if P is a lattice). Then a proper face of P cannot contain a 
pair of antipodal vertices. 


Proof. Our arguments show that, if a proper face of P contains a pair of antipodal 
vertices, then the vertex-set of each facet F of P is kept fixed by a; hence so is F itself, 
which is determined by its vertex-set. But, by our assumption on ?*, every vertex of 
P is determined by the facets of P which contain it, and since each such facet is fixed, 
each vertex of P must then also be fixed by a. This is not possible, because a is a 
central involution which is proper. 


We shall now resume the discussion of Section 8B, and consider the regular polytopes 
LY with L = {}, the unique polytope of rank 1. As before, let K be a regular n- 
polytope with group I'(X) = (to, ..., T—1), and let G be a K-admissible diagram 
with node set V(G). Again we have V(G) = V(K), the vertex-set of K with initial node 
the base vertex Fo of K. As before, since £ is determined by its 2 vertices, we shall 
write 29 for £9 and 2” for LX (if G is the trivial diagram on V(KC)); that is, 


hg = { ihe: Qk = { i 


Then the basic properties of 2:9 are as stated in Theorem 8B8. We shall discuss two 
choices of diagrams G which make the polytopes 2 finite. In particular, this leads to 
the regular polytopes 2" and 2-9), which are the higher-rank analogues of Coxeter’s 
regular maps 


{4, p|4eert) 
and 
{4,2p|4?-7, 2s}, 


respectively [105, p. 57]; see Section 7B for the definition of these maps. The polytopes 
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2* were first discovered by Danzer in the form in which they are discussed in 
Theorem 8D2 of the next section; see also [140, 367, §5]. 
Our first result concerns trivial diagrams and restates Theorem 8B8. 


8C2 Theorem Letn > 1, and let K be a regular n-polytope of type {p\,.--, Pn—1}- 
For 1 <i <n, let K; denote the i-face of K. Then the regular (n + 1)-polytope 2 has 
the following properties. 


(a) 2X is of type {4, pi, ..., Pn—1}. The vertex-figures are isomorphic to K, and the 
(i + 1)-faces to 2™ fori =1,...,n. 

(b) (2%) = Co? I'(K), the wreath product of C2 with '(K), where I'(K) acts in 
the natural way on the vertex-set V(K) of K. In particular, 2™ is finite if and 
only if K is finite, in which case 


PAD = 2 PW). 
(c) If K has only finitely many vertices, then 2“ is centrally symmetric. 


Proof. Theorem 8B8 covers parts (a) and (b). Note that now D = G and W = oh 
so that the semi-direct product is actually a wreath product. For part (c), if V(A) is 


finite, then 
a= I] OF 
FeV(K) 


is a central involution in (2). Moreover, a does not fix the base vertex of 2, because 
it is not contained in the stabilizer (K) (= (p1,..., On)) of this vertex. But then a 
must be proper, because a central involution fixes one vertex if and only if it fixes all 
vertices. 


8C3 Corollary [fn > 1, then 28") = {4,3"-1}, the (n+ 1)-cube with group C2? 
Sn, of order 2"*1(n + 1)!. 


Proof. Choose K := {3”~'}. Then 2* is of type {4, 3”~'}, and its group has the same 
order as [4, 3”~!]. Now the corollary follows. Equivalently, we could use (8B10) with 
m=1. 


The preceding corollary says that, in a sense, we may regard 2“ as a generalization 
of the ordinary cube. We shall give further justification for this view in the next section. 
The following corollary identifies the polytopes 2” with K of rank 2. 


8C4 Corollary /f 2 < p < ~, then 2") = {4, p|4?7I-!}, with group Cr? Dy, of 
order 2?+! p, 


Proof. Itis straightforward to check that the group of 2'”! satisfies the defining relations 
for [4, p|4!?/1-1), the group of the regular map {4, p|4!?/2I-!}. Since these groups 
have the same order, this proves the corollary. 


Our second choice of diagram assumes that K is centrally symmetric, with proper 
central involution a. As described in the preceding section, we can then construct a 
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diagram by representing exactly the pairs of antipodal vertices by branches. Ifno pair of 
antipodal vertices is contained in a common i-face of K, then the induced subdiagrams 
on the vertex-sets of i-faces are all trivial. 


8C5 Theorem Let n > 1, and let K be a centrally symmetric regular n-polytope of 
type {P1,---, Pn—1} with py > 3, and, for1 <i <n, letK; denote itsi-face. Fors > 3, 
let G(s) denote the diagram on V(K) which connects each pair of antipodal vertices 
of K by a branch labelled by s, but has no other (proper) branches. For s = 2, let 
G(s) = G(2) be the trivial diagram on V(K). Then the regular (n + 1)-polytope 2-9) 
has the following properties. 


(a) 2-9) is of type {4, pi, ..-, Pn—1} and has vertex-figures isomorphic to K. If 
i <n-—1 and no pair of antipodal vertices of K is contained in a common 
i-face of K, then the (i + 1)-faces of 29) are isomorphic to 2“. In particular, 
9KG(2) — 9K. 

(b) F(2”:9)) = Df? » P(K), with q := |V(K)|/2, where the action of '(K) on 
Df (= W) is induced by the action on G(s). In particular, 2-9) is finite if and 
only if K is finite, in which case 


riae7©)| = (2s)'" 1/2 \'(K)|. 


(c) If s is even and K has only finitely many vertices, then 2-8) is also centrally 
symmetric. 


Proof. If no pair of antipodal vertices of K is contained in a common i-face of K, 
then the induced subdiagram G; on the vertex-set of K; is trivial. In particular, because 
P1 = 3 this applies with i = 1, proving the statement about the Schlafli type. Also, by 
construction, D = G(s) and W = D{ (the direct product of g copies of D,). Then parts 
(a) and (b) follow from Theorem 8B8. In particular, 2-9) = 2", because G(2) is the 
trivial diagram. 

If is even, then each copy (or, 07a) (with F € V(K)) of D, has acentral involution, 
namely, (o70;~)°/*. Hence, if K has only finitely many vertices, then the product 6 
(say) of all these involutions is indeed a central involution of [(2"%), To check that 6 
is proper, recall that the vertices of a regular polytope are in one-to-one correspondence 
with the right cosets in the full group of the group of the vertex-figure, which here is 


(Pls +++5 Pn) = (T0,--+5 T-1) = P(K) 


in (2*-9)) = (po, ..., Pn). However, these cosets are represented by the elements 
of W(D). Then (c) follows, and the proof of the theorem is complete. 


We note two interesting applications of Theorem 8CS. The first identifies certain 
polytopes 2-9) as cubic toroids or as cubical tessellations, and the second deals with 
the case of rank 2. 


8C6 Corollary Let n> 2. If 2<s <0, then 2°"°4-96) = {4, 3"? A} ony, 
a cubical regular (n+ 1)-toroid, with group D" x [3"~-*,4] of order (4s)"n!. 


Moreover, 213"*.4).G(oo) {4, 3"-2, 4}, the cubical regular tessellation in euclidean 
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(n + 1)-space, with group [4,3"~?, 4] = D", = [3"-?, 4], where Dx denotes the infi- 
nite dihedral group. 


Proof. If K:= {3"-2 4}. then 2%-9) is of type {4, 3-2 4}. Hence, if s < 00, this 
is a cubical toroid with a group of order (4s)’n!, which is easily identified as 
{4, 3"-2, 4} (2s,0"-1) (See Section 6D). For s = oo, we obtain the tessellation {4, 37-2 A} 
with its group occurring as D”, x [3"~*, 4]. 


8C7 Corollary Let2 < p < coand2 <5 < 0. Then 2?)-99) = {4,2p|4?-*, 2s}, 
with group Df ™ D>), of order (2s)? - 4p ifs < 00. If p =2 ands < ©, this is the 
torus map {4, 4} (25,0), with group (D, x D,) » Dg of order 3257. 


Proof. Itis easy to see that the group ['(2'7?}-9) satisfies all the defining relations for 
[4, 2p |4?~?, 2s], the group of Coxeter’s regular map {4, 2p | 4?~7, 2s}, and is therefore 
a quotient of this group (see [105, p. 57] or Section 7B). Then a direct (but tedious) 
computation shows that the two groups are actually the same. Instead, if s < oo, we 
could appeal to [105, p. 57] and note that the orders of the two (finite) groups are 
the same; hence, since one is a quotient of the other, they must coincide. (Observe 
that, for s = ov, the relation represented by the last entry in the symbol for the map is 
void.) 
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We now discuss realizations in euclidean spaces of the regular polytopes 2" and 2-9) 
defined in Section 8C. We use the same notation as before. For general results on 
realizations we refer to Chapter 5. Here we shall only describe realizations which can be 
constructed by Wythoff’s construction from certain natural orthogonal representations 
of the groups. For 2*, these realizations will give us a simple combinatorial description 
of the polytopes, and it was in this form that 2“ was originally discovered by Danzer 
(see [140, 367, §5]). 

In this section, all polytopes are assumed to be finite. Let K be a finite regular 
n-polytope with vertex-set 


V(K) = {0,1,...,v—]}. 
We begin with the discussion of 2”. By Theorem 8C2, 
r(2*) = Cnr T (Kk), 
where (K) acts naturally on V(K). Thus (2) = (po, ..., Pn) can be embedded 
into the symmetry group 
[4, 3°] = C228, = (Wo, -.-5 Wo-1) 
(with distinguished generators y;) of the regular v-cube {4, 3”~7} in euclidean v-space 


“’, in such a way that o9 = Wo and (p1,..-, Pn) © (Wi, ..-, Wy-1). Write 
V := {0, 1}” 


for the vertex-set of {4, 3°~7}. 
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Now, to apply Wythoff’s construction, we pick the vertex Go in the base flag of 
{4,37}, say 


and define recursively 
G; := {Gi_-19|@ € (po, .--, pi-1)} G@=1,...,n+1). 


This gives the base flag {Go,..., G,} for the realization P of 2, and all the other 
flags are the transforms of this flag by the elements of "(2*). In this way, the 2” points 
in V become the vertices of P; that is, P is a vertex-faithful realization of 2“. Also, 
our method of realization commutes with passing to faces of K, which means that, 
if0 <i <n-—1 and K; denotes the basic i-face of K with vertex-set V(K;), then 
the face G;, of P is the realization of 2“: on the subset V; of V corresponding to 
V (K;). In particular, the 2-faces of P belong (in an obvious sense) to the 2-skeleton of 
{4, 3"-7}. 

An equivalent construction of P can be found if the faces in K are uniquely deter- 
mined by their vertex-sets; this is true if K is a lattice. We may then identify the faces 
in K with their vertex-sets, and we may also do so for 2 (and, in fact, for any polytope 
2-9). The latter can be proved using Theorem 2B14. Now, making this identification, 
we take as j-faces of P, for any (j — 1)-face F of K and any x := (x0, ..., Xy—1) in 
V, the subsets F (x) of V defined by 


F(x) := {O0,---, v1) | i = x; if7 is not a vertex of F}, 


or, abusing notation, by the cartesian product 


8D1 F(x) := (Sw. u) x (@r). 


ieF idF 


Then, if F’, F’ are faces of K and x = (x0, ...,Xy-1), x’ = (Xp, ---, X4_1) are points 
in V, we have F(x) C F’(x) if and only if F < F’ in K and x; = x; for each 7 which 
is not a vertex of F’. The proof of the following theorem is now straightforward. 


8D2 Theorem Let K be a regular n-polytope whose faces are uniquely determined 
by their vertex-sets. Let P be the set of all faces F(x) as in (8D1), with F a face of K 
and x € V, and let P be ordered by inclusion. Then P is a regular (n + 1)-polytope 
which is isomorphic to 2%. 


An immediate consequence of Theorem 8D2 is that the polytope P, and thus 2", is 
a lattice if the original polytope XK is a lattice. 

By Corollary 8C4, if Theorem 8D2 is applied with K = {p}, we obtain a realiza- 
tion for Coxeter’s regular map {4, p|4!?/2!-!} in the 2-skeleton of the regular p-cube 
{4, 3?-7}, whose edge-graph coincides with that of the cube. This is identical with the 
realization outlined in Coxeter [105, p. 57]. It is interesting to note that this map and 
its realization have been rediscovered several times in the literature. 
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For example, Ringel [346, §3] and Beineke and Harary [24] pointed out that the 
genus 


23(p—4)+1 


of {4, p|4!7/7I-1) is the smallest genus of any surface into which the edge-graph of 
the p-cube can be embedded without self-intersections. The map also occurred in 
Banchoff [18, Theorem A]. 

It is rather surprising that each map {4, p | 4!?/2!-!} can be modelled by a polyhedron 
with convex faces and no self-intersections in ordinary 3-space (see [309, 311, §3]). This 
polyhedron has many remarkable topological properties, although it is not a realization 
of the map in the sense of Chapter 5. For example, if p > 12, its genus exceeds the 
number 2? of its vertices, which is somewhat hard to visualize. Perhaps even more 
counterintuitive is the fact that the dual map {p, 4|4!?/2!-!} can similarly be modelled 
in E?; for p > 12, the resulting polyhedron has more holes than faces. 

The construction of the polytopes 2 can also be extended to work for arbitrary 
(not necessarily regular) polytopes , and even more general complexes K such as 
simplicial complexes (see [140, 255, §3C; 367, §5]). The topological properties of the 
cubical complexes 2“ which arise from simplicial complexes K have been studied in 
Kiihnel and Schulz [258], Kiihnel [255, §3C] and Brehm [48, 49, §2]. 

We next discuss realizations of the regular (n + 1)-polytopes 2%), Here we shall 
restrict ourselves to centrally symmetric regular n-polytopes K which have the property 
that, in both K and k*, the faces are uniquely determined by their vertex-sets; this 
is true if K is a lattice. By Lemma 8C1 this implies that no two antipodal vertices can 
lie in a common proper face of K’. As before, we denote the proper central involution 
by a. 

Let K be given. Let v = 2/ (say), and let the vertices in V(X) be labelled in such a 
way that {k, 4 + /} is an antipodal pair for each k = 0,...,/ — 1. Then, if we take the 
vertices modulo 2/, the central involution acts as j H% j +/. In particular, each proper 
face of K shares at most one vertex with any pair {k, A + /}. For simplicity, we shall 
assume that, fori < n, the vertex-set of the basic i-face K; of K is given by 


V(K;) = {0, 1,..., vu; — 1}, Uj = |V(K,)|. 
In particular, 


V(Ko) = {0} and V(K1) = {0,1}. 


e 


Furthermore, let eg, ... , @,-1 denote any orthonormal basis of euclidean v-space E 
Now, take the / mutually orthogonal planes 


of = (en, e471) (kK =0,...,1-1) 


in E”, inside each Ee the regular 2s-gon P; with centre at the origin and one vertex at 
e;, and form the rectangular product 


IT 1,5 = Po x P, ne Pry 
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Figure 8D1. The polygon P; for s = 4; here, € = em. 


of these 2s-gons in E”; see Figure 8D1. Note that we have taken 2s-gons rather than 


s-gons. The vertex-set of I7;,, will now become the vertex set of our realization of 
QK.Gs) | 


First we explain why '(2"-9)) = (po, ..., Pn) can be embedded in a natural way 
into the symmetry group S(/7;,;) of I7;,;, which is isomorphic to the wreath product 
Dos 2S}. 


Recall from Theorem 8C5 that 
Pr (2&9) = W x P(K) = (0; |i € VK) & (t0,-.-, Tr-1)- 


Here, by our labelling of the vertices of K’, we have the direct product 
I-1 
W = (ox, on41) = DI. 

=0 
In this product, each factor (0%, 0%4;) can be realized as a subgroup of index 2 in the 
symmetry group D2, of Py by choosing the generators o; and o;4; as indicated in 
Figure 8D1; here we regard D», as being trivially extended from E; to E”. In this way, 
W becomes a subgroup of S(J/7,;). 

On the other hand, for each t in '(K’) we can find a unique symmetry t of J7,,, 
which operates on W (considered as a subgroup of S(/7;,;)) in the same way as T acts 
on W (considered as an abstract group); that is, 


ttlot=r lot (Ge V(K)). 


To see this, first observe that t permutes the dihedral factors of W and maps each 
pair {ox, 0x41} of generators onto another pair {o;, 0j47}. Hence, if t lot = o; and 
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thus t~loy4)t = oj+, then the restriction t;: or > E F of 7 is ithe unique isometry 


Ww 72 
By Ei > ; defined by exc Br = e; and en4) Bx; = 41; OF, tf tT lont = oj;+1 and thus 


t opt = ey, then t = a, f;;, where ay: iz > i is the reflexion of E; defined 
by ea, = e, and eg4;@% = —ex+;. In particular, for the proper central involution @ in 


I'(K) we have 


@=a La; L--- Lay, 


which involves a reflexion in each plane i 


Finally, if t € P'(K) and 7 is the identity map on E’, then o; = t~!o;t = O)r 
for each i in V(K); hence t fixes each vertex of K. By our assumptions on K, this 
implies that t = e. It follows that the representation t > T is faithful, so that (X), 
and thus 7’(2“:%)), can indeed be embedded into S(J7),,). In particular, observe that 
the point (1,...,1,0,...,0) =: (1, 0') of E” is invariant under all elements t with 
t€ T(K)=(p,..-, Pn-1)- 

Now, a realization Q of 2-9) can be obtained by applying Wythoff’s construction 
again with initial vertex (1', 0’). However, this time the situation is more difficult, due 
to the fact that ” (2%-95)) will not contain the full symmetry group D2, of each P; as 
a subgroup (although the subgroups (ox, 044, a) of P'(2*%) act like the groups D2, 
on Ez). This means that we should not expect such an elegant description for Q as for 
the realization P of 2“. However, we can still give a simple description for the base 
flag of Q and its transforms by the subgroup W of 7(2*-9). 

For convenience, we use /-dimensional complex coordinates rather than v- 
dimensional real coordinates. The correspondence is now 


at+ibe(a,b)  (a,beE. 
Define € := e*’/’. Consider the subset 
V = (E,...,84)|0 < forsee fa < 2s} 
of complex /-space C’; this is the vertex-set of the generalized /-cube 
yn = 25{4}2{3}2---2{3}2, 


a regular complex polytope (not an abstract polytope in our sense) in unitary space C! 
(see [126, Chapter 12; 387]). In real 2/-space, V corresponds to the vertex-set of I7),5. 
To apply Wythoff’s construction for Q, pick the base vertex 


Go :=(1,...,1) 
of V, and define recursively 
Gi := {Gop~|9 € (po,---,Mi-1)} CG=l1,...,7); 
define also 


A 


Gn4t = V/V. 
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By our labelling of V(X), this gives the cartesian products 


vj-1—1 I-1 
G; = (@ (11) x (@) C= 1..19), 
k=0 


k=;-1 


so that the transforms of G; by W are the subsets 


vji-1—1 I-1 
(® te et) x (@ (e"9) 
k=0 k=0j;-1 

of V with0 < Jo, +--+ Ji-1 < 2s. Now, for any given K, it would be possible, in princi- 
ple, also to find a description for the transforms of these sets by the elements t of "(K). 
In fact, if t, t, and a, are as before (but taken in C’), and ifc = (co, ..-, Ck; +++» Cl-1) 
and d = (do,..., dj,..., dj_1) are in V with c? = d, then for eachk = 0,...,/—1, 
we have dj = cyt = cx ift—!o,t = o;,0rd; = Cyt = oa if t—!o,t = o;+). Here, 
the latter is explained by cya; = c,~!. 

All these considerations imply that V is the vertex-set of Q. In fact, we even have 


V ={Goo |o € Wi, 


since we can independently choose elements in the factors (o;, 0,4;) so as to get any 
power é/. Therefore the realization is again vertex-faithful, with (2s)! vertices. Further, 
when considered in real space, the 2-faces of Q belong (in an obvious sense) to the 2- 
skeleton of I7),,;. The facets of Q are transforms of G,,, and our description immediately 
reveals the isomorphism with 2*"—", in agreement with Theorem 8CS(a). 

By Corollary 8C7, when applied with K = {2p}, the construction gives a realization 
for the regular maps {4, 2p |4?~?, 2s} in the 2-skeleton of the rectangular product /7/,s 
of/ regular 2s-gons. This realization is identical to that outlined in Coxeter [105, p. 57]. 

Another immediate consequence of our construction is that Q, and hence 29, is 
again a lattice if K is a lattice. 

Further, if we choose s = 2, then we get (except for reordering and an appropriate 
change of coordinates) the same realization of 2" = 2-9?) as before. However, if KC 
is centrally symmetric, it is sometimes useful to rather take 2” in its non-standard 
representation as 2-9), This trick is employed in Section 8F. 

Finally, if we replace & by any other primitive 2s-th root of unity, then we can modify 
our construction so as to obtain other realizations of 2%) with the same vertex-set, 
which are, in a sense, “‘star-versions” of Q. 


8E A Universality Property of £*-9 


In this section, we prove a property of certain polytopes 2-9 and L‘9, which allows 
us to identify them as universal polytopes in their classes. The crucial concept is that of 
an extension of a given diagram to a diagram on a larger set of nodes, which preserves 
the action of XK. It is striking that this method enables us to deal with many classes 
of locally toroidal regular polytopes and to find the finite universal polytopes in these 
classes (see Chapters 10—12). This also lays the foundations for Section 8F. 
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Let K be a regular n-polytope with group '(K) = (t, ..., T—1) and (basic) facet 
F :=Ky_-1; then P'(F) = (1, ..., Tr—-2). Let H be an F-admissible diagram on the 
vertex set V(F) of F, with the base vertex Fo of K as initial vertex. Then the regular 
n-polytope 27” is defined and has vertex-figures isomorphic to F. Now, if G is any 
K-admissible diagram on the vertex set V(XC) of K (with initial vertex Fo) such that 
H is the induced subdiagram of G on V(F), then 29 is a regular (n + 1)-polytope in 
the class (27, K). However, given H, such a diagram G need not exist in general. If 
G does exist, then we call H a K-extendable diagram and G a K--extension of H. 

For instance, let K be the 24-cell {3, 4, 3} (with 24 octahedral facets), and let 7 be 
the diagram on the octahedron {3, 4} which connects antipodal vertices by a branch 
labelled s (see Figure 8B1). Then we can take for G the diagram on the 24 vertices of 
K whose restriction to the vertex-set of each facet is 71. However, we could also add 
further branches in a suitable way. 

To give an example of a diagram #1 which is not K--extendable, choose for K the 
hemi-cube {4, 3}3 (obtained by identifying antipodal vertices of the 3-cube), and for 
H the diagram on the four vertices of F := {4} which connects antipodal vertices of 
F by a branch with a label at least 3, but connects no other vertices of F. Then 1 
is not K-extendable, because in K antipodal vertices of F are connected by edges 
of K. 

It is easy to see that a diagram H is K-extendable if and only if it has the following 


property. 


If two diagonals (pairs of vertices) of F are equivalent under I"(X), then 


Shs i corresponding branches in #1 have the same label (possibly 2). 


Note that it is not required that the two diagonals be equivalent under '(F ). Given a 
K-extendable diagram 7, there exists a universal K--extension D of H, in the sense 
that for any K-extension G there is a homomorphism 


W(D) > WG) 


between the corresponding Coxeter groups, which maps generators onto corresponding 
generators. This diagram D with node set V(X) is obtained as follows. 

First, take the branches and labels of 1 and all their transforms under elements of 
I'(K); by (8E1), this already gives a K-extension. (This corresponds to the example 
for the 24-cell.) Second, complete the diagram D by adding (if possible) branches with 
label 00, one for each diagonal of K which is not equivalent under I"(C) to a diagonal of 
F. This gives a K-extension of 11. Note that, in constructing the universal K’-extension, 
we have added as many branches with marks oo as possible, while preserving the K- 
extension property. Note also that a K-extendable diagram 7 coincides with all its 
K-extensions if and only if X is flat. 

The following theorem shows the significance of the universal -extension D. 


8E2 Theorem Let K be a regular n-polytope with facet F, and let H be an F- 
admissible diagram on the vertex-set of F which is K-extendable. Then the universal 
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polytope {27'", K} exists, and 
re, K} = One. 
where D is the universal K--extension of ‘H. 


Proof. By construction, 2’? is in (27, KC), so that the universal polytope does indeed 
exist (see Theorem 4A2). It remains to be proved that 2*-” is itself universal. 

Let P := {27-", K} and '(P) =: (ao, ..., a). If No denotes the normal closure 
of a in I'(P), then 


8E3 I'(P) = No: (a1,...,@n) (=No-I(K)) 


(see Lemma 4E7). For the polytope 2”, the normal closure of py = oo in P(2""?) = 
(P0,--+>» Pn) is the subgroup W(D) = (0; |i € V(K)); here 0 is the base vertex of K. 
This shows that 


8E4 T(2™?) = W(D)-(p1,.--5 Pn) = W(D) x P(K). 
On the other hand, the mapping 
arp G=0,...,n) 
induces a surjective homomorphism 
firey Le); 


which is one-to-one on (q@1,...,@,), and maps No onto W(D). It follows that the 
product in (8E3) is semi-direct. 

Next, we observe that the action of ’(-) on No is equivalent to that on W(D). More 
precisely, ify, w € (a1,...,a@,), then 


glag=wilav = (f) 'olef)=WS) 'ootS) 
(<== (0)(¢f) = (0)(Wf), as vertices of K ). 


To prove the less obvious assertion, set t := (yy—!)f. Then t € (p),..., Pn), and 
from the second equation, o9 = t !oot = o(yr; thus (0)t = 0. But then (py!) f = 
T € (2, ..., Pn), the stabilizer of the base vertex 0 in K; hence w~!g € (a2,..., Qn), 
because f is one-to-one on (a, ..., @,). This implies the first equation, because y~!o 
commutes with ap. 

By (8E5), the generators of No are in one-to-one correspondence with the vertices of 
K. Fori € V(K), define 6; := jay; |, where Q; € (a,..., @,) is such that (0)(¢f) = 
i. Then 


8E5 


No = (Bi |i € V(K)), 


Bo = a, and (f;) f = 0; for alli € V(K). To prove that f is also one-to-one on No, it 
suffices to check that No belongs to the same diagram D as the Coxeter group W(D), 
which is defined by D. Two cases must be considered. 

First, consider 6; 8;, with {i, j} representing a diagonal class of K which is equivalent 
under I"(K) to a diagonal class of F. Then we may assume that 7, 7 € V(F). Since 
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P and 2*-? have the same facets 27:, we know that f must be one-to-one on the 
subgroup 
(00, -. +4 Q@n—1) = (Belk € VF )) ™ (an, ..., @n—-1) 
of I'(P), whose image under / is 


(P05 ++++ Pn—1) cal (o.|ke€ V(F)) x (Pl, +++5 Pn—1): 


It follows that f must also be one-to-one on (f; |k € V(F/)); hence 6; 6; and oj0; 
have the same order. 
Second, if {i, 7} represents a diagonal class of K which 1s not equivalent under '(K) 
to one of F, then since D is universal, o;0; already has infinite order, and so does f; 8. 
It follows that f is one-to-one on '(P); hence P = 2*:?, as required. 


Call a polytope P weakly neighbourly if any two vertices of P lie in a common 
facet. Examples of such polytopes are the toroids {4, 4}(3,9) and {3, 3, 4, 3}(2,0,0,0)3 see 
Sections 6D and 6E. Other examples are the neighbourly polytopes, for which any two 
vertices are joined by an edge. 


8E6 Corollary Let K be aregular n-polytope with facet F, and let D be the universal 
K-extension of the trivial diagram on F. Then {27 , K} exists and coincides with 2” 
In particular, {27 , K} is finite if and only if K is finite and weakly neighbourly; in this 
case, D is the trivial diagram on K, and {27 , KK} = 2*, with group rola x P(X). 


Proof. Apply Theorem 8E2 with H the trivial diagram on F. Then 71 is K-extendable 
by the trivial diagram on K. From the definition of D, the polytope 2“: is finite if and 
only if K is finite, and each pair of vertices of K is equivalent under "(X) to a pair of 
vertices of F, that is, if and only if K is finite and weakly neighbourly; in this case, 
W(D)= eee because D is trivial. 


For instance, if K = {4, 4}3,0), then Corollary 8E6 gives 
8E7 {{4, 4},4.0), {4, 43.0} = 2'4- 4a. | 


with group C} ™ [4, 4](3.o) of order 36 864. Here we used the fact that 24 = {4, 4}(4.0) 
(see Corollary 8C4). Similarly, if K = {3, 3, 4, 3}(2,0,0,0), then by Corollary 8C6 (with 
s = 2) we obtain 


8E8 {{4, 3, 3, 4}¢4,0,0,0), (3, 3, 4, 3}2,0,0,0)} = 283 43}e000, 


with group C}°  [3, 3, 4, 3]2,0,0,0) of order 27° - 1152. 
Our next corollary restates Corollary 8E6 for regular polytopes K of rank 3. For 
p > 3, set M, := {4, p| 41-1}. Then we have 


8E9 Corollary Let K be a regular 3-polytope of type {p,q}. Then the regular 4- 
polytope {M,, K} exists, and is finite if and only if K is finite and weakly neighbourly. 
In this case, {M, K} = 2%, with group Eye x I(K). 
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Proof. Use M , = 2!?! (see Corollary 8C4). 


For the next example, recall that a polytope is called simplicial if all its facets are 
isomorphic to simplices, and cubical if its facets are isomorphic to cubes. 


8E10 Theorem Let K be a simplicial regular n-polytope, and let D be the universal 
K-extension of the trivial diagram on its facet F. Then the cubical regular (n + 1)- 
polytope {{4, 3”~7}, KC} exists, and coincides with 2”. In particular, {{4, 3"~7}, K} is 
finite (and then equal to 2, with group the semi-direct product co x P(K) ifand 
only if K is finite and neighbourly. 


Proof. Apply Corollary 8E6 with F = {3”"~7}, and use 27 = {4, 3”~*}. Further, ob- 
serve that a simplicial polytope is neighbourly if and only if it is weakly neighbourly. 


Theorem 8E10 says that the only finite universal cubical regular polytopes are those 
in which the vertex-figure is finite and neighbourly. It would therefore be interesting to 
be able to characterize the finite neighbourly regular polytopes. This problem is related 
to the enumeration of 2-transitive permutation groups [73, Chapter 12; 144, §7.7]. In 
fact, it is easy to see that a regular polytope XK is neighbourly if and only if (XK) acts 
2-transitively on the vertices of K. 

Before we move on, let us briefly mention a few results about neighbourly polyhedra 
and polytopes. A neighbourly polytope with v vertices obviously has the complete graph 
K, as its edge-graph. But what about the converse? For which v is there a neighbourly 
regular polytope with v vertices different from the (v — 1)-simplex? In particular, when 
is K, the edge-graph of some regular polyhedron? There are more general variants of 
the latter question: one may merely ask for a triangulated 2-manifold with edge-graph 
K,, and then further ask if it can be embedded geometrically in E*. A positive answer 
is known for v = 7 (the Csaszar torus [8, 35, 138], which is embeddable), and the 59 
orientable examples with 12 vertices were classified in [6] (although the question of 
embeddability remains open). We can guess that the original question only rarely has a 
positive answer. One instance (with v = 4) is the Petrial {4, 3}; of the tetrahedron; two 
more examples (with v = 6) are the hemi-icosahedron {3, 5}5 and its Petrial {5, 5}3; 
another (with v = 11) is the 4-polytope {{3, 5}5, {5, 3}5} with hemi-icosahedral facets. 
It is not too hard to prove that the only neighbourly regular polyhedra of some type 
{p,q} with p = 3 or 4 are {3, 3}, {3, 5}5 and {4, 3}; (see Lemma 11C6 or [249] for a 
proof when p = 3). 

The following special case of Theorem 8E10 covers the classification of the locally 
toroidal regular 4-polytopes of type {4, 3, 6} (see also Chapter 11). 


8E11 Corollary The regular 4-polytope {{4, 3}, {3, 6}(,.)} exists for all (b,c) with 
b=c2lorb>2,c=0. It is finite if and only ifb = c= 1 orb =2, c= 0, with 
groups C3 x [3, 3]<1,1) ef order 288 and CF x [3, 6](2,0) ef order 768, respectively. 


Proof. The map K := {3, 6}(5,<) is neighbourly if and only if (6, c) = (1, 1) or (2, 0). 
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We proceed with further applications of Theorem 8E2. In all these cases, K will 
be a regular n-polytope with centrally symmetric facets F (see Section 8C). We write 
H = H(Ff, s) for the diagram on the vertex-set V(F) of F which connects antipodal 
vertices of F by a branch marked s (> 2). In the cases we consider, H(F, s) will be 
K-extendable, and we denote its universal -extension by D := D(K, s). Note that, if 
F = {3"-3, 4}, then 


8E12 ISAS Aon gits, 
a toroid with group 
[4, 3-3, 4]as.or-2) = D"! ™ [3"-3, 4]. 


If F = {3, 4}, then (Ff, s) is the diagram which connects antipodal vertices of the 
octahedron by a branch marked s, and 27:7 is the toroid {4, 3, 4}(2s,0,0) obtained from 
a (2s x 2s x 2s) cubical grid by identifying opposite walls. 


8E13 Corollary Lets > 2, and let K := {4, 4}6,-) with b > 2 andc =O or b. Then 
14; Aaa. pao, 

which is finite if and only ifs > 2 and (b, c) = (2, 0) ors = 2 and (b,c) = (3, 0). In the 

finite cases, the groups are (D, x Ds) X [4, 4]2,0) and C3 x [4, 4] (3,0), respectively. 


Proof. Here, F = {4}, and H = H(F, s) is K-extendable for all (b, c). The facets are 
QF — (4, 4} (25,0). The group of 2K-P ig finite if and only if W(D) is finite, that is, if 
and only if s > 2 and (6, c) = (2, 0), or s = 2 and (5, c) = (3, 0). In the finite cases, 
W(D)= D, x D, or W(D) = C3, respectively, so that the groups are as described. 


For another construction of the polytopes in Corollary 8E13, the reader is referred 
to Chapter 10. The structure of the polytopes for s = 1 will be discussed in Section 8F. 


8E14 Corollary Lets > 2, and let K := {3, 4, 3}. Then 
{{4, 3, 4eas,0,0, K} = 267%), 


which is infinite for all s. 


Proof. Now F = {3, 4}, and again H = H(F,s) is K-extendable. The facets are 4- 
toroids {4, 3, 4}(2s,0,0), and the group W(D) is infinite for all s > 2. 


8E15 Corollary Lets,t > 2, k = 1 or 2, and let K := {3, 3, 4, 3}(eo1-*). Then 

{{4, 3, 3, 4}02s,0.0,0), K} = 27%), 
which is an infinite polytope unless (s, t, k) = (2, 2, 1). If (s, t, k) = (2, 2, 1), then the 
group of the polytope is C3° x [3, 3, 4, 3](2,0,0,0), of order 12079 59552. 


Proof. We now have F = {3, 3, 4}, the 4-cross-polytope. Note that antipodal vertices 
of facets of K are never joined by an edge, so that H = H(F, s) is always K-extendable. 
Observe also that, if (t, 4) = (2, 1) or (2, 2), then in K two vertices can be antipodal 
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vertices of more than one facet (in fact, eight facets); hence, if we generate a K- 
extension by applying all automorphisms of K to 7, we can only take one branch for 
each such pair of vertices. Now the facets are isomorphic to {4, 3, 3, 4},2s,0,0,0). The 
group of the polytope is infinite unless K is weakly neighbourly and s = 2. This leaves 
the exceptional case (s, t, k) = (2, 2, 1); here, D(K, 2) pairs up the 16 vertices of K 
to give a group Cie x [3, 3, 4, 3]2,0,0,0). (When K = {3, 3, 4, 3}(2,0,0,0), the diagram 
D(K, s) splits into four components, each given by a complete graph on 4 nodes with 
all branches marked s.) 


Our next result generalizes Theorem 8E2, and deals with the polytopes L‘9 for 
universal polytopes £ of rank at least 2. Here we do not need the concept of a 
K-extension of a diagram. 


8E16 Theorem Let K be a regular n-polytope with facet F, let G be a K-admissible 
diagram on the vertex-set of K, and let H denote the induced subdiagram of G on the 
vertex-set of F. Letm > 2, and let L:= {q\,.--,dm—1} and Lo := {q2,.--, m1}, the 
vertex-figure of L. Then the universal regular (n + m)-polytope {L7™, Lr} exists, 
and 


Tee. = LES, 


Proof, The proofis similar to that of Theorem 8E2. Let P := {L7", £9}. We choose 
No to be the normal closure of (a, ..., @m—1) nI'(P) := (ao, .--,; @m+n—1). Now we 
can relate P to £9, and conclude as before that 


8E17 D(P) & No x (tm, -- +5 &m+n-1) & No x F(K). 


Then an analogue of (8E5) holds with the suffix 0 replaced by m — | (and the sub- 
group (@,...,@n) by (@m,.-.-,@m+n—1)); the corresponding statement is also true 
for the suffixes 0, 1, ..., m — 2, but here it is trivial because g, W € (Am, ..., Q@m4n—1) 
commute with each a; with 7 < m — 2. It follows that No = (8; |i € V(D)), with D 
the diagram used to define £9 (see Section 8B). Again it can be shown that No be- 
longs to the same diagram D, because the polytopes have the same facets and the same 
vertex-figures. The details are left to the reader. 


8E18 Corollary Let K := {3, 4}, and let G(K, s) be the diagram on the vertex-set of 
K connecting antipodal vertices by a branch labelled s > 2. Then 


{{3, 4, 3}, {4, 3, Hras,ooy} = BJP A9IR9), 
which is infinite for all s. 


Proof. Inthis case, the facets are {3}! = {3, 4, 3} and the vertex-figures are 2-9") — 
{4, 3, 4}(2s,0,0) (see Corollaries 8B10 and 8C6). 


Note that Corollary 8E18 gives another construction of the duals of the 5-polytopes 
occurring in Corollary 8E14. The diagram D which is involved in Corollary 8E18 will 
be used again in Section 12B. 
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We conclude this section with yet another application of our methods to an inter- 
esting extension problem for regular polytopes. Here we restrict ourselves to the most 
important case where all the entries in the Schlafli symbols are at least 3; the general 
case can easily be derived from this. 


8E19 Theorem Let n > 2, and let K be a regular n-polytope of type {pi,..., Pn—1} 
with p\,..-, Pn—-1 > 3. Letr >2,m > 1 and q,.-.-,dm-1 > 3. Then there exists a 
regular (m + n)-polytope P with the following properties. 


(a) P is of type {q1,---;Gm—1 2" Ply +++» Pn—i}, and its co-faces to (m — 1)-faces 
are isomorphic to K. 

(b) P is “universal” among all regular (m + n)-polytopes which have the property 
of part (a); that is, any other such regular (m + n)-polytope is a quotient of P. 

(c) P is finite if and only if m = 1, r =2 and K is finite and neighbourly, or 
m = 2, p, =3, r =2 and K = {3}. In these cases, P = 2° or P = {3, 4, 3}, 
with groups eo x P(X) or [3, 4, 3], respectively. 

(dW) P={q1,.--, Gail", where G is the complete graph on the vertex set of K, 
in which the branches representing edges of K are marked r, while all other 
branches are marked ov. In particular, the m-faces of P are isomorphic to 


{q1, Sue's Gm—1}-. 
Proof. We use the same method of proof as for Theorems 8E2 and 8E16. Let £ := 
{q1,--++4m—1}, and let G be as in (d). First note that £9 (with group P(L™9) = 
(00, +++» Pm+n—1)) 18 a polytope which satisfies (a). On the other hand, the existence of 


any regular polytope with property (a) implies the existence ofa universal such polytope; 
a proof of this fact can be given by adapting the proof of Theorem 4A2 to the situation 
discussed here. Let P be this universal polytope, and let '(P) = (ao, ..., @m+n—1)- 
As in the proof of Theorem 8E16, if No denotes the normal closure of (a, ..., @m—1) 
in I'(P), then (8E17) holds and we again arrive at No = (8; |i € V(D)), with D the 
diagram used to define £9. Here, B; = a; if i < m — 2, or is the conjugate of a, 
which corresponds to the vertex i of V(X) otherwise. Again, we need to check that 
No belongs to the same diagram D as the group W(D) = (0; |i € V(D)), that is, that 
f; 6; and o;0; have the same order for any two nodes i, j of D. 

If i, 7 <m—1, then 6;B; = a;a; and ojo; = p;p; clearly have the same order, 
because P and £‘9 have the same Schlafli symbols. Since P(C) = (im, ..- 5 m-+n—1) 
acts on No as it does on W(D), the elements 6,8; and ojo; are conjugate to 6; Bm—| 
and 0;0—1, respectively, if i < m — 2 and j € V(K); hence the orders are again the 
same. 

Now let i, 7 €¢ V(K). Ifi, 7 are joined by an edge of K, then modulo ’(K’) we may 
assume that i = m — 1 = Fo, the base vertex of K, and j = p»(Fo) (= @m(Fo)), the 
other vertex in the base edge of K. But then 


2 
O50; = OF) PmOF, Pm = (oF, Pm) = (Cras 


and similarly 


BiB; = BF,Om BR, Om = (Brym) = (Gpci0n) 
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It follows that both elements have order 27, because the corresponding entry in the 
Schlafli symbol is 2r. Finally, if i, 7 are not joined by an edge of K, then, by the 
construction of G, the order of o;0; is infinite, and so is the order of £; 6;. 

It follows that the homomorphism '(P) > (£9) is an isomorphism; thus P 
and £9 are isomorphic polytopes. This proves parts (a), (b) and (d) of the theorem. 

Furthermore, £9 is finite if and only if W(D) and I'(K) are finite. Let K be finite. 
Ifm = 1, then W(D) is finite if and only if G has no branches markedr > 3 or 00; that 
is, if and only if K is neighbourly andr = 2. In this case, P = 2“, W(D) = Ch’, and 
T(P)y= gee x I'(K).1fm > 2, then W(D) can only be finite if = 2, and the node 
m — 2 of D is contained in at most 3 branches (marked g,,_2 > 3 or gm— > 3), that is, 
ifand only ifr = 2andK = £ = {3} (andm =n = 2). Butifr = 2andK = CL = {3}, 
then P = {3, 4, 3}. This completes the proof. 
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In enumeration problems we often run into the trouble of having to exclude the small 
polytopes of a certain class from our discussion. Typical examples are the (locally 
toroidal) regular 5-polytopes 


{{4, 3, 4}.2.2,0, (3, 4, 3}f, {{4, 3, 4}12,2.2), (3, 4, 3}}, 


whose facets are cubic 4-toroids {4, 3, 4}(2,2,0) (with 16 vertices) or {4, 3, 4}(2,2,2) 
(with 32 vertices), respectively, and whose vertex-figures are 24-cells {3, 4, 3} (see 
Section 6D). In such cases, the Todd—Coxeter coset enumeration algorithm can be 
applied to find the order of the corresponding group from its presentation (see [131, 
Chapter 2; 134]); even so, the structure of the group has to be determined by other 
means. 

In this section, we describe a method for finding polytopes with small faces as 
quotients of polytopes constructed in earlier sections (following [303, §7]). In particular, 
we identify the groups of certain universal regular polytopes which we shall encounter 
again in later chapters. This also includes the two examples just mentioned. For basic 
results about toroids we refer to Sections 6D and 6E. 

The basic technique is to construct a polytope as a quotient 2“-?/N of a larger 
polytope 2’? whose structure we know by Theorem 8E2 and its corollaries. Then the 
geometry of the vertex-figure is used to identify the new group explicitly. Our approach 
avoids prior knowledge of the order of the group; thus we need not appeal to the Todd— 
Coxeter algorithm, although it can always be used to check our results. For a general 
discussion of quotients of polytopes, see Section 2D. 

We first describe the basic technique. Let K be a regular n-polytope whose facets 
F are centrally symmetric; this assumption on the structure of the facets is important. 
As before, we denote by H(F, s) the diagram on the vertex set of F which connects 
antipodal vertices of F by a branch labelled s, and by D(K, s) the universal K-extension 
of H(F, s) to the vertex set V(K-) of K. We are particularly interested in the case s = 2, 
where H(F, 2) is the trivial diagram; thus every restriction of D(K, 2) to the vertex-set 
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of a facet of K is also trivial. We can further note that, by the central symmetry of 7, 
the polytope 2% has a non-standard representation as 27°77), which we shall use in 
our construction (see Theorem 8C5). Then, by Theorem 8E2, 


QF, K} = (27H 2), K}= QK.DIK,2), 
In these examples, we shall work with K = {3, 4, 3}, F = {3, 4}, and 
{27, K} = {{4, 3, 4}4.0.0), (3,4, 3}}. 
For the remainder of this section, we define 
H := H(F, 2), D := DK, 2); 


further, we retain the notation of Section 8E. In particular, we have I'(K) = 
(T,---,T-1), and W(D) = (0; |i € V(K)), with i = 0 (= Fo) the base vertex of 
K. Then 


P(2%?) = (po, ---s Pn) = W(D) » P(K). 


We shall now construct quotients 2“? /N of 2\-?, where N is a subgroup of W(D) 
which is normal in (2*:?). We choose N in such a way that the facets 27 of 2“-? 
collapse to smaller facets (like {4, 3, 4}(2,2.0) or {4, 3, 4}(2,2,2) in our examples). 

Many of these quotients, but not all, are actually also quotients of the polytopes 2”. 
If D is the trivial diagram on K, and 


W(D) = (6; |i € V(K)) 
is the corresponding (abelian) Coxeter group, then 
W(D)=C} (v= |V(K))), 


and 0; > 6; (i € V(K)) defines a surjective homomorphism f:W(D) > W(D) map- 
ping N onto a subgroup N of W(D) which is normal in (2*). This gives us the 
quotient 2K IN N. More informally, N will be defined with respect to W(D) i in the same 
way as is N with respect to W(D). Note that, if C} is identified with the v-dimensional 
vector space GF(2)” over the Galois field GF(2) with 2 elements, then N isa linear 
binary code (see also [369]). 

The following considerations indicate how the subgroup N of W(D) should be 
defined in order to induce the right collapse onto the facets. Assume that the vertex-set 
of F is 


V(F) = {0,...,2m— 1}, 


with j, 7 +m antipodal vertices of F for each 7 = 0,...,m —1.If F is the (n — 1)- 
cross-polytope {3”~3, 4}, then m = n — 1. Now recall from Section 8D that the poly- 
tope 27 = 27” admits a realization in euclidean 2m-space E?”. In particular, if 
€0, .- +, €m—1 denotes an orthonormal basis of E?”, then the direct product 


m—1 


W(D) = (oj. 74m) = (C2 x C2)" 
j=0 
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is realized in such a way that (o;, 0;4,,) acts on the plane EF = (€;,€j4m) of 


by 


€jO; = ejim> 
e€jOjim = —ejim- 


(Recall that each o; is a linear involution and that s = 2.) Here, (07, 0j4m) occurs as a 
subgroup of index 2 in the symmetry group of the square P; with vertices te;, tej+4m. 
Topologically, one can think of the boundary 0 P; of each P; as a 1-sphere (subdivided 
by vertices), whose product is an m-torus S! x --- x S!. Our identifications will now 
impinge on this m-torus to give a new m-torus. 


Identification Vector (2, 0"~*) 


First we study the smallest possible quotients 2“ /N, that is, we take the largest 
possible choice for N. In particular, we shall prove Theorem 8F3. In our exam- 
ples, we shall have F = {3”~3, 4} (with n > 3), giving quotients with toroidal facets 
27 = {4, 3"-3, 4}(4,0n-2) (see Section 6D). If F = {4}, then, in (27) = (po, p1, p2) = 
(00, To, T1), We have 

(popip2p1y” = 9002; 


hence, by Theorem 6D4, to collapse the facets onto {4, 4}(2,9), we have to choose N 
in such a way that ogo) € N. A similar remark applies more generally with respect to 
facets {4, 3-3, 4}(2,9:-2) with identification vector (2, 0”"-7), using 


(PoP1*** Pn—1Pn—2*** PLY = GVFn—1 = FOGm 
(see Theorem 6D4 again). We therefore define 
8F1 N := (po;0;9"' |g € W(D), and {i, 7} antipodal vertices of a facet of K). 
Thus JN is the normal closure of ooo, in I” ey: and 
P(2%?)/N = W(D)/N x P(K). 


Observe that, in W(D)/N, we have 0; N = oN ifi, j are antipodal vertices of a facet 
of K. 

To find the structure of W(D)/N, define the graph Gx with vertex-set V(K) as 
follows. In Gx, two vertices i, 7 of V(X) are joined by an edge if and only if they are 
antipodal vertices of a facet of K. Then 


8F2 W(D)/N = CO”, 


with w(Gx) the number of connected components of Gx. For (8F2), note that, by the 
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connectivity properties of ’, each connected component of Gx in fact has a represen- 
tative vertex in the base facet F of K. But, if i, 7 €¢ V(F), then o; and o; commute, 
so that W(D)/N is abelian. Note that, if F = {3”~>, 4} (as in our examples), then we 
can even find the representative vertex among the vertices 0,..., — 2 of the base 
(n — 2)-face of F. 

Further, ["(X) acts transitively on the components of Gx. But, if 7, 7 are in the 
same component of Gx, andift € I(K) with t(i) = i, theni, t(/), and thus i, 7, t(/) 
are in the same component of Gx. If F = {3”~3, 4}, we can apply this with i, 7, t(j) € 
{0,...,” — 2}, so that now either w(Gx) = 1 or a(Gxr) =n — 1. 


8F3 Theorem For n > 3, let K be a regular n-polytope with facets F = {3"~>, 4}, 
and let Gx be the graph defined previously. Then the regular (n+ 1)-polytope 
(4.307%, 4} (2,0-2), KC} exists if and only if o(Gx) = n — 1. In this case the polytope is 
flat, has group crt x I(K), and is finite if and only if K is finite. 


Proof. We have (Gx) = 1 orn — 1. Ineither case, 7(2“-?)/N is a string C-group. If 
o(Gx) = 1, then W(D)/N = Cy and P'(2*-”)/N is the group of the regular (n + 1)- 
polytope {{2, 3”~3, 4}, Kc}. However, if a(Gx) =n — 1, then the facets are flat toroids, 
and °(2“:?)/N is the group of {{4, 3"~3, 4}(2,0»-2), K}. (Recall that a polytope is flat if 
each vertex is incident with each facet.) The polytope itself is then flat, because it has 
flat facets (see Section 4E). 


8F4 Corollary The regular 4-polytope {{4, 4} (2,0), {4, 4}(p,q)} exists for all p, q except 
for q = with p odd. It is finite and flat, and its group is C3 x [4, 4](p,q), of order 
32(p? + q”). 


Proof. Apply Theorem 8F3 with n = 3, K = {4, 4}(p.4) and F = {4}. In particular, 
Gr) = 1 if p is odd and gq = 0, and w(Gx) = 2 otherwise. 


8F5 Corollary If n > 3, the regular (n+ 1)-polytope {{4,3”"~>, 4} (2,0"-2)5 (3h. 
4, 3}} exists and is flat. Its group is CS! x [3"~3, 4, 3]. 


Proof, In this case, K = {3"~3, 4, 3} and w(Gr) =n — 1. 


8F6 Corollary The regular 5-polytope {{4, 3, 4}(2,0,0), {3, 4, 3}} exists and is finite 
and flat. Its group is C} » [3, 4, 3], of order 9216. 


Proof. This result restates Corollary 8F5 for K = {3, 4, 3}. 


Note that another way to construct the (dual of the) polytope in Corollary 8F6 is to 
let s = 1 in (12B4) and (12B5); then this implies that 0, = 0,43 fori = 1, 2, 3. 

The next corollary deals with 6-polytopes whose vertex-figures are regular 5-toroids 
of type {3, 3, 4, 3} (see Section 6E). 


8F7 Corollary The regular 6-polytope {{4, 3, 3, 4}(2,0,0,0), {3, 3, 4, 3}u4,or-4} exists 
for allt >2andk = 1, 2, unless t is odd and k = |. It is finite and flat, and its group 
is C3  [3, 3,4, 3] er o1-*), of order 18432k7 44. 
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Proof. Now K = {3, 3, 4, 3}y«,o+-+, so that (Gc) = 1 or 4. Ifk = 1 and ¢ is odd, then 
|V(K)| = t* is odd and V(K) cannot split into 4 components of the same size; hence 
@(Gr) = 1. In the remaining cases, we can prove that w(Gx) = 4. In fact, if ¢ is even 
(and k = 1 or 2), then the covering 


K NX {3, 3, 4, 3} (2 04-4) = L 


induces an incidence-preserving mapping of Gx onto Gr; thus, w(Gr) < w(Gx). But a 
direct calculation shows that w(Gc) = 4, so that w(Gx) = 4 also. If k = 2 and ¢ is odd, 
we can use a covering from XK onto the degenerate “polytope” £ := {3, 3, 4, 3}(1,1,0,0) 
instead. The 4 vertices of £ are the vertices of a 3-face, and still represent the 4 
connected components of Gz, so that w(Gx) = 4 again. 


Identification Vector (2, 2, 0"~*) 


We next study quotients whose facets are {4, 3”~?, 4} (2,2,0r-3), With identification vector 
(2, 2, 0"~3). This is more complicated than the previous case. As before if F = {4}, 
then in "(27 ) we have 


(0102) = 09020103 


(the order of the latter terms is irrelevant); hence, by Theorem 6D4, we must have 
09010203 € N to obtain {4, 4}(2,2). A similar remark applies to the (n — 1)-cross- 
polytope F = {3”~3, 4} and to the facets {4, 3”~3, 4} (2,2,0"-3), using 


(PoP12*** Pn—1Pn—2*** 22)" = FFn-10198n 
(see Theorem 6D4 again). We therefore define 


N:= (yo;0 0,019"! |e eW(D), and {i, 7}, {k, 1} pairs of 


an antipodal vertices in a common facet of XK). 


If F = {4}, this is the normal closure of 69010203 in FOr), and the vertices i, 7, k,/ 
are in fact all the vertices of the corresponding facet of K; this case would also fit 
into the following discussion about the identification vector (2"~!). More generally, if 
F = {3"-3, 4}, then the vertices i, j,k, Lare the vertices of a diametral square of a facet 
of K. Then in W(D)/N, the product of any three generators from 0; N, 0; N,o0,N,0)N 
is the fourth. Again, 


P(2e?)/N = W(D)/N x P(K). 
We now discuss several applications. 


8F9 Theorem The universal regular 4-polytopes {{4, 4}(2,2), {4, 4}(p,q)} exist for all 
p,q. The only finite instances occur for (p, q) = (2, 0), (3, 0), (2, 2) and (3, 3), with 
groups C3 x [4, 4]2.0, C3 x [4, 4]a.0, CF ™ [4, 4]e.2) and C8 ™ [4, 4]a,3), of orders 
256, 2304, 1024 and 9216, respectively. 


Proof. For the existence statement we refer to Section 10C, though a direct proof 
is not difficult here; in fact, in most cases we can appeal to Corollary 8F4 and the 
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quotient criterion of Theorem 2E17. By construction, the polytopes 2“: /N are indeed 
isomorphic to the universal polytopes. It is also known from Section 10C that finiteness 
can only occur for the four choices of (p, q). We shall now identify the groups in the 
finite cases. In particular, this leads to the corresponding entries in Table 10C1. 

The case K = {4, 4}(,0) with p = 2 or 3 is special, because D is trivial and W(D) 
and W(D)/N are abelian. Now, in W(D)/N, the product of three generators on a 
facet of K is the fourth. It follows that W(D)/N is generated by the 3 elements o; N 
corresponding to 3 vertices on a facet if p = 2, and by the 5 elements corresponding 
to one vertex and its neighbours in K if p = 3. It is easy to check that fewer generators 
will not suffice, so that W(D)/N = C3 or C3, respectively. Note that the case {4, 4},2,0) 
is also covered by Corollary 8F4. 

Now let K = {4, 4}(p,p). Recall that a hole (or, more exactly, 2-hole) of K is a path 
along edges of K which leaves at each vertex exactly 2 faces to the right (see Section 7B). 
Now through each vertex of K pass exactly two holes, each of length 2p. After p steps, 
these holes meet again in another vertex which, together with the original vertex, 
dissects them into halves. It is now easy to see that we can generate W(D)/N by taking 
such a pair of holes and choosing on each hole all the vertices from one half, including 
the two vertices where the holes meet. This gives a set of 2p generators. Further, if 
{i1, in} and {i3, i} are edges p steps apart on a hole of K, then 0;,0;, N = 0;,0;, N; that 
is, the edges on a hole are identified in pairs, as indicated by parallel heavy edges (and 
the same labels) in Figure 8F1, which illustrates the case p = 3. 


Figure 8F1. Identifications for p = 3. 
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For p = 3, we have generators o;N for i = 0,1,4,5,6,7. We shall prove that 
W(D)/N is elementary abelian of order 2°. Since '(K) acts on W(D)/N, the fol- 
lowing imply that W(D)/N is elementary abelian: 


0905N = 090,;No\04No405N = o509No903NogooN = osoyN, 
8F10 o004N =090; No, 04N = 0509 NogogN = 0508 N = (040800 )ogN = o400N, 


60(01001101)N = o904N = o400N = (61901101 )OoN = oqo0o101N, 


so that opo19N = o1900N, or, equivalently, 0407N = 0704N. One can also check that 
no 5 generators suffice, so that indeed W(D)/N = C$. Here it is helpful to observe 
that the covering ww: K — {4, 4}(3,0) induces a surjective homomorphism 


fu: W(D)/N —> W(De.))/Ne,o) = C3, 


with Dg,o) and N3,9) the corresponding diagram and normal subgroup, respectively. 
But ker(/z) is non-trivial; in fact, if i, 7 are 3 steps apart on a hole of {4, 4}(3,3), then 
(o; N) ft = (0; N)j2; thus oj0;N € ker(jz). Let N denote the normal subgroup of (8F1) 
defined with respect to K, and let Gx be the corresponding graph. Now if oj0;N = N, 
then o; a,N = WN, contradicting the fact that i, 7 lie in different components of Gx. 
Hence o;0;N is a non-trivial element of ker(/z), proving that W(D)/N = C is 

If p = 2, we have 4 generators, and an analogue of (8F10) shows that W(D)/N 
is elementary abelian. Again one can check that 3 generators do not suffice. This 
completes the proof. 


We next apply the method to polytopes of type {3”~*, 4, 3}. Here, we begin with the 
following lemma. 


8F11 Lemma Forn > 4, let K be a regular n-polytope of type {3"~>, 4, 3} with facets 
F = {3"-3, 4}, and let N be as in (8F8). If {i,, ...,in-2, J} with j = in_, ins ing, are 
three simplicial (n — 2)-faces of K with a common (n — 3)-face, then 


W(D)/N = (o;,N, Shes Cina). 
In particular, W(D)/N is elementary abelian of order at most 2"*", 


Proof, First consider the facet {3”~>, 4} of K which contains the adjacent (n — 2)-faces 
{i1,.--,%n—2,in—1} and {i,,...,in-2,i,}. Then the subgroup of W(D)/N induced by 
this facet can be generated by o;, N, ..., o;, N. Indeed, recall that by (8F8) the product 
of the generators corresponding to three vertices of a diametral square of a facet is the 
fourth. 

Clearly we should expect at least one more generator to obtain W(D)/N itself. 
However, since {i1, ..., in—2, in41} is the third (n — 2)-face of K containing the (n — 3)- 
face {i,,..., i,-2}, we now see that 


W(D)/N =(o;,N|k=1,...,0 +1). 


The reason is straightforward; as previously shown, once we have n generators on a 
facet corresponding to adjacent (n — 2)-faces, we have them all, and so we can move 
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from facet to facet of K, starting with the three which contain {i,, ..., 7,2}. Since in 
K there are only three facets surrounding an (” — 3)-face, this process covers all the 
facets of K. But now each pair of 0;,N,..., 0;,,,N belongs to some common facet, 


and so they commute. It follows that W(D)/N is elementary abelian, of order at most 
gntl : 


By Lemma 8F11, if K is a regular n-polytope of type {3”~3, 4, 3} with cross- 
polytopes {3”~7, 4} as facets, then 


PQe?)/N = Cc" xP (K) 


with m <n-+ 1. Using the natural identification of the automorphism group of C?’ 
with the general linear group GL,,(2) over GF(2), this semi-direct product defines a 
representation 


r:I'(K) > GLn(2). 


In particular, the generators T9, ..., T,-1 of '(K) are represented by m x m-matrices 
over GF(2). Ifm =n + 1, then the generators o;,N,...,0;,,,N of W(D)/N correspond 
to a basis of the (n + 1)-dimensional vector space over GF(2), so that we can express 
T, +--+, T—] aS matrices with respect to this basis. We shall use this approach later to 
prove existence and non-existence of certain polytopes. 


8F12 Theorem For n> 3, let K be a regular n-polytope of type {3"~>, 4, 3} 
with facets F = {3"~->,4}, and let N be as in (8F8). If the (n+ 1)-polytope 
{{4, 373, 4} (2,0"-2), K} exists (with group oe x I(K)), then W(D)/N = CS’ with 
m =n-+1orn—1. In particular, the (n + 1)-polytope {{4, 3"~>, 4}2,2,0»-3), K} also 
exists if and only if W(D)/N = C3*", in which case its group is Ch*' » P(K). 


Proof. Let N be the normal subgroup defined as in (8F1), and let Gc be the associ- 
ated graph. By Theorem 8F3, w(Gx) =n — land W(D)/N = Crk Clearly there is a 
homomorphism of 7(2“:?)/N = (po, ..., Pn) onto the group '(2"?)/N of the poly- 
tope {{4, 37-3 4} (2,07-2), KC}. By the quotient criterion of Theorem 2E17, ifthe subgroup 
(P0.+++sPn—1) iS isomorphic to [4, 3"~3, 4]i2,2,or-3), then {{4, 3"~3, 4}0,2,0-3), K} 
exists, and '(2?)/N is its group. In this case, N 4 N, and the canonical projec- 
tion 


W(D)/N > W(D)/N 


is not an isomorphism. Conversely, if the polytope {{4, 3"-3 | A}00,2,07-3), K} ex- 


ists, then the subgroup (9,..., 0-1) of its group '(2?)/N is isomorphic to 
[4, 37-3, 4]2,2,0"-3). 
Let {i1,...,%,-2} be an (m —3)-face of K, and let {i1,...,i,-2, 7} with j = 


in—1, In, In+1 be the surrounding (n — 2)-faces. By Lemma 8F 11, 
W(D)/N => (o;,N, ue Cin N), 


an elementary abelian group of order at most 2”+!. The previous arguments show that 
its order is at least 2”~!. 
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To begin with, we assume that 


(00, -++s Pn—1) = [4,3"%, 4] 0,20). 


Then the subgroup of W(D)/N induced by the base facet F¥ of K has order 2”, because it 
defines the base facet of {{4, 3”~3, 4} (2,2,07-3), K}. We shall prove that W(D)/N = Cott : 

First note that the stabilizer in (KC) of the (n — 3)-face {i),..., in-2} acts on the 
n-+1 generators 0;,N,...,0;,,,N like a group S,—-2 x $3. If the order is not ase 
then there is a non-trivial relation on the generators, and any such relation involves all 
the first n — 2 generators or all the last three. In fact, if 7, 7 € {i),...,i,-2} ori, j € 
{in—1, in, ing}, and if o;N is involved but o;N is not, then the transposition (i 7) in 
Sn—2 X $3 maps the given relation onto a new relation in which 7 is replaced by /; taking 
the product gives the relation oj0;N = N, or ojo; € N. But no relation can involve 
only the first n generators, so that this gives a contradiction if 7, 7 € {i,,...,i,—2}. If 
i, J € {in-1, in, ingi}, then o;, 0; generate N as a normal subgroup, so that ajo, EN 
implies that N = N, again a contradiction. 

This leaves us with two possible relations. We prove that each leads to a contradiction 
modulo N. The first, 0;,_,9%i,0i,,,N = N, cannot occur, because modulo N the three 
generators are the same but are not trivial. The second, 0;, ---0;,,, N = N, implies that 


Oj, +++ Oj, N = Oj, +++ 95,11, Fin N = N3 


again this is a contradiction, because modulo N there cannot be a relation involving 
only the first n — 1 generators. It follows that W(D)/N must indeed have order 2”*!, 

Finally, if the subgroup (0, ..., Pn—1) is a proper quotient of [4, 3”~, 4](2,2,0"-3), 
then it must be isomorphic to [4, 3”~3, 4](2,07-2). Now the subgroup (0;,N,...,0;,.N) 
representing a facet of K can already be generated by the generators 0;,N,..., 0;,_,N 
corresponding to the (n — 2)-face {i,, ..., i,-1} of this facet. It follows that this is so 


for all subgroups representing facets, and therefore 


W(D)/N = (o;,N,..-,0;,,N) = Co! 


(and N = N). This completes the proof. 


8F13 Corollary For n > 3, the (n + 1)-polytope (14, 3"-3, 4}a.2,0-. 3", 4, 3}} 
exists, and has group C}*! x [3"~3, 4, 3]. 


Proof. Apply Theorem 8F12 with K = {3”~3, 4, 3}, and use Corollary 8F5. We need 
to prove that W(D)/N = C3*". 
Assume for now that W(D)/N = Co , and consider the representation 


ri T(K) = [3"-3, 4, 3] — GLy4i(2). 


Let i,...,in41 be as in Lemma 8F11. Let F! ,, F?.,,F3_, be the facets of 
K surrounding the (n — 3)-face {i,,...,i,—2}, such that {i,...,in—2, in—24;} and 
{i1,...,in-2,4n-14;} are (n — 2)-faces of Fi, (with 7 + 1 taken modulo 3). For 
f=1,...,n—2 and j = 1,2, 3, let i, ; denote the vertex of Pes antipodal to i). 
The generators 0;,N,...,0;,,,N of W(D)/N correspond to a basis of GF(2)"*!, and 
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the images under r of the generators T,..., T—-; of I'(K) are uniquely determined 
by their effect on this basis. Thus, to find the matrices for tor, ..., T)—17r, it suffices 
to consider how 79, ..., T—1 act on o;,N,...,0;,,,N, with identification modulo N 
understood. 

Using the geometry of K, we can express To, ... , T)—1 aSpermutations of7,, ..., in41 
and of some of the 7; ;, as follows: 
SFi4 ra ae . — TNS an peas 

(in 21n 1) Cin In 2,1) Gn+t tn 2,3)s ifp =n —3. 


The matrices of t,r with p A n — 3 are now just the corresponding (n + 1) x (n + 1) 
permutation matrices. However, for t,_3 we need the relations o;,_,,N = 0;,_,0;,_,0;,N 
and o;,_,,N = 0;,_,0;,_,97,,,N, to find the (n + 1) x (m + 1)-matrix 


In-3 


Ky | 


h 


of t,_37. Here, only non-zero entries are indicated; in particular, J; is the k x k identity 


matrix, and 
0 1 1 1 
k= [ A Ali he 


Hence, if W(D)/N = Ge then the representation r is given by these matrices for 
To, +--+, Ty-1- 

We can now proceed as follows. Since the given matrices satisfy all the defining 
relations for the Coxeter group [3”~°, 4, 3], they therefore define a representation 


rs: T(K) > GLasi(2), 


and thus a semi-direct product cr - I'(K). This semi-direct product satisfies all the 
defining relations for the group of {{4, 3”~°, 4} (2,2,0-3), 7}, and so must be isomorphic 
to this group. It follows that the polytope exists and has group cet - I"(K), as required; 


further, r’ =r. 


8F15 Corollary The regular 5-polytope {{4, 3, 4}(2,2,0), {3, 4, 3}} exists and is finite. 
Its group is C3 x [3, 4, 3], of order 36864. 


Proof. This result restates Corollary 8F13 for K = {3, 4, 3}. 


8F16 Corollary The regular 6-polytope {{4, 3, 3, 4}(2,2,0,0), {3, 3, 4, 3}u4,0r-}, with 
t > 2 and k = 1 or 2, exists if and only if t is even. In this case, the polytope is finite, 
and its group is c x [3, 3, 4, 3] «01% of order 73728k7t*. 
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Proof. Now K = {3, 3, 4, 3}«,o+-«) (see Section 6E) and n = 5. If t is even, then the 
covering 


KN (3,3, 4, 3}2,0,0,0) 


induces a surjective homomorphism W(D)/N — W(D’)/N', with D’ and N’ the dia- 
gram and normal subgroup defined with respect to {3, 3, 4, 3}(2,0,0,0). The two polytopes 


{{4, 3,3, 4}12,0.0.0,K}, — {{4, 3, 3, 4}2,0.0.0), (3, 3, 4, 3}2,0.0.0)} 


exist by Corollary 8F7; thus Theorem 8F12 applies. In particular, if W(D’)/N’ = C$, 
then W(D)/N = C, and the polytope {{4, 3, 3, 4}(2,2,0,0), X} also exists, with group 
C . x I"(K). But the case {3, 3, 4, 3}(2,0,0,0) can now be handled directly, using the same 
arguments as for {3, 3, 4, 3} in the proof of Corollary 8F13. In particular, W(D’)/N’ = 
C$; to confirm this, the Todd—Coxeter algorithm predicts 2° vertices for the polytope. 
This settles the case where f¢ is even. 

Now let ¢ be odd and & = 2. Again, the regular polytope {{4, 3, 3, 4}(2,0,0,0), K} 
exists by Corollary 8F7, so that Theorem 8F12 implies that W(D)/N = Cy' withm = 4 
or 6. For the non-existence of {{4, 3, 3, 4}(2,2,0,0), A}, it suffices to prove that m # 6. 

Assume that m = 6 (=n-+1). We can now use the representation r: [(K) > 
GL¢(2), as in the proof of Corollary 8F 13. In particular, (8F 14) still holds (with n = 5), 
as does the representation of tor, ..., T—17 by matrices. 

Once the matrices are found, we can proceed as follows. Consider the element 


; 2 
 := (T+ T1T2T3T2T] * TAT3T2T3T4), 


which is a “translation” of . By Theorem 6E6, this has order f; indeed, since k = 2, we 
know that a' = ¢ is the only extra defining relation for '(C). It is now straightforward 
to compute the matrix of ar using the matrices for Tor, ..., T,-17. However, we find 
that this matrix has period 2. This is a contradiction, because the period must also divide 
the period ¢ of w. It follows that we cannot have m = 6. This settles the case where f¢ is 
odd and k = 2. 

Finally, let t¢ be odd and & = 1. Now we cannot appeal to Corollary 8F7 and 
Theorem 8F12. Assume that 


{{4, 3, 3, 4}02,2,0.0), {3, 3, 4, 3}q,0,0,0)} 


~ 


exists. Then, writing I”(2“-?)/N =: (po,...,05), we have (o,..., 4) 
[4, 3, 3, 4](2,2,0,0), So that the subgroup of W(D)/N induced by a facet of K has order 
2°. Hence W(D)/N = C3" with m = 5 or 6. Now the assumption m = 6 can be refuted 
as before using the same translation a. Note here that q still has order ¢, although 
a’ = « is not the extra defining relation if k = 1. 

Ifm = 5, we can argue as in the proof of Theorem 8F 12 that any non-trivial relation 
on the generators o;, NV, ..., 0;,N must involve all of the first three generators, or all of 
the last three. (Note that now (Gx) = 1 and W(D)/N = Cy; hence N # N.) But any 
relation involving only three generators leads to a contradiction, because modulo N 
the generators are the same but are not trivial. Hence we are left with o;,---o0;,N = N, 
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or, equivalently, o;,N = 0;,---0;,N. In particular, 


W(D)/N = (o;,N,..., 0; N). 


5 


We can now work with a representation r: (KX) > GLs(2). Using the same no- 
tation F/ (= F/_,) and i;,; as before, and observing that t,r is now uniquely deter- 
mined by the effect t, has on oj, NV, ..., 0;,N, we arrive at the following permutations: 
To, T1, 73, T4 are as in (8F14) with n = 5, and t) = (13 14)(is5 13,1). Now To, T), T3 are 
represented by the corresponding 5 x 5 permutation matrices. For t2 and t4, we can 


use the relations o;,, N = 0;,0;,0;,N and 0;,N = 0;, ---0;,N to find the matrices 
1 00 0 0 100 0 1 
0 10 0 0 0100 1 
000 1 14, 001 0 14, 
0010 1 0001 1 
0000 1 0000 1 


respectively. If @ is the same translation as before, then the matrix of ar again has 
period 2, which gives a contradiction. It follows that we cannot have m = 5. This 
completes the proof. 


For Corollary 8F16, note that faster non-existence proofs are available if ¢ is an odd 
prime with t 4 3,5,7,31. Let K := {3, 3, 4, 3}(,0,0,0). By Lemma 8F11, we have a 
representation r: (KC) > GL,,(2) with m < 6. In K, the vertex i; can be mapped to 
any of its neighbours by a “translation” 6 (say) of K. If ¢ is a prime, then fr is trivial 
or has order f¢; in the latter case, t divides the order of GL,,(2). But for 2 < m < 6, the 
only odd primes t which can divide the order of GL,,(2) are 3, 5, 7 or 31, and these are 
excluded (see [12]). On the other hand, i, ..., ig are neighbours of i,; hence, ifm > 2 
and 6 maps 7; to a vertex from 72, ..., ig, then Br cannot be trivial. It follows that, for 
odd primes ¢ with t 4 3,5, 7,31, we must have m = 1; that is, W(D)/N = C) (and 
N=N). 

For K = {3, 3, 4, 3}(+,,0,0), We can use instead a “translation” y (say) of K which 
maps i4 to is or ig. Then yr cannot be trivial if m = 5 or 6. Hence for odd primes ¢ 
with t 4 3,5, 7,31 we must have m < 4; thus {{4, 3, 3, 4}(2,2,0,0), } cannot exist. 


Identification Vector (2"~') 


Finally we discuss quotients whose facets are {4, 3”~3, 4} (2n-1), with identification vector 
(2”-'). This is the hardest of the three cases. In our examples, we have n = 4 or 5. If 
F = {3, 4}, then in (27) we have 


6 
(0102/3) = G01 +++ 05 = 0903+ + + 0104-0205 


(the order of these terms is immaterial). Hence, by Theorem 6D4, to obtain facets 
{4, 3, 4}(2,2,2) we must choose the normal subgroup N so that 09 ---o5 € N. A similar 
remark applies to facets {4, 3”~7, 4}(a»-1), using 


2n—2 
(00/1 °** Pn—1) = O0On—-1010n * ** On—202n-3 
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(again see Theorem 6D4). If F is a facet of K, define of in W(D) by 


OF =o 


ieF 
(with the o; in any order). Then we define 
8F17 N:= (gory !|ge W(D), F a facet of K), 
the normal closure of of in '(2“-?). As before, we have 
P(e? /N) = W(D)/N = P(K). 


By construction, it is also clear that, if the universal polytope in question does exist, 
then it must be isomorphic to the quotient 2“? /N. 
At present, we do not know the structure of the group of every regular 6-polytope 


{{4, 3, 3, 4} (2,2,2,2), {3, 3; 4, 3} (rk, o%-*y} 


with ¢ > 2 and k = 1, 2 (see Section 6E). For (¢, k) = (2, 1), the polytope is covered 
by the finite polytope 


{{4, 3, 3, 4}:4,0.0,0) {3 3, 4, 3}(2,0,0,0)} 


of Corollary 8E15, whose group is the semi-direct product C}° x [3, 3, 4, 3](2,0,0,0)- 
This fact is used in our next theorem. 


8F18 Theorem The regular 6-polytope {{4, 3, 3, 4}(2,2,2,2), (3, 3, 4, 3}(2,0,0,0)} exists 
and is finite. Its group is Cy x [3, 3, 4, 3](2,0,0,0), of order 188 74368. 


Proof, We use the geometry of K = {3, 3, 4, 3}(2,0,0,0) to show that W(D)/N = C}°. 
Our first observation is that the vertices of the vertex-figure {3, 4, 3} of K coincide 
in antipodal pairs, so that K has the same vertices as those of the (locally projective) 
5-polytope {{3, 3, 4}, {3, 4, 3}6} (see [287] or Section 14A). Recall that {3, 4, 3}, is 
the regular 4-polytope obtained from {3, 4, 3} by identifying antipodal points; here 
the number 6 indicates the extra relation (901 0203)° = € for the group [3, 4, 3]e or, 
equivalently, the length of the Petrie polygon (see Section 6C). The 48 facets of K occur 
in pairs with the same vertices, so in what follows we are really referring to 24 pairs of 
facets. 

For simplicity, we change our convention for the vertex labels in F, so that we 
now label the 16 vertices of K by 0,..., 15, which we express as a b in base 4 (with 
a,b € {0,...,3}). Edges of K join two vertices with different labels a; vertices with the 
same label a are antipodal in some facet. Ife = {bo, b}} C {0,..., 3} with bo 4 51, then 
we write é = {0,..., 3} \ e for its complement. Then a e stands for the pair {a bo, a by} 
of antipodal vertices, and so on. A (double) facet will have vertices ae or ae, where 
a=0,...,3ande = {0, 1}, {0, 2} or {0, 3}; that is, the pairs e and é always go together. 
The 24 (double) facets then have: 


e = {0, 1} or {0, 2} — even number of és; 
e = {0, 3} — odd number of és. 
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The ten generators of W(D) correspond to the vertices 
00, 01, 03, 10, 11, 13, 20, 21, 23, 30. 
The remainder are constructed by successively listing suitable facets: 


{00, 01, 10, 11, 20, 21, 30, 31} Bb 31, 


{00, 03, 10, 13, 20, 23, 31, 32} bh 32, 
{01, 03, 11, 13, 21, 23, 31, 33} Bb 33, 
{01, 02, 10, 13, 20, 23, 30, 33} Bb 02, 
{00, 03, 11, 12, 20, 23, 30, 33} b 12, 


{00, 03, 10, 13, 21, 22, 30, 33} Bb 22. 


Bear in mind here that the product of any seven generators of W(D)/N corresponding to 
vertices of a facet is the eighth. Of course, since K is weakly neighbourly, all generators 
commute. It follows that W(D)/N has order at most 2!°, and a tedious check shows 
that no nine generators suffice. Finally, for the existence of the polytope we can appeal 
to Theorem 2E17 and Corollaries 8F7 or 8F16, using the fact that the subgroup of 
W(D)/N induced by a facet of K has order 2’. This completes the proof. 


We now further restrict our attention to polytopes of rank 5 with facets isomorphic 
to toroids {4, 3, 4}(2,2,2). We shall prove in Section 12B that there are only three uni- 
versal regular 5-polytopes of type {4, 3, 4, 3} (or dual type {3, 4, 3, 4}) which are finite. 
Together with Corollaries 8F6 and 8F15, the next theorem covers all of them. It is one 
of the most interesting examples obtained by the method of this section. 


8F19 Theorem The regular 5-polytope {{4, 3, 4}(2,2,2), {3, 4, 3}} exists and is finite. Its 
group is (C$ x C3) x [3, 4, 3], of order 23 59296; in the semi-direct product C} » C3, 
the factor C$ is its own centralizer. 


Proof. NowK = {3, 4, 3}and F = {3, 4}. We show that W(D)/N = C$ x C},a group 
of order 2!!. 

First, we show that W(D)/N is generated by 10 involutions. Let 0,..., 23 be the 
vertices of K, in such a way that /,/+5(/ = 1,...,4) are the vertices of the cubical 
vertex-figure of K at 0 (this is a change from the previous notation). Define J := 
{1,..., 9}\{5}. By the definition of N, if k is the antipodal vertex to 0 in some facet, 
then 0, N € (o;N |1 € IU {0}). Let 5 be a vertex of the vertex-figure of the opposite 
vertex of K to 0. We claim that 


W(D)/N = (aoN,...,00N). 


Note first that, if i, 7 are adjacent vertices of this opposite vertex-figure, then 
{i, 7, p.q,¥r, 5} 1s a facet for some p,g € J andr,s antipodal to 0 in facets of K. 
It follows that 


a;N € (oN |L EIU {0, j}). 


Now, if we migrate along the edges in the opposite vertex-figure from 5, we get all its 
vertices i, and hence the corresponding o;. Finally, we obtain the opposite vertex of 
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K to 0 from any of the facets which contain it, whose remaining vertices are already 
accounted for. Hence the assertion follows. 

Next, we prove that the commutator subgroup has order at most 2, with (o905 YN 
the only possible non-trivial commutator. Clearly, o9 VN commutes with o; N for j € J. 
Now 0 and 5 are opposite vertices in the vertex-figure of one of the vertices in /. Hence, 
by the action of '(K-) on W(D)/N, if ooN and o5N commute, then so do o;N and 
o;N for all i, j € J; thus W(D)/N is abelian. Therefore, if W(D)/N is not abelian, 
then (o905)°N XN. 

Let i, 7 be adjacent vertices of the opposite vertex-figure, and let p,q,r,s be as 
before. Since o9 commutes with o,, 07, 0;, 05, it follows that og N commutes with 
0)0q0,0;N = oj0;N, or o90;0;N = ojo;00N. But 


oya;0;N = 0;(0100) (o00;) oj;00N, 
and equating this to o;0;00N gives (0;00)"(o00;)”N = N, or 
(a90;)"N = (000; N. 
Starting with the vertex 5, and iterating such relations along edges {i, 7} of the opposite 
vertex-figure, gives (090;)°N = (a905)’N for each of its vertices j. However, 0 and 
5 are themselves antipodal vertices of the vertex-figure of one of the vertices in /. 


Thus, if we choose / to be antipodal to 5 in the opposite vertex-figure, then 0, 5, / are 
symmetrically related, so that 


(o905)°N = (0001) N = (0501) N = (500) N, 
or 
(oyos)'N = N. 
Chasing arguments of this kind (using symmetry and connectivity properties of K) 
show that (o905)"N can indeed be the only non-trivial commutator between pairs of 


generators oN; it then follows that the commutator subgroup is of order at most 2. In 
particular, 


K := (o905)°N 


lies in the centre of W(D)/N. Note that the 10 generators thus commute in pairs, except 
for the five disjoint pairs j, 7 +5(j =0,...,4), for which (o;0;45)°N =k. 
We now prove that W(D)/N is not abelian, and that 


W(D)/N = Cox C3. 


First note that the vertex 5 in K is joined by an edge to exactly one vertex, 6 (say), of 
the vertex-figure at 0. Let 7, 8, 9 be the neighbouring vertices to 6 of this vertex-figure. 
If j € {6,..., 9}, then the vertices j and 5 lie ina common facet, so that 0; N ando;N 
commute. It follows that 


B:=(o05N,...,09N) 


is an abelian subgroup generated by (at most) 5 involutions. 
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Let Z:= W(D)/N and a; :=o,N for 7 =0,...,9. Then, for all 7, 7, either 


jaja; = a; Or aj;aj;a; = Ka;. Now 
A := (a, ..., @4, K) 


is anormal abelian subgroup of Z generated by (at most) 6 involutions, and the canonical 
projection 7: Z > Z/A takes B := (as,..., 9) onto Z/A. In particular, |Z| < 2!!. 

Assume for the moment that we indeed have |Z| = 2'!. Then 4 = C$ and B = 
Z/A = C3, because the numbers of generators of 4 and B are at most 6 and 5, respec- 
tively. It follows that 


Z=AxBE=CExCG. 


Consider now how B acts on A by conjugation. Here it is helpful to observe that we can 
identify A with a 6-dimensional vector space over GF(2), with basis vectors e; := a; 
for 7 = 0,...,4 and es := « identified with those of the standard (row) basis, and 
represent conjugation with an element in B by a 6 x 6 matrix over GF(2). Then it is 


immediate that the generators a; (j = 5, ..., 9) correspond to the matrices 
8F20 . il ; 
ej-5 1 


with J; the 5 x 5-identity matrix. In particular, this implies that conjugation gives a 
faithful representation B +» Aut(A) (where Aut(A) denotes the group of group auto- 
morphisms of A), or, equivalently, that A is its own centralizer in Z. 

On the other hand, we can now complete the proof by observing that there is indeed a 
specific group C$ x C}, with the action of C} on C$ defined by (8F20), which satisfies 
the given relations. Hence there can be no possibility of our group Z collapsing onto 
a group of smaller order than 2!', since Z is just determined by these relations. The 
existence of the polytope now follows from Theorem 2E17 and Corollary 8F6 or 8F15, 
using the fact that the subgroup of W(D)/N induced by a facet of K has order 2°. 


We conclude the section with an application of our method to the projective 4- 
polytope {3, 4, 3}5, giving us 5-polytopes with toroidal facets and projective vertex- 
figures (for the notation, see above or Section 6C). 


8F21 Theorem fork = 1, 2, 3, the 5-polytope {{4, 3, 4} 2«,03-), {3, 4, 3}6} exists and 
is finite. Its group is eu x [3, 4, 3]o, with m(k) = 3,5, 8 ask = 1, 2, 3, respectively. 
Proof. LetK := {3, 4, 3}¢. Then Theorem 8F3 gives the polytope for k = 1, with group 
C} x I'(K); here we use the fact that o(Gx) = 3. If k = 2, Theorem 8F12 suggests 
that the group should be C} x (KX). Indeed, as in the proof of Corollary 8F13, we 
can use the representation "() +> GLs(2) defined by (8F 14) (with n = 4) to identify 
C3 x I'(K) as the group of the regular polytope {{4, 3, 4}(2,2,0), K}. 

Last, let k = 3. Since K is weakly neighbourly, W(D)/N is an elementary abelian 
2-group. Let 1,...,8 be the vertices of the vertex-figure at 0, with opposite faces 
{1,..., 4}, {5, ..., 8}. (Again, we have changed our earlier notation.) Let 9 be such 
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that {0,...,4, 9} is a facet of K. Then {0,5,...,9} is also a facet of K. Thus we 
can choose oo N,...,07N as generators, obtaining og N from the first facet and og N 
from the second. We obtain the two remaining generators oj9N and 0; N as we found 
oN. Clearly, fewer generators will not serve, so that W(D)/N = C8. Finally, since 
the subgroup of W(D)/N induced by a facet of K has order 2°, Theorem 2E17 now 
proves the existence of the polytope. 


9 


Unitary Groups and Hermitian Forms 


In the classical theory, the structure of a finite regular polytope or an infinite regular 
tessellation or honeycomb is governed by a real quadratic form. This form determines 
the geometry of the ambient space. The symmetry group of the polytope or tessellation 
is a group of isometries in this space, and is in fact the Coxeter group associated with 
the quadratic form as in Sections 3A and 3D. 

As we shall see in Chapter 11, much of the correspondence between polytopes and 
forms remains true for an important class of abstract regular polytopes. Here the real 
quadratic form is replaced by a hermitian form on a finite-dimensional complex space. 
Moreover, a subgroup of finite index in the automorphism group = I'(P) of such 
a polytope P is represented as a group of isometries with respect to this form. In 
particular, this subgroup (and thus P itself) is finite if and only if the hermitian form is 
positive definite, in which case it is a finite group generated by reflexions of period 2 
in the ambient unitary space. 

Unfortunately, we cannot generally be sure that the abstract and geometric groups 
are actually isomorphic; this may have to be shown on a case-by-case basis. However, 
an alternative approach will often settle our problem. It may happen that ’(P) has some 
subgroup (of such a kind as previously discussed), a quotient of which can be shown 
to be infinite; it then follows that P itself is infinite. This then restricts the discussion 
to a handful of possibly finite cases, which can be dealt with on an individual basis. 

In this chapter, we provide the necessary background for the material developed 
in Chapter 11 (see [306, 307]). We shall not attempt to survey here the literature on 
complex reflexion groups. Instead we refer the reader to the original work of Shephard 
and Todd [390], who were the first to classify completely all the finite unitary groups 
generated by reflexions, or to the work of Coxeter [114, 116, 126] or Cohen [78]. Here 
we are mainly interested in unitary groups generated by reflexions of period 2. 

In Section 9A we review some general results on finite unitary reflexion groups. 
Then in Section 9B we discuss representations of groups with involutory generators as 
complex reflexion groups which preserve a hermitian form. In Section 9C, we introduce 
some general considerations, in particular those concerning changes of generators in a 
reflexion group. In Section 9D, the techniques are applied to study certain “generalized 
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triangle groups” and their corresponding hermitian forms. In certain cases, these groups 
are abstractly defined by a presentation which corresponds to a diagram based on a 
suitably labelled triangle. In Sections 9E and 9F, we explore variants of this method 
and obtain similar classification results for groups with more specific diagrams. Finally, 
in Section 9G, we discuss the general question, which asks whether there might be a 
useful theory of complex representations of groups generated by involutions, whose 
relators involve at most three generators (and if three, of the particular kind considered 
in Section 9D). We shall see that the approach is quite powerful for specific classes of 
groups, but that examples described in earlier sections suggest that the general answer 
is negative. 


9A Unitary Reflexion Groups 


In complex n-space C”, any finite group of linear transformations leaves invariant a 
positive definite hermitian form, and is therefore conjugate, in the general linear group 
GL, (C), to a subgroup of the group U,,(C) of all unitary transformations in standard 
unitary n-space, which is C” equipped with the standard positive definite hermitian 
form 


9AL (x,y) => Sit, — forx =G1,...,&:), Y=(n--- my EC’. 
i=1 


After a suitable change of basis, such a group can be thought of as a finite group of 
unitary transformations in this space. Therefore, for finite groups, the study of groups 
of linear transformations over C is equivalent to that of unitary groups over C. However, 
it is sometimes more convenient to work with the corresponding groups of matrices 
over C (always acting on row vectors from the right). 

In the real case, the finite groups of orthogonal transformations in euclidean n- 
space have been well studied. Among such groups, those generated by hyperplane 
reflexions are the most interesting, and are precisely the finite Coxeter groups classified 
by Theorem 3B2. In euclidean space, a hyperplane reflexion must necessarily have 
period 2. 

In unitary n-space C", a (linear hyperplane) reflexion R is a unitary transformation 
distinct from the identity, and always taken here to be of finite period, which leaves fixed 
each point ofa hyperplane through the origin. Equivalently, R is a unitary transformation 
of finite period all of whose eigenvalues, save one, are equal to unity; the remaining 
eigenvalue ¢ is a primitive rth root of unity if the order of R is r (> 2). Any such 
reflexion can be written in the form 


9A2 (Rope SO, eaty 


(v, v) 
where v is a normal vector to the reflecting hyperplane. 
Each finite group G of unitary transformations in C” is either irreducible or com- 
pletely reducible; that is, either there is no non-trivial invariant subspace (other than {0} 
or C” itself), or C” is the orthogonal sum of minimal non-trivial invariant subspaces. 
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Moreover, if G is reducible and generated by reflexions, then it is necessarily the direct 
product of its irreducible components, each of which is itself a finite unitary reflexion 
group in the corresponding invariant subspace. In fact, if H is a hyperplane with nor- 
mal vector v and R is a unitary reflexion in H, then any invariant subspace either is 
contained in H, or is the orthogonal sum of the line linf{uv} spanned by v with another 
invariant subspace which is contained in H. Therefore, in a reducible unitary reflexion 
group G, the set of normal vectors of the generating reflexions splits into at least two 
mutually orthogonal subsets of vectors, each belonging to a set of generating reflexions 
for a direct factor of G. If these subsets are not further decomposable in this way, 
then each such direct factor acts irreducibly on the subspace spanned by the normal 
vectors in its subset, and acts trivially on the orthogonal complement of this subspace, 
which is just the intersection of the reflecting hyperplanes belonging to these normal 
vectors. Hence, for many questions about unitary groups, we can restrict ourselves to 
irreducible groups. 

The finite unitary reflexion groups in C” were completely enumerated by Shephard 
and Todd [390]. In particular, we have 


9A3 Theorem Each finite irreducible unitary reflexion group in C" is generated by n 
orn + 1 reflexions. 


This is different from the euclidean case, where the number of generating reflexions 
is always n, the dimension of the ambient space (see Chapter 3). For n = 1, there is 
only one kind of unitary group — a finite cyclic group generated by a single reflexion. 
For n > 2, the enumeration can be accomplished through the classification of certain 
complex collineation groups (see [390, p. 275]). Any finite unitary reflexion group 
G determines a collineation group G’ on complex projective (n — 1)-space CP""!, 
which is generated by the homologies corresponding to the generating reflexions of G. 
(Recall that a homology is a collineation — of finite period, so far as we are concerned — 
which leaves fixed all points of a hyperplane in CP”~', and a point not lying on that 
hyperplane. A homology of period 2 is called harmonic.) Abstractly, G’ is the quotient 
of G by its centre, which is the cyclic subgroup consisting of those elements of G 
which are represented by scalar matrices. Conversely, it can be proved that each finite 
collineation group generated by homologies is associated with only finitely many finite 
unitary reflexion groups. (In fact, a homology acting on CP” lifts to a unique reflexion 
on C”, except when n = 2.) 

A group G of unitary transformations on C” is called imprimitive if C” is the direct 
sum 


C"=E,@---@ Ex 


of non-trivial proper linear subspaces £),..., E,, such that the family {£),..., Ex} is 
invariant under G; then {E,,..., Ex} is called a system of imprimitivity for G. If G is 
not imprimitive, then G is called primitive and is then necessarily irreducible. For an 
irreducible imprimitive reflexion group G, we necessarily have dim(£;) = 1 for each 
i=1,...,. To see why this is so, suppose that dim(£;) > 1 for some 7. Since G is 
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irreducible, there is a reflexion R in G such that £;R = E£; for some j 47. But then 
dim(£; 9 £;) = dim(£; RO E;) = dim(H NO £;) > 0, 


where #7 is the mirror of the reflexion R, which contradicts E; M E; = {o}. Further, 
for an irreducible imprimitive reflexion group G, we can prove that k = n and that 


E\,..., E, are spanned by the vectors in an orthonormal basis of C”. Therefore, up 
to conjugacy by a unitary matrix, we can assume that £; = lin{e;} (fori = 1,..., 7), 
where {e,..., €,} is the standard basis of C”. 


Adopting the notation of Shephard and Todd [390, p. 277], the unitary group 
G(m, p,n) is defined as follows. Let m > 1,n > 2, and let p be a divisor of m, so that 
m = pq (say). Let 0 be a primitive mth root of unity. Then G(m, p, n) is the group of 
all monomial transformations in C” of the form 


944. = 9" Eq (i= 1,...,n), — witho © S, and vj = O(mod p), 

i=l 
where (7|,..-, ) denotes the image of (&),..., &,) in C”, and S, is the symmetric 
group. This is a unitary reflexion group of order gm”~!n!, which contains both 2-fold 
reflexions and r-fold reflexions withr | g whenever g > 1. The set of 2-fold reflexions 
given by 


9AS5 ny = OE, m = 0-°&;, n=§ GA J,K) 


generates the group G(m, m,n), which is therefore a normal subgroup of G(m, p, 7) 
of order m”~'n!. The other reflexions in G(m, p, n) (if any) are all of the form 


9A6 1; = pens, ni = § fori # j, 


for some j = 1,...,”, where (v, m/r) = 1, and are r-fold withr | g (forg > 1). 

If m = 1, then G(m, p, 7) leaves the hyperplane )~"_, &; = 0 invariant and hence 
is reducible; in fact, G(1, 1,”) = S,. We therefore suppose that m > 1. The group 
G(m, m, 2) is the dihedral group of order 2m and is reducible if m = 2 (leaving invari- 
ant the line &; — & = 0). All other groups G(m, p, n) are irreducible. In particular, we 
have 


9A7 Theorem /fn > 2, then, up to conjugacy within the group of all unitary transfor- 
mations, the only finite irreducible unitary reflexion groups in C” which are imprimitive 
are the groups G(m, p,n) withm > 2, p| m, and (m, p,n) F (2, 2, 2). 


Note that G(m, p,n) is the symmetry group of Shephard’s [388, §6] fractional 
complex polytope ae If p = 1, this is the generalized complex n-cube y”” with m” 
vertices, which is 


m{4}2{3}2 -»- 2{3}2 


in the notation to be introduced later. In general, ek is not an abstract polytope in our 
sense. 

There is a far richer variety of finite unitary groups generated by reflexions in the 
complex plane C” than in higher dimensions. The reader is referred to Coxeter [126, 
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Chapter 10] for a detailed discussion of these groups. The collineation groups on the 
complex projective line CP! which correspond to the primitive reflexion groups in C? 
are now the tetrahedral, octahedral and icosahedral (rotation) groups; these are indeed 
the only primitive collineation groups on CP! (see [390, p. 279]). As we have remarked, 
it is only in this case that a homology can lift to more than one reflexion. 

Most irreducible unitary reflexion groups require only n generating reflexions [390, 
Table vii]. In the plane there are 7 exceptions to this with 3 generators; these groups are 
not symmetry groups of regular complex polygons. If n > 3, except in one case, each 
irreducible group requiring n + | generators is an imprimitive group G(m, p,n) with 
p #1 orm. The single exception is a group of order 46080 in C* with 5 generators 
(see [116, p. 134]). 

For the irreducible n-generator groups G, the reflecting hyperplanes can be chosen as 
the coordinate hyperplanes for a suitable coordinate system. These groups fall into two 
families which are, to some extent, overlapping (see [116, p. 129; 126, Chapters 12, 13]). 

In the first family, called by Orlik and Terao [336] Shephard groups, the generating 
reflexions of G occur in a natural order Ro, ..., R,_1 (Say), such that non-adjacent 
generators commute (but adjacent generators do not). In particular, if we denote the 
identity transformation by /, then G has a presentation of the form 


ROS fori =0,...,n—1, 


9A8 
(RR; )P0!? = (RB RyPul? for <i <j<n—l. 


The convention here is that an expression (R;R;)?!/* consists of pj; terms in all, 
beginning with R;; for example, (RoR)?! 2 = RoR, RoR, Ro. Hence the commutation 
property implies that p;; = 2 unless i = j — 1. Such a group can conveniently be 
represented by a string diagram. As for Coxeter groups, each generator is symbolized 
by anode, but now the node i is marked with the period; of the corresponding generator 
R;. Similarly, the two nodes 7 and j are joined by a branch marked pj;;; as usual, the 
branch is omitted when p;; = 2, in which case the corresponding generators commute. 
By convention, a node is not marked when the generator is involutory, and the mark of 
a branch is omitted when it takes the most prevalent value 3. We follow our previous 


convention of writing p; := p;—1,;. Then the diagram has the form 
ro ry '2 In-3 Yn-2 Tn-l 
9A9 o—_o—____e—_- - - - - ——_o—_o_—___© 
Pi P2 Pn-2 Pn-1 


and is connected, because p; > 2 for each i. This group is also denoted 

9A10 rolpilrilp2r2 +++ n—2[Pa-1\rn-1, 

and is the symmetry group of the regular complex n-polytope 
ro{Puyrit{Pa}r2 +++ Tn-2{Pn-1}Fn-1; 


which is, in general, not an abstract polytope (again in our sense; see [126, Chapters 12, 
13; 387]). 
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Table 9A1. The Finite Non-Real Irreducible Groups 
rolpilrilp2l2 - - -n—2LPn—1n-1 


Dimension Group Order Vertices Facets 
n pl4]2[3]2---2[3]2 pn! p" pn 

2 3[3]3 24 8 8 
3[6]2 48 24 16 

3[4]3 72 24 24 

4[3]4 96 24 24 

3[8]2 144 ey. 48 

4[6]2 192 96 48 

4[4]3 288 96 72 

3[5]3 360 120 120 

5[3]5 600 120 120 

3[10]2 720 360 240 

5[6]2 1200 600 240 

5[4]3 1800 600 360 

3 3[3]3[3]3 648 2, 27 
3[3]3[4]2 1296 72 54 

4 3[3]3[3]3[3]3 155520 240 240 


A unitary group is called real if all its matrices can be made real orthogonal by 
a suitable choice of coordinate system. Up to conjugacy, the finite unitary reflexion 
groups which are real are precisely the finite Coxeter groups. In particular, the group 
roLpilri ++: %n—21Pn—1]"n—-1 1s real if and only ifr; = 2 for each 7, in which case it is the 
symmetry group of the regular convex n-polytope {p1, ..., Pn—1} in euclidean space. 


9A11 Theorem Up to reversing the order of the generators, the only finite non-real ir- 
reducible groups r[p1 \ro[p2)73 - - -n—1[Pn—1|"n are precisely those listed in Table 9A 1. 


In this table, the entries “Vertices” and “Facets” refer to the numbers of vertices and 
facets of the related complex polytope ro{ p1}r1{p2}r2 +--+ Pn—-2{Pn—1}Tn-1- 

In the second family, all the generating reflexions are involutory. This is the type of 
group we are mainly interested in; this family includes all the finite irreducible Coxeter 
groups. 

The groups in this family can also be described by a connected diagram, but now 
with unmarked nodes representing involutory generators. Each pair {R;, R;} of distinct 
non-commuting generators is joined by a branch marked with the period p;; of their 
product. Again, the mark is omitted when p;; = 3. It was proved in Shephard [388] 
and Shephard and Todd [390] that, for any irreducible group, the generators R; may 
be so chosen that the underlying graph either is a tree, in which case the group is real, 
or contains just one triangular circuit with at least two unmarked branches (that is, 
branches with label 3). However, in general there are also other ways of generating the 
same group — this creates difficulties in attempts at a direct classification of the groups. 

If the graph contains one triangular circuit with at least two unmarked branches, 
then the graphical symbol for the group G is completed by writing a mark s inside 
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Pik 


Pij k 


J 
Figure 9A1. The general triangular diagram. 
the triangle; see Figure 9A1. If i, 7 and & are the nodes in this circuit, then s is just 


the period of R; R,R; Rx in G. A presentation for G is now obtained by adding to the 
standard relations 


9A12 (R; RP = 1 (<i<j<n) 
of the underlying Coxeter diagram, the one extra relation 
9A13 (RiR RR =I 


for this triangular circuit. In later sections, we shall further investigate groups in which 
similar such relations are imposed on each triple of generators. Here we just mention 
that, since the triangle in Figure 9A 1 has at least two unmarked branches (that is, at least 
two of the marks p;;, pjx, Pik are 3), we can regard the relation (9A13) as assigning 
the period s to any one of the six products 


RR) ReRj, RiReR| Re Rj RiReRi, Ri RERi Re, RyeR/Rj/Ri, ReRj/RR;- 


In fact, these products are conjugate in pairs, since we always have (for example) 
RR, RER; ~ RER|RiR;, 

exhibiting the symmetry between i and k, and additionally, if pj, = 3, then 
RR; RR; = Ri RR; Re. 


It turns out that each finite non-real irreducible unitary group in C” generated 
by n involutory reflexions is an instance of a group [k/m?]? withn :=k+/]+m, 
whose diagram is shown in Figure 9A2. However, the actual values of k,/,m, p,q 


k 
——————— Ol O!|\vmv'' 
eo——_e—_ - - - - 
--—-— — —e———_e 
P 
a 
m 
eo——_e—_ - - - - 


Figure 9A2. The group [A/m?]?. 
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Table 9A2. The Finite Non-Real Irreducible Unitary 
Reflexion Groups Generated by n Involutions 


Dimension Group Order Centre 
n>3) 9 [ll @—2/P =[11...1) p" a! (pn) 


3 [11 14} 336 2 

(11 5y¢=[11 1475 2160 6 
4 [21¢4P=(211¢=[112 64-5! 4 
5 (212) TG. #2 
6 (213, 108-9! 6 


are restricted to only a few choices; see Theorem 9A15. In the diagram and the group 
name, the mark p is omitted if p = 3, so that [k/ m>]4 = [k1 m]? involves the three 
numbers k, / and m symmetrically. Clearly, 


[klm?]? = [lkm?]‘. 
Further, ifm = 1, then p and qg are interchangeable; that is, 
9A14 [Al 1?}? = [A117]. 
In fact, ifm = 1 and the nodes in the circuit are denoted as in Figure 9A1, then we obtain 
an isomorphism by substituting for R; its conjugate R,R; Ry = R;R,R;, leaving all 
the other generators alone. (A more general change of generators will be discussed in 
Section 9C.) 


The following theorem can be proved by methods similar to those discussed in the 
next two sections. 


9A15 Theorem The only finite non-real irreducible unitary reflexion groups in C” 
which are generated by n involutory reflections are those listed in Table 9A2. 


Figure 9A3 shows the original diagram for the groups [1 1 (n — 2)?]>. These groups 
are just the (imprimitive) groups G(p, p, n). In particular, writing g := e”'/?, we can 
take as generators 

Ry: (1, +--+ En) > (PE2, GE1, 3, -- +s En)s 


FONG. Ree (ei ce BN Peer os ans, Bab Beals on IBN Pee Das Gy, 


Figure 9A3. The group [1 1 (n — 2)?}. 
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8 7 


3 4 


Figure 9A4. The octagonal diagram [11111111]? for[116?}. 


The group [k/m?]? has an alternative diagram representation (based on other gen- 
erators). In the special case k = / = 1 (andm =n — 2) and gq = 3, this consists of an 
n-gon with unmarked branches, which has a mark p inside the circuit to indicate any 
one of n equivalent relations such as 


9A17 (Ry, Ro R3 +++ Rpt Rn Rn-1 Rn-2+ ++ Ro)? = 1 


[114, p. 251]; Figure 9A4 illustrates the case n = 8 (that is, m = 6). In fact, if the 
numbering of the old generators S; (say) of [1 1 (n — 2)?’ is as in Figure 9A3, then we 
can take as new generators 


Sp Sn—1-+ + 8483581S3S4-°+Sp-1Sp, if 7 = 1, 

pate Rey if f SOoeu ont 
and arrive at a presentation for [1 1 (n — 2)’} given by the standard relations for the 
underlying n-gonal Coxeter diagram and the extra relation (9A17). Thus we can use 
the alternative symbol [11 ... 1]? for [1 1(m — 2)?]?, with n digits 1. If p = oo, this 
gives a real (euclidean) Coxeter group. (Again, we shall discuss this in more generality 
in Section 9C.) 

To conclude this section, we comment on the intersection property for unitary groups. 
Many important properties of finite or infinite Coxeter groups I” = (0), ..., 0,) depend 
in an essential way on the intersection property 


(a |ie DT) Na lie J) =lo lielNJ), 


for the distinguished subgroups (0; |i € J) of I” (see Theorem 3A2). For the finite 
unitary reflexion groups, no general proof of the corresponding property seems to be 
known, nor has this fact been pointed out explicitly anywhere in the literature. For 
most groups, the intersection property can be proved directly (if rather tediously) using 
explicit coordinate representations for the generators (taken from Shephard [388, 389], 
Shephard and Todd [390], and Coxeter [114]). However, it would be desirable to have 
a general proof. 
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A complete classification of the infinite discrete unitary reflexion groups was recently 
announced in Popov [343]. We shall encounter examples of such groups in later sections. 
For a discussion of the quaternionic reflexion groups and related regular quaternionic 
polytopes we refer to Cohen [79], Cuypers [139] and Hoggar [220]. 


9B Hermitian Forms and Reflexions 


In this section, we discuss some preliminaries about complex groups generated by 
involutory hyperplane reflexions which preserve a given hermitian form. The approach 
is similar to that for Coxeter groups (see Chapter 3). 

Let {e),...,e,} be a basis of complex n-space E := C”. Let (-,-) be a hermitian 
(sesquilinear) form on E, say 


n 
9B1 (x,y) = 0 aybiny, 
ij=l 
where x = )>/_, &e; andy = )~"_, nie, with a;; = @; for each i and j. We assume 
that 


9B2 aij =1 fori =1,...,n, 


so that each e; is a unit vector. 

We consider the group generated by the 7 involutory reflexions in the hyperplanes 
orthogonal to the base vectors. For S;, the ith involutory reflexion, the reflecting hy- 
perplane is the orthogonal complement et of the ith base vector e;. In particular, 


9B3 xS; =x —2(x,e)e; forx € E, 


so that S; leaves invariant all the coordinates §; of x except &;, and changes &; to 
9B4 2° ji). 
j=l 


Moreover, S; preserves (-,-). We should emphasize that the term “reflexion” is meant 
here with respect to the geometry on the ambient space, which is defined by the corre- 
sponding hermitian form. 

The resulting reflexion group 


GSA 8 


is a subgroup of GL(£) which preserves the given hermitian form. In particular, G 
leaves pointwise fixed the radical E+ of (-, -), which is the intersection of the reflecting 
hyperplanes @- of the generators S;. It follows that G is reducible (but in general not 
completely reducible) if (-, -) is degenerate. 

We call the system {S,, ..., S,} of generators of G reducible if there exist non-empty 
sets J and J such that/ UJ = {1,...,n}, 1 J =@anda;; = Oifi € J, 7 € J. The 
system is irreducible if it is not reducible. 

The proof of the following lemma is similar to that for Coxeter groups [222, p. 131]. 
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9B5 Lemma /f the hermitian form (-,-) is non-degenerate, then the system of gen- 
erators {S,,..., Sn} is irreducible if and only if G = (S,,..., S,) acts irreducibly 
on E. 


Proof. First, let the system of generators be irreducible. We show that each proper 
invariant subspace E’ for G is contained in the radical E+ of (-,-), or, equivalently, 
in each reflecting hyperplane e;. For each i, the subspace E’ is invariant under S;; 
thus E’ C e+, or E’ = E; © lin{e;} with EZ; C e+. Assume that, for some i, we have 
e; € E’. Let j be such that a; 4 0. Then 


eS; =e - 2a; je; S joe 


and therefore e; € E’. It follows that e; € E’ implies that e; € E’ whenever a;; # 0. 
Using the irreducibility of {S,,..., S,}, we can now conclude that e, € E’ for each k, 
contradicting the assumption that £’ was a proper subspace. It follows that e; ¢ E’ for 
each i; hence E’ C e}. 

On the other hand, if the system of generators is reducible, we have non-empty 
sets J and J such that /UJ =({1,...,n}, 1NJ=9%, anda; =Oifiel, je J. 
Then £ is the orthogonal sum of the two non-degenerate subspaces lin {e; | i €¢ 7} and 
linfe; | j € J}, each of which is invariant under each generating reflexion. (Recall that 
lin V denotes the linear hull of a subset V of FE.) Hence G acts reducibly on E. 


Later, Lemma 9B5 will often be applied in connexion with the following proposition, 
which is of interest in its own right. 


9B6 Proposition Leth be a non-degenerate indefinite hermitian form on C". If G isa 
subgroup of the isometry group of h which acts irreducibly on C", then G is an infinite 
group. 


Proof. Indeed, were G to be finite, it would leave invariant a positive definite hermitian 
form g, and thus any linear combination of g and /. However, g and / can be diago- 
nalized simultaneously, so that, for some A € C, the form f := g — dh is degenerate 
but not zero. But then G will leave invariant the radical of f, which contradicts the 
irreducibility. 


Since we are ultimately interested in finite groups, we can already make here the 
following observation, which we usually apply in the situation when the hermitian form 
is known to be positive definite on an (n — 1)-subspace of E. Let A := (a;;) denote the 
matrix of the form, and let A := det A. 


9B7 Lemma /f A < 0, then G = (S,,..., S,) cannot be finite. 


Proof. If A < 0, the form is non-degenerate and indefinite. Suppose that G is finite. 
By Proposition 9B6 and Lemma 9BS, it must then act reducibly on £, and its system 
of generators {5S;,..., S,} must be reducible. Hence, there are non-empty subsets J, J 
with J UJ = {1,...,n} and JNJ =9, such that (e;,e;) =a, =Oifie l,j € J. 
Let G; and G, denote the subgroups of G generated by the reflexions S; with k € I 
or k € J, respectively, and let 4; and 4, be the corresponding matrices obtained by 
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restricting A to rows and columns in J or J. Then A = det A = det A; det Ay < 0; 
hence det 4; < 0 and det A, > 0, or vice versa. Let det A; < 0 (say). We can now 
work with the finite group G;, on the subspace lin{v; | & € 7} of dimension |/|, and 
apply the same argument as before. Continuing in this way, we obtain, at the final stage, 
a subset J consisting of a single element i (say). But then (e;, e;) = det A; < 0, which 
contradicts (e;, e;) = 1. Hence, G must be infinite. 


Notice that Lemma 9B7 says nothing about the case A = 0. Depending on the type 
of the (degenerate) form, the group can be finite or infinite. The conditions we later 
impose on the form will imply that the groups are always infinite in this case. 

In our applications in Chapter 11, the reflexion group G is usually the image of an 
abstract group I” under a linear representation 


r: DT > GL(£). 
In particular, will be generated by 1 involutions 0), ...,0,, and S; = o;r fori = 
1,...,n. In a typical situation, I is given by a presentation whose relators employ 


two or three generators (we shall allow more generators later on, but the present case 
is the most interesting one), thereby imposing conditions on the basic 2-generator and 
3-generator subgroups (0;,0;) and (0;,0;, 0%) of I”, respectively. In this context, we 
need to know when products of generators of G, such as 5;S; or S;.S;S;S;, have finite 
period. 

The condition for S;5; to have finite period is that 


a 
|ori;| = (er, e7)| = cos Pi 

for some rational number p;; > 2. (By Lemma 9B7 we must have |a;;| < 1 in this 
case, with |a;;| = 1 yielding infinite period.) Indeed, we can scale e; or e; to obtain 
(e;,e;) = —cos ee and thus recognize (5;, S;) as a real (dihedral) group; we may 
then appeal to the well-known condition for real groups. When pj;; is expressed in its 
lowest terms, the period of S;S; is given by the numerator of p;;. In particular, S; and 
S; commute if and only if p;; = 2. Note that S;S; has infinite period if and only if 
|ori;| = |(e;, €;)| = 1 (now scaling yields (e;,e;) = —1). 

Notice that the reflexion group G is real if all the normal vectors e; can be rescaled 
simultaneously to yield real inner products (e;, e;). (This explains the fact, mentioned 
in Section 9A, that a unitary group is real if its diagram is a tree.) 

We shall see in the next section (see Lemma 9C16) that the order of the products 
S; S;S;S; is determined by the “cyclic” products of normal vectors, 


jj CK = (éi, e;)(e;, Cx) (Ck, Gi); 


and, of course, by the inner products themselves. 

In Section 9D, we shall discuss generalized triangle groups and their representations 
as reflexion groups. These are the prototypes of groups which will occur as 3-generator 
subgroups in groups with 7 generators, both in the abstract and in the geometric context. 
In a geometric group G, the 3-generator subgroups fit together in a coherent way, each 
acting as a 3-dimensional reflexion group, such that the corresponding hermitian forms 
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on 3 variables are just restrictions of the original form. Therefore, for an abstract group 
I to admit a representation r as before, we must impose conditions on the 3-generator 
subgroups which are consistent with the occurrence of 3-generator reflexion subgroups 
within an n-generator reflexion group. To this end, we must take, for each 3-generator 
subgroup of I”, a representation (if it exists) as a 3-generator reflexion group (with a 
corresponding hermitian form), and then piece together all these 3-dimensional repre- 
sentations to obtain an n-dimensional representation of I” as an n-generator reflexion 
group, such that the resulting hermitian form in n variables comprises all the forms in 
3 variables. In general, however, this will not yield a faithful representation (indeed, 
the 3-dimensional representations may not even be faithful). On the other hand, any 
such representation will often yield enough information to decide whether ” and G 
are finite or infinite. 

The technique is most powerful when the 3-dimensional representations are faithful, 
which often is the case when the corresponding 3-generator subgroups are finite unitary 
groups. Indeed, we will frequently make this assumption. In this situation, a positive 
definite hermitian form will usually determine a finite group I”, and vice versa. Thus 
we can enumerate the finite groups by calculating the determinant A. For a positive 
definite form, the ambient space then becomes a unitary space on which G acts as a 
unitary reflexion group. 

In this context, whether the group is finite or not, we shall often require the intersec- 
tion property, at least for 3-generator subgroups. For geometric groups, this will follow 
directly from the geometry; for example, to prove that 


(S;, Sj, Sk) OS, Sj, Si) = (Si, Si), 


with i, j, k,/ distinct, observe that an element in the intersection must fix both coor- 
dinates & and &, and must therefore belong to the subgroup (5;, S;) of the unitary 
group (S;, S;, 5;). For abstract groups, we then only need to appeal to the quotient 
criterion of Theorem 2E17; indeed, if the restricted 3-dimensional representation on 
(0;,0;, 0%) Or (o;, 0;, 07) is faithful, then it is trivial that we also have 


(Oj, Oj, OK) nN (07, Oj, 0) = (0;, 0;) 


ifi, 7, k, 1 are distinct. 

In practice, when we work with a positive definite form, we will generally assume 
that this is the standard hermitian form on C”, usually expressed in terms of the basis 
of C” given by the unit normals of the mirrors of the generating reflexions. 

We shall also discuss the case when the hermitian form is positive semi-definite 
and has a 1-dimensional radical. Then the group acts as an n-generator reflexion group 
on a unitary (nm — 1)-space (see Lemma 9B19), and so it is often more convenient 
to work directly in standard unitary (n — 1)-space, with the n generating reflexions 
determined by n linearly dependent normal vectors. In this context, the following 
comment clarifies the terminology we shall use. Among the hermitian forms on C” 
which are positive definite on an (n — 1)-subspace, the case A = 0 (obtained for a 
positive semi-definite form) can be viewed as the transitional case between the cases 
A > 0 (for positive definite forms) and A < 0 (for forms of hyperbolic type). However, 
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when the corresponding groups are acting directly as n-generator reflexion groups on 
standard unitary n-space, then this case occurs precisely when the normal vectors for 
the n reflexion planes become linearly dependent, so that the action is indeed on an 
(n — 1)-space. Hence, while transitional in the first setting, A = 0 is now the degenerate 
case (of linearly dependent normals). We shall further elaborate on this in Section 9C. 

In the remainder of this section, we briefly discuss contragredient representations, 
and explain how they can be utilized to treat the case A = 0. 

Let r: I’ + GL(E) be a linear representation as before, where again [" = 
(01,...,0n) and S; = o;r fori = 1,...,n. In this situation, it is sometimes useful 
to pass from r to its contragredient (or dual) representation r* on the dual vector space 
E* of E, which consists of the linear functionals on E. If w € I’, then we write wr* 
for the dual map of w~!r. In other words, r*: 7 —> GL(E*) is given by 


9B8 y*(wr*) = (wi! r)y* for y* © E*. 
(Recall here that y* is regarded as a linear mapping, which thus acts on the right of its 
argument.) 

Write 


SS:=or* (i =1,...,n), G* := Pr* = (Sj,..., St). 


Then, using the dual pairing (., -) of E and E* (defined by (x, y*) := xy*), and remem- 
bering that $; is an involution, we find that 


9B9 yS7 = Siy* = y* — 2, y*)-,e) 7 € E*), 


where (-, e;) denotes the linear form on F defined by x (x, e;). It follows that 
S* is the “affine reflexion” in the hyperplane (e;, y*) = 0 of E* which maps (-, e;) 


to —(-, e;). Note that the reflecting hyperplanes for S},..., S7 are always in general 
position in £*, unlike those for the original reflexions S;,..., S, in E, which intersect 
ine 

Let {ef}, ..., e,} be the basis of £* dual to the original basis {e1,..., e,} of E. Then 

n 
9B10 (-,e) = > ayes fori=1,...,n. 
j=l 

If we write a linear functional y* as y* = oI 7;e;, with coordinates nj, ..., 7, with 
respect to {e],..., e;}, then (9B9) implies that S;* changes each coordinate 77; to 
9B11 ni, — 2a jin; 


In particular, n* = 0 is the reflecting hyperplane of S* in E*. 

If the underlying hermitian form (-, -) on E is non-degenerate, then the two repre- 
sentations r and r* are semi-linearly equivalent. In fact, the map L: E > E*, defined 
by 


9B12 xL := (+x) 
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is a semi-linear bijection (compare (3A12) — note that (Ax)L = A(xL) for A € C), and 
r and r* are related by 


wrt =L(wr)L (wel). 


In particular, S* = L~'S,L for each i. 

We can also find a hermitian form on the dual space E*, which is invariant under the 
reflexions S*. Indeed, suppose that the form (-,-) on £ is non-degenerate, so that the 
matrix A := (q;;) is invertible. Let A;; denote the cofactor of a;; in the determinant 
det A, so that (—1)'*/ A;; is the minor obtained when the ith row and jth column are 
deleted from A. The matrix adj A := (Aj;;) is called the adjoint matrix of A. Then 


9B13 A-adj A= adj A- A= det A-J, 


with / the identity matrix. Thus adj A is also invertible; indeed, adj A = det A - A7!. 
Using (9B11) and (9B 13), it is straightforward to verify that each reflexion S* leaves 
invariant the (non-degenerate) adjoint hermitian form 


9B14 (x "ag = >) Apdine 


ij=l 


on E*, where x* = )~"_, &*e* and y* = )“"_, nfe*; it is indeed an orthogonal reflex- 


ion with respect to this form. (Note that the coefficient in (9B14) must be 4 ;;, not A;;.) 
It follows that the adjoint form is invariant under the whole group 
G* := (ST,..., 8), 

which is the image of J” in GL(E*) under r*. 

Further, since (-, -) isnon-degenerate on £, the set of linear functionals {yj,..., yz}, 
with 

yp c= eL = (-,e;) (i =1,...,n), 
is also a basis of E*, which is related to {e7, ..., e=} by 
y=) anes, fori =1,...,n, 

9B15 rae 


et = (det Ay!) Aiyl, forj=1,...,n. 


i=l 
Each of these formulae can be verified by evaluating both sides on the base vectors 
€1,---, , of & and using (9B13). 

Notice that the semi-linear mapping L of (9B12) acts almost like an anti-isometry 
between (hermitian) metrical vector spaces; more precisely, we have 


(xL,yL agi = det A (y, x) 


for all x, y in E, with det A a real scalar. Indeed, we can even say more. If f (say) is 
the hermitian form on E* which actually makes LZ an anti-isometry between E and E”*, 
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then necessarily, 
£07593) = f(eL, e;L) _ (ej, eé;) = Qi G,j=1,...,n), 


and therefore 


F(e, ef) = (det AY? S0 Ain Ayn £07, 9%) 


i,j=l 
= (det A)? Yo Aix (x 40) 
i=1 j=l 


= (det Ay") | Ain 
i=1 


= (det A)" Ary, = (det A)" (ef, &7 ai 


foreachk,/ = 1,...,n. It follows that, necessarily, (-, -)aqj = det A f. In particular, up 
to a real scalar and complex conjugation, the adjoint form is equivalent to the original 
(non-degenerate) hermitian form (-,-) and is therefore of the same kind, definite or 
indefinite. 

In conclusion, the semi-linear equivalence between the two representations r on E 
andr* on E*, which is furnished by (9B12), is therefore as geometric as one can expect. 

We also need to consider the important special case where the original form (-, -) is 
positive semi-definite, and has a 1-dimensional radical E+. This case is also familiar 
from the theory of Coxeter groups (Section 3B). 

Let v be a non-zero vector in E+. Then 


9B16 T :={y* € E*|(v, y) =0} 


is a linear hyperplane in E*. The map L of (9B12) has kernel E+ and image 7, so that 
we can equip 7 with the positive definite hermitian form h which makes the induced 
semi-linear map from E/£+ onto T an anti-isometry (now we ignore the real scalar); 
that is, ifx* = (-,x), y* = (-, vy) € T, then h(x*, y*) := (y, x). On the other hand, T 
acts by translation on the affine hyperplane 


9B17 HH :={y* € E* | @,y*) = 1} 


of E*. Using the metric on 7, we can now introduce a unitary metric on its translate 
# in the standard way; that is, the distance between y; and y3 in H is the length (with 
respect toh) of yf — yy in T. 

Now, by (9B9), if 1 <i <n and y* € E*, then 


(v, y*S7) = (v, y*) — 2(G, "lv, e) = (v, y*); 


hence 7 and # are both invariant under each S*. It follows that, by restriction, r* 
induces representations of I on the (n — 1)-subspaces T and H; we shall use the same 
notation for these representations. On 7, the representation r* is given by 


9B18 (-,x)(wr*) = (-, x(wr)) (wel, x € £); 
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this can be verified by evaluating both sides on elements of £. In particular, it implies 
that each wr* preserves the form h on 7. On the other hand, ifw € I and yy, y; € H, 
then yj — yz € T; thus 


h(yi(wr*) — yz(wr"), yi(wr*) — y3(wr*)) = hy — y3)wr"), OF — yz)Qwr")) 
= A(yi — 3, Vi — ¥3)- 


It follows that on H, each wr™ is an “affine unitary” transformation, that is, a linear 
unitary transformation followed by a translation by some vector in 7. 

We are mainly interested in the representation on H, where the group G* = 
(S¥,..., S*) is again a reflexion group, now generated by n reflexions in affine hy- 
perplanes which do not intersect in a common point. In particular, the reflecting hy- 
perplanes in H for the n generators S* are the intersections of H with the original 
reflecting hyperplanes in E*. Each of these intersections is non-empty, because T itself 
is not the reflecting hyperplane in E* of any generator S*; in fact, (e;, e;) = 1 for each 
i, and hence v cannot be a multiple of e;. These n hyperplanes in H are in general 
position, just like the bounding walls of an (n — 1)-simplex. 

Further, we can see that G* must be an infinite unitary group on H. Suppose to the 
contrary that G* is finite on H. Since every finite group of affine transformations does 
have a fixed point, there must exist a vector y* € H which is invariant under each S* 
acting on E*. Therefore y* must be contained in the reflecting hyperplane of each S*, 
so that y* = 0. But this is a contradiction to y* € H. 

We summarize our results in the following lemma. 


9B19 Lemma In this situation, if the hermitian form (-,-) on E is positive semi- 
definite with 1-dimensional radical E+ = lin{v}, then the restriction of r*:T > 
GL(E*) to the affine (n — 1)-space H of E* induces an action of I on H as an in- 
finite unitary group generated by n reflexions of period 2 in affine hyperplanes of H 
which are in general position. 


9C General Considerations 


We now change our viewpoint a little from the previous sections, in that we take a 
more directly geometric approach. Since we ultimately wish to consider finite groups 
generated by involutory hyperplane reflexions in C”, we take a group G of the form 
G = (Si,..., Sy), with 


xSj =x — 2((x, vj) — Bj)v; 


for 7 = 1,...,n. In this context, (-,-) is an hermitian sesquilinear form, not neces- 
sarily non-singular, 6; is a scalar, and (v;,v;) = 1 for each /. It follows that S; is 
an involutory reflexion, which preserves the hyperplane (mirror) {x | (x, v;) = Bj}, 
which we identify with S; itself. We allow the possibility that the unit vectors v; are 
linearly dependent, to account for the infinite discrete groups in unitary space (see 
Lemma 9B19). 
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We are particularly interested in the case when G is locally unitary (locally finite), 
by which we mean that each subgroup generated by n — 1 of the reflexions S; is 
actually a finite reflexion group, acting on an (” — 1)-space on which the form is 
positive definite. We adopt the convenient abbreviation /uggir for locally unitary group 
generated by involutory (hyperplane) reflexions. Note that local finiteness is a property 
defined relative to a distinguished set of generators. 

Let {e),---, e,} bea basis of C”, and suppose that v; = pe Be; fori =1,...,n. 
Then the Gram matrix is given by 


((v;,0;))= B-M- B*, 


where B = (;;) is the transformation matrix, B* := B’ is its conjugate transpose, and 
M = ((é, e;)). Its determinant 


(Uj, U1) (U1, U2) +++ (U1, Un) 
(U2,U1)  (U2,U2) +++ (V2, Un) 
A:= 
(Un; U1) (Un, V2) rs (Un, Un) 
is independent of the choice of unit vectors v; for S,,..., S,, and is called the Schldfli 
determinant. If the form is positive definite and {e), ..., e,} is an orthonormal basis, 


then the Gram matrix is just B - B*; hence A = | det B|? > 0. This is the case in which 
we are most interested, because it holds when the group G is finite, although the 
condition is not sufficient (see Lemma 9B7). Similarly, if the form is of hyperbolic 


type, and again {e,,...,e,} is an orthonormal basis, then A = —|detB|? < 0. The 
group is necessarily infinite in this case (again see Lemma 9B7). 

If A 4 0 (and hence & is non-singular), then the vectors v),..., v, are linearly 
independent and the reflexion planes for S),..., S;, all pass through a common point, 


which we can take to be the origin; that is, we may assume that 6; = 0 for each /. 

For locally unitary groups, we also need to consider the case when the form on C” 
is positive definite and v),..., v, are linearly dependent. Then it is natural to regard 
G as acting on C”~! instead. We shall exclude the possibility that the mirror planes 
all pass through a common point; otherwise G could only be discrete if it was finite, 
and so we are back at finite groups. But if the mirrors do not have a point in common, 
then any n — | of the vectors v; must necessarily be independent and span C”~!, and at 
least one 6; must be non-zero; indeed, we need take only one 6; non-zero. Notice that 
this is just the case described in Lemma 9B19, and so must necessarily yield an infinite 
group; in the context of the previous section, this case occurred with linear (rather than 
affine) reflexions preserving a positive semi-definite form with 1-dimensional radical 
on C”. In the present context of affine reflexions, the specific value of the non-zero 6; 
is, strictly speaking, irrelevant; indeed, different values of 6; yield groups which are 
conjugate in the group of all similarity transformations on C”—!, 

The case n = | being trivial, let us look first at the case n = 2. We take {v,, v2} to 
be linearly independent, in which event the condition for the product S| S, to have finite 


9C General Considerations 307 


period is that 
se 
|(v1, ¥2)| = cos — 
P 


for some rational number p > 2 (see Section 9B). (Of course, we must have |(v, v2)| < 
1 in order that A > 0, the latter being a necessary condition for finiteness.) 

Now suppose thatn > 3. Much of our discussion will depend on being able to choose 
new generators for the group G, or being able to pass to certain subgroups. Under the 
assumption that G is finite, we shall arrive at a standardized way of choosing (possibly 
new) generating reflexions for G. However, much of what we say here will apply in a 
more general context. 

We shall employ two kinds of change of generators. The first is mainly applied in the 
context of finite groups; we shall therefore suppose that 6; = 0 for each j. Let j 4 k, 
and replace the generator S; by the new reflexion 


9C1 Sy = (SjSi)""S;, 


while leaving all the other n — 1 generators unchanged. Thus Si Si = (Sj Sp)". TE S| Se 
has finite period g > 2 (say), and (m, q) = 1, then S; € (S',, Sx), and the operation is 
invertible. Indeed, if mm’ = 1 (mod q), then 


(SiS.y” = (Sj Sy)" = S,;Sz, 
so that 
S) = (S,S)" 1S), 


and it follows that the replacement leads to new generators for G. If (m,q) > 1, then 
generally we shall pass to a proper subgroup of G; nevertheless, this will often yield 
useful information. 

Now let us look at the effect of the replacement (9C1) on the Schlafli determinant 
A, if A is positive. It is easier to calculate the effect by looking at a related determinant. 
If V is the n x n matrix over C, whose rows are the coordinates of the vectors v; with 
respect to some orthonormal basis of C”, then A = | det V’|* (so, in effect, we have 
replaced B by V). We shall therefore work with det V instead. Now we may scale the 
vector v; so that (v;, vu) = —cos(z/p) (this is the usual convention when the vectors 
are real). It is then a routine matter to check that a unit normal vi to the new reflexion 
mirror S’; is 


fois sin(mz/p) sin((m — 1)z/p) 3 
= J 


’ 


/ sin(z/p) sin(z/p) 
giving the new matrix V’, say, from which easily follows 
det V’ = ener) det V, 
sin(z/p) 
or 
9C2 fe sin’(mz/p) 


sin”(7/p) 
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The second, closely related, kind of change of generator is even more important and 
applies to all groups. Again with j # k, we replace S; by Si, := Sj; Si and leave the 
other n — | generators unchanged. This is obviously involutory, in that (S’,)’ = S;, and 
so leads to a new set of generators of G. This operation is denoted by 


9C3 Sissi) Ours Sta Sa, 


and is called a basic operation. The unit normal vi to the new reflexion mirror Si is 
now given by 


/ 
v,= vj Sp = Vj — 2(V;, UE) UE, 


and so the Schlafli determinant A is unaffected by a basic operation (actually, det V’ = 
det V). 

Two sets of generators of G which can be obtained from each other by sequences of 
basic operations are called basically equivalent. If two sets of generators are basically 
equivalent, then their Schlafli determinants are necessarily the same. Note that local 
finiteness need not be preserved by basic equivalence; we shall give a simple example 
in Section 9D. 

We now associate with a set S of generators S; of G (or normals v;) a diagram D. 
It has n nodes (vertices) labelled 1,...,, with 7 corresponding to S;. As we noted 
earlier, for each j ¢ k, there is a rational number pj, = px; > 2 such that 


|(v;, U)| = cos gy 
Pik 

The branch (edge) joining j and & is then labelled p;;; we follow the standard con- 
ventions in excising a branch which would be labelled 2 (the corresponding generators 
commute), and omitting the label 3 on branches because of its frequency. Observe, 
however, that we explicitly permit fractional marks, so that our diagrams are more akin 
to those of the regular star-polytopes in E? or E* than to those of Coxeter groups. Notice 
that the diagram for S does not depend on the particular choice of unit normals for 
the mirror planes of the reflexions in S. For a diagram D, we write A = A(D) for the 
corresponding Schlafli determinant. 

In Section 9D, we shall label triangles in the diagram as well (at least in certain 
cases), but for the moment we find it more convenient not to do so. 

We shall also refer to diagrams corresponding to basically equivalent sets of gener- 
ators as basically equivalent. We now come to the core result of this section. 


9C4 Theorem Let G be a finite group acting on C", which preserves a positive definite 
hermitian form, and is generated by n involutory hyperplane reflexions with linearly 
independent normals. Then a set S of generators of G can be chosen so that the branches 
of any diagram basically equivalent to that of S bear only integer marks. 


Proof. Since the group is finite, it has only finitely many distinct generating sets; hence, 
the Schlafli determinant A takes only finitely many (positive) values. We choose the 
generators so that A is minimal, but suppose that some basically equivalent generating 
set S has a diagram with a fractional mark p > 2. Let this mark be p = pj, on the 
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branch {j,k}, so that p = q/a, with g and a integers such that (¢,a) = 1 and 1 < 
a< iq. Let m be such that ma = 1 (mod q). Then the operation which replaces S; 
by Ay := (S;S,)"~!S; (and leaves the other generators unchanged) gives a new set of 
generators of G; by (9C2), the new Schlafli determinant is 


A= mela), A< 
sin’ (am /q) 


the obvious contradiction which we are seeking. In other words, the marks on branches 
of each basically equivalent diagram must, after all, be integers. 


A, 


When n > 3, apart from infinite families which are easy to treat (namely, those of the 
imprimitive groups G(p, p,7)), there are actually only three finite irreducible groups 
which admit generating sets with different Schlafli determinants; two are the real groups 
[3, 5] and [3, 3, 5], and the third is the triangle group [1 1 14]> which we shall describe 
in Section 9D. For all of these, it happens that generating sets with the same Schlafli 
determinant are basically equivalent. However, a general proof of this fact is, at the 
moment, lacking. 

Similar arguments actually apply to the remaining cases, when A < 0. When A < 0, 
with care, almost the same argument as that of Theorem 9C4 can be used; now we make 
|A| as small as possible. For A = 0, a different approach yields rather more; we shall 
discuss this case shortly. 

Nothing we have done so far has needed to address reducibility. However, if the 
hermitian form is non-degenerate and G is reducible, then any diagram of G must 
have proper components, and conversely. Each component of the diagram corresponds 
to a reflexion group acting effectively on a lower dimensional linear subspace (the 
orthogonal complement of the intersection of its generating mirrors); hence we may 
employ any appropriate argument using induction on dimension. In effect, we have 
already made the following remark in Lemma 9B5, which particularly applies to finite 
groups. 


9C5 Lemma Let the hermitian form on C" be non-degenerate, and let G= 
(S1,..., Sn) be a group generated by involutory reflexions S; in hyperplanes through 
o whose normals v; span C" (that is, A 4 0). Then G is irreducible if and only if the 
diagram of G associated with S,,..., S, is connected. 


In fact, for finite groups, we can say slightly more. 


9C6 Corollary Let G = (S\,...,S,) be an irreducible finite group generated by 
involutory reflexions S; in hyperplanes through o whose normals v; span C", and let 
x € C". Then the centroid of xG is o. 


Proof. This centroid is a fixed point of G, and hence is the sole fixed point o. 


Next, we look at infinite discrete groups in unitary space. In our context, this case 
occurs when the form on C” is positive definite and the n normals span the subspace 
C’~!, such that any n — 1 of them are linearly independent. For notational convenience, 
we often prefer to let these groups act on C”, so that they now haven + | generators. We 
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first have an analogue of Bieberbach’s Theorem in a special case; rather than appealing 
to general results about (arbitrary) discrete euclidean groups (see [344, §5.4]), we shall 
give a direct proof. A more general result can also be found in [343]. 


9C7 Theorem Let G = (So, ...,5,) be an infinite discrete group, which preserves a 
positive definite hermitian form on C", and is generated by involutory reflexions S; in 
hyperplanes whose normals v; span C", with any n of them linearly independent, and 
with a corresponding connected diagram. Then the set T of vectors corresponding to 
translations in G is discrete and spans C" linearly. Moreover, regarded as a set of real 
vectors in IR", either T spans R?” linearly, or T spans an n-dimensional subspace, 
and G is then conjugate to a real group. 


Proof. For convenience, we may assume that we have the standard positive definite 
hermitian form on C”. 

First note that G is affinely irreducible on C”, because its original diagram is con- 
nected; indeed, any subgroup corresponding to a connected subdiagram on generators 
is (linearly) irreducible. (Recall that G is affinely irreducible on C” if there is no non- 
trivial linear subspace K of C”, such that G permutes the translates of K.) 

The discreteness implies at once that G is locally finite; recall that local finiteness 
means that every subgroup G; := (So,..., Sj-1, Sj41,---, Sn) 18 finite. Clearly, we 
may relabel if necessary, and assume that the subgroup Go := (S,..., S,) is itself 
irreducible, and has the origin o as its single fixed point. Then V := 0G is discrete and 
spans C” affinely; indeed, the images of oSo under Go span C” linearly. 

Now regard G as a group of real euclidean isometries acting on R*”. Let D be the 
Voronoi region of 0, namely the set of points of R7” no farther from o than from any 
other point of V. Then D is invariant under Go. There are two possibilities. 

First, D is bounded. Then G is a discrete group acting effectively on R*”, to which 
the usual Bieberbach Theorem applies (see [344, §7.4] or Section 6A). Hence there is 
a translation subgroup T of G of full rank 27. 

Otherwise, D is unbounded. Consider any (non-zero) direction of recession x of D, 
meaning that Ax € D for each A > 0. Lemma 9C5 shows that the images of x under 
Go span C” linearly, and so span a real Go-invariant subspace L of R?” of dimension 
at least n; indeed, they must span L positively (because o is the centroid of xGo by 
Corollary 9C6), and so L C D. Now consider any normal vector u to a hyperplane 
which determines a facet of D. The same argument shows that the images of u under 
Go must span positively a real Go-invariant subspace M of R?” of dimension at least 
n. Since L and M are orthogonal (because u is perpendicular to L), we conclude that 
they are complementary real subspaces of R2”, each of dimension n. Further, D is 
then the product with L of a bounded region Dy in M. Moreover, V C M; indeed, 
if y € V, and H is the perpendicular bisector of o and y in R2”, then L must be 
parallel to H; hence y € M because y is orthogonal to L. Bearing in mind that G acts 
transitively on the Voronoi regions of elements in ), it now follows that the Voronoi 
region of each y € V must be the product with L of a bounded region in M, the latter 
being the image of Dj, under any element in G which maps o to y. In particular, G 
leaves M invariant and permutes the translates of L. The action of G on M is faithful, 
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with bounded fundamental region; indeed, if an element of G acts like the identity on 
M, then it must fix V pointwise, and must therefore be the identity on C”. We may 
now appeal to Bieberbach’s theorem again, this time in M, to conclude that G has a 
subgroup of translations of rank n, whose direction vectors span M linearly; since the 
complexification of M is C”, they also span C” linearly. Finally, for the conjugacy 
of G to a real group, just observe that the generating reflexions S$; permute V, and 
so suitably chosen normal vectors to their mirrors are real scalar multiples of vectors 
(again thought of as in R”) joining pairs of points of V, and so are vectors in M. We 
thus identify / with R” (as the set of real linear combinations of a basis of M), and 
we are done. 


In fact, a rather more general result than Theorem 9C7 holds; we have stated it only 
for reflexion groups, because this is what we need here. 

Recall that the special group G of an infinite unitary group G acting on C” consists 
of those unitary mappings ¢ such that x xg +1 is in G for some ¢ € C”. We may 
observe the following consequence of Theorem 9C7. 


9C8 Corollary Let G = (So,..., S,) be an infinite discrete group, which preserves 
a positive definite hermitian form on C", and is generated by involutory reflexions Sj 
in hyperplanes whose normals v; span C", with any n of them linearly independent, 
and with a corresponding connected diagram. Then the special group G of G is finite. 


Proof. Whichever case occurs in Lemma 9C7, the subgroup T is a (discrete) translation 
group of full rank acting on an appropriate real subspace of R”, and G acts faithfully 
on 7 as a group of automorphisms. Thus G is finite. 


Notice that G is a finite group generated by hyperplane reflexions, namely the 
translates of Sp, ..., S, (as usual identified with their mirrors) which contain o. 
We now have the “crystallographic” criterion for infinite unitary reflexion groups. 


9C9 Theorem Let G = (So,...,5S,) be an infinite discrete group, which preserves 
a positive definite hermitian form on C", and is generated by involutory reflexions Sj 
in hyperplanes whose normals v; span C", with any n of them linearly independent, 
and with a corresponding connected diagram. Then the marks on the branches of any 
diagram of G can only be 2, 3, 4, 6 or oo. 


Proof. It is clear that the diagram of every set of n +1 generators of G must be 
connected; indeed, a non-connected diagram would yield a pair of complementary 
orthogonal subspaces whose translates are permuted by G. 

Now, if the (finite) period of any product of two reflexions in the group is p, then 
by taking a suitable power of this product, we may suppose that G contains a complex 
rotation through an angle 277/p. Theorem 9C7 then implies that there is a translation 
xt» x +b in G whose vector b € T (in the notation of that theorem) is not parallel 
to the axis of the rotation. In particular, we may choose coordinates so that we have a 
rotation 


9: (E1, &, . 2.5 Ey) > (81, © '&, &,..., En), 
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with w := exp(2im/p). Then b = (f1,..., 6,) is such that one (at least) of 6, and 


B is non-zero. Choose b so that |B; |? + |62|? > 0 is minimal (here we appeal to the 
discreteness of 7). For p > 7, we have bg € T, so that by — b € T also. But 


(@ — Bil? + (@! = D2? = 4 sin” = (ei + |B2I?) < |BiP + [B2l’, 


a contradiction to the choice of b. For p = 5, the argument is only a little different; the 
same contradiction is obtained from the translation by by + bg™! € T, for which 


(o + @ ')Bi|? + (| + @) Bol? = 771i? + 18217) < Bi? + Il’, 


with (as usual) tT := 5(1 + 5). 


Note that the arguments of the proof actually show that G cannot contain a p-fold 
complex rotation (with axis of codimension 2) when p # 2, 3, 4, 6 or oo. 

Observe that Theorem 9C9 contains the appropriate infinite version of Theorem 9C4: 
in this case, no diagram of the group can bear fractional marks on its branches. Notice 
also that irreducibility is needed in order to exclude (for example) a group which is a 
direct product of an infinite discrete group acting on a proper subspace with a finite 
group. 

It will not be a main purpose of this chapter to classify the finite subgroups of U,,(C) 
generated by n involutory hyperplane reflexions, although we shall actually discuss 
them all. However, we shall see how to do this when n = 3, and we shall look at certain 
aspects of the question when n > 4. In general, we encounter two main problems. The 
first is that, as we have seen, a reflexion group can be generated in many different 
ways, and it is not easy to check whether two such groups are, in fact, isomorphic. 
Another stumbling block is that, if we are not careful, we run up against notational 
complexity. 

Ultimately, we wish to phrase all the properties of our groups, and in particular of 
their diagrams, in terms of the periods of the products of certain pairs of reflexions. 
These (integer) periods will correspond to marks on diagrams basically equivalent to 
the original diagram. 

As before, we take {v),..., U,} to be the set of unit normals to the mirrors of the 
generating reflexions for G, which again preserve the hermitian form (-,-). For the 
moment, we shall not assume that G is finite. At the back of our mind will be the fact 
that, in the real case and with the natural generators, we shall have 


1 
(Uj, Ux) = —cos —; 
Pik 
the minus sign here motivates some of the definitions in the following. 
Let C = (j(1), ..., j(m)) be a cycle (or m-cycle) of distinct numbers in {1, ..., 7}, 
so that C is an equivalence class of sequences under the action of the cyclic group, and 
we do not regard as distinct from C the same cycle beginning at a different point. Thus 
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we naturally take indices in a cycle modulo its Jength m. We then define 


Il 


9C10 y(C) =|] (Vj(i)s Uji+1)) 
ifm =1, 
9C11 o(C) = ey ifm = 2, 
2-1)""!Ry(C), ifm > 3, 

9C12 b(C) := arg(—1)"y(C), 


as long as y(C) 4 0, where 3tz and arg z denote the real part and argument of a complex 

number z, with —z < argz < m (ifz $ 0). Note that y(C) = |(vj1), vj) ifm = 2. 
Clearly, each of y(C), w(C) and #(C) is invariant under cyclic permutation of the 

numbers in C. On the other hand, if we reverse C to obtain C (say), then we have 


yC)=y(C), o(C)=(C), B(C)=-8(C). 


In particular, @(C) is invariant under the action of the dihedral group D,,, on the indices; 
if C represents a circuit C in the diagram of G, we may then unambiguously define 
w(C) := w(C). Indeed, if m > 3 and pj), j@+1) > 2 for each i, then we have 


9C13 w(C) = —2 (1 cos ———— ws] cos 0(C). 
oT Pj@),.jG+)) 
(The convenience of incorporating the minus sign in the definition (9C11) of @(C) 
will become clear in Theorem 9C14.) The angle 7(C) changes sign on reversing the 
cycle. However, for many purposes, it is the absolute value of the angle which is more 
important, so that we often allow reversal of order in a cycle as well. If C represents a 
circuit C in the diagram of G, then the absolute value of #(C) (and, when convenient, 
0(C) itself) is called the turn of C and is denoted by 7(C). 
Let j(1), ..., j(m) be distinct numbers. If its period is finite, the product 


Ti),....j¢m) = Sj aySjay ++ * Sj Sjm—1) ++ + S52) 


is acomplex rotation through an angle 27 /q (we ignore orientations here), where g > 2 
is a rational number; in this case we define pj1),..., ja) = ¢. Observe, in this context, 
that the change of generators Sjj¢m) +> Sj(2) +++ Sjon)Sjm—1) * +» Sj) Corresponds to a 
sequence of basic operations on the generators. For a finite group G, it then follows 
from Theorem 9C4 that the original generators may be chosen so that g is actually a 
positive integer. However, it is convenient in several contexts to allow g (> 2) merely 
to be rational (even if the group is finite). In any case, g is such that the two eigenvalues 
different from 1 of the rotation 7j(1),..., jg) are e*271/4_ Note that Pj(1),...,j0m) iS only 
invariant under reversal of the indices, but generally not under cyclic permutation 
(however, there are important exceptions to this). 

Our first observation is that the Schlafli determinant A = A(D) can be calculated 
directly from the circuits in the diagram D and their turns. The fact that we want to 
have a sum (rather than an alternating sum) in the formula explains the inclusion of 
the minus sign in (9C11). The formula expresses A as a sum of products, with each 


IS g885. 
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product corresponding to a (complete) circuit matching M of D, meaning a collection 
of node-disjoint circuits of D such that each node of D occurs in exactly one circuit; we 
allow here a circuit to consist of a single node (and no branch), or two nodes joined by 
a branch traversed in both directions. We denote by M(D) the family of all complete 
circuit matchings M of D. 


9C14 Theorem Let D be a diagram of a group G acting on C", which preserves a 
hermitian form, and is generated by n involutory hyperplane reflexions. Then 


9C15 AD)= > [| ©). 


MeM(D) CEM 


Proof. We see this by a direct calculation of the determinant using the alternating sum 
formula 


A= > Sign P (U1, Vip) +++ (Uns Unp), 
PESy 


where sign p denotes the sign of the permutation p in the symmetric group S,. Then 
p gives rise to a non-zero term in the determinant if and only if each cycle in the 
cycle expression for p corresponds to a circuit in D; indeed, recall that (v,;, v;) = 0 
if the nodes i, 7 are not joined by a branch. For a non-zero term, each fixed point 
of p corresponds to a 1-circuit C in D which contributes w(C) = 1 to the product, 
and each 2-cycle C = (ij) of o gives a 2-circuit C which contributes a real factor 
o(C) = a(C) = —|(v;, v;)|?, where the minus sign corresponds to the contribution of 
the 2-cycle to sign o. Now we just group together with p those permutations which are 
obtained from p by reversing the order of any of its cycles of length at least 3; if 
has k such cycles, then there are 2‘ such permutations. (Of course, there are no such 
reversals for 1- and 2-cycles.) 

More precisely, let o = 0; --- 0,4; be the cycle decomposition of o, where o; is a 
cycle of length at least 3 if i < k, and of length 2 if i > k. Let C; denote the cycle 
corresponding to o;, and let C, ' (:= C;) denote the reverse cycle corresponding to 
cee Then the contribution to A arising from the 2 permutations is given by 


k4l 
s= (i oc) > signoy --- sign og v(C?) oa y(C#). 
€1 


pees ég=tl1 


But y(C; ') = y(C;) for each i, and so we may group together pairs of summands 
which differ only in their terms for i = k (say), and then pull out the factor 


sign ox (y(Cx) + y(C,')) = 2(-1)*'R(V(Cy)) = @(Cy), 


where m; is the length of the cycle o,. This leads to an expression for s similar to the 
original one, except that & has been replaced by k — | and / by / + 1. We now apply 
the same argument to the terms with i = k — 1, and so on. At the final stage, we obtain 
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the expression 


k+l 
s=|[oc)= |] ©), 
i=l CEM 
where M is the circuit matching determined by C),..., Cz4; and the fixed points 


of ¢. 

Conversely, every circuit matching M of D arises in this way from a permutation p 
by grouping together with o those permutations which are obtained from p by reversing 
the order of any of its cycles of length at least 3; the 1-circuits and 2-circuits in. M then 
correspond to the fixed points and 2-cycles of o. This proves the desired formula for 
the determinant. 


We next calculate certain of the numbers pj1),..., jan). We call a circuit C in a diagram 
D diagonal-free if each branch of D, which connects two nodes of C, is a branch of C. 


9C16 Lemma As before, let G be a group on C", which preserves a hermitian form 
and is generated by n involutory hyperplane reflexions. Let C = (j(1), ..., j(m)) be 
a cycle which induces a diagonal-free circuit C in the diagram D of G. If the product 
SiaySj2) °°» SjomySjon—1) + + + Sjq2y tS @ Genuine rotation (this is true ifit has finite period), 
then its rotation angle 21 /q depends only on the numbers p ji), ;-41) and the turn 0(C), 
the absolute value of 0(C). 


Proof. Let us simplify the notation by writing j(i) = i foreachi = 1, ..., m. Keeping 
to the notation used before, we need to calculate 


IT 
cos a = |(U1, Un Sm—1 +--+ Sz). 


(Clearly, the product 7). = S1S2 +++ Sin Sm—1 +++ Sz is a genuine rotation if and only 
if this inner product has absolute value less than 1; also, g must be rational if the period 
is finite.) Since C is diagonal-free, we can rescale the vectors v; to make all but one 
inner product (v;, v;) real. Thus, there is no loss of generality in supposing that 


(Uj, Ui41) = —COS 
Pi,i+1 
fori = 1,...,m—1; in other words, we load the whole turn onto the last branch 
(1, m}, giving 
uA 
(v1, Um) = —e!??O cos — 


Pim 


(then the argument of (— 1)” y(C) is indeed 3(C), as required). Because the circuit has 
no diagonals, it is straightforward to prove by induction that 


v' := Un Sn -¥ 24 I] cos ————— _ ] Um _;. 
Pm-i,m—-i+1 
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Since (v,, v;) = 0 unless k = 2 or m, it follows that 


20 2 


cos: — = |(v1, v’)| 
q 
m—1 1 2 
= |(v}, Um) + 2"~? I] cos (U1, U2) 
k=2 Pkk+1 
2 
; X m—1 7 
et tO eg ere I] cos 
Pim kel Pkk+1 
XT m x m—1 x 
9C17_ =cos* — +2”! cos cos #(C) + 27"-4 I] cos” : 
Pim kel Pk,k+1 #1 Pk,k+A 


in the second term on the right, suffixes are as usual taken modulo m, so that Py m+ = 
Pim. This is the result promised. 


For a circuit which has diagonals, the formula corresponding to (9C17) is obviously 
more complicated, since there will be terms involving turns of circuits which trace such 
diagonals and certain branches of the given circuit. For diagonal-free circuits, (9C17) 
can be written alternatively as 


m m—1 
= 1 1 ua = a 
ae cos cos #(C) = cos* — — cos? —— — 27"-4 | cos” ; 
kel Pkk+1 q Pim kel Pk k+1 


giving the turn in terms of the rotation angle, rather than the other way round. 
Before we move on, let us note an important case of (9C17). If px.441 = 3 for all 
but one k, with the remaining one p, say, then 


1 
9C18 cos” a cos” as + cos ia cos 0(C) + -, 
q P P 4 


irrespective of which branch carries the mark p. We leave it as an exercise for the reader 
to show that, in this case, all the corresponding products 


Ti i+t,..itm—1 = Si Sin. ++ Sit¢m—2Si4m—1Si4m—2 > ++ Sina Si41, 
with indices taken modulo m, are actually conjugate in the group (see Section 9A for 
the case m = 3); hence all the numbers p;,;+1,...,i+m—1 are actually the same. In the even 


more special case with all p;.441 = 3, the equation (9C18) takes the form 


4% 1 1 1 7 B(C) 
cos’ — = —+ —cos¥ + -— = cos ; 
q 4 2 4 2 
so that we have 
2 
OSL: 
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If g = 2, then the circuit itself represents a real group; indeed, we have 0(C) = z, and 
so all inner products (v,;, v;) can be made real. 

Notice that, in general, the expression in (9C17) is not invariant under cyclic per- 
mutation of the elements in C, so that the rotation angles of the products 7} 41... i4m-—1, 
and hence the numbers )j,i+1,...i+m—1, Will not all be the same. 

More generally, while the diagonal-free circuits do not determine the periods of 
the other rotations (meaning here the products of two arbitrary reflexions), they do 
strongly restrict what values they can take. We see this as follows. We can concatenate 
two circuits C’ and C” in the obvious way: if C’ and C” share a single contiguous set of 
branches, then their concatenation is C := C’ AC” = (C’UC") \ (C’ NC”), where we 
delete the common branches and any resulting isolated nodes. We then have 


9C19 Lemma Let the circuit C = C’ AC” be the concatenation of two circuits in a 
diagram. Let C' and C" be cycles which represent C' and C", such that C’ and C" tra- 
verse the branches common to C' and C" in opposite directions. Then 


0(C) = v(C') +. (C") (mod 27). 
Proof. Let 
C' =(i(1),...,i(m—1), KO), ...,kM), C”=((),..., jf —1), kK), ..., K(0)), 
so that 
C =(i(1),...,i(m — 1), k(0), f(A), .... J — 1), KD) 


isacycle of length m + n whichrepresents C. In y(C’) and y(C”), the common branches 
of C’ and C” yield complex conjugate terms, so that y(C’)y(C”) = ay(C) witha > 0; 
hence also 


py"y(c’)- (yy (C") = (-)"*"ay(C). 


It follows that #(C) = 3(C’) + 3(C"). 


It is clear that circuits may be concatenations of other circuits in different ways, which 
will lead to syzygies among their turns. We shall discuss this further in Section 9E. 

While we could always appeal to (9C15), it is also convenient to set up a recursive 
calculation for certain Schlafli determinants; the result is routine. 


9C20 Lemma Let G be a group on C" with diagram D, which preserves a hermitian 
form, and is generated by n involutory hyperplane reflexions. Let the node 1 of D 
belong to a single branch {1,2} marked t. If A is the Schlafli determinant of D, and if 
A, and Ajp are those of the subdiagrams obtained by deleting node 1 or nodes I and 
2, respectively, then 


4 
A= Ay = cos” - Ajo. 
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A branch of the kind considered in Lemma 9C20 is usually part of a tail. A useful 
reduction shows that, for the most part, we need only consider tails in diagrams which 
are unmarked. 


9C21 Lemma Let G be a group on C" with diagram D, which preserves a hermitian 
form, and is generated by n involutory hyperplane reflexions. Let 1 be the end-node 
of a tail of D containing at least two branches {1, 2} and {2, 3}. If p23 = 3, then G 
has a subgroup H, whose diagram is obtained from D by deleting node | (and branch 
{1, 2}), and transferring the mark p := pz from branch {1, 2} to branch {2, 3} (while 
leaving all other branches and marks unchanged). 


Proof. This is straightforward; we have seen the same argument earlier. Let G = 
(S;, S2, $3,..., S,) (with the standard correspondence of generators S; to nodes /), 
and consider the operation 


(S1, Sx, 53, ---, Sn) He (S25) So, S3,..., Sp) =! (Ro, R3,.-., Rn). 
Then 
Ry R3 = SyS1S283 ~ S182 
and 


Ry Ri = 82S) SS; ~ SyS,S;S. ~ SS; (i > 4), 


and the claim follows. 


We now comment on the groups [k/m/?]? introduced in Section 9A. A suitable 
operation (change of generators) replaces the triangle and tail of m — 1 nodes and 
branches in the diagram for [k/ m?]? with a circuit of m + 2 nodes and branches. The 
operation is as follows. Label the nodes of the triangle belonging to the other two tails 1 
and 2, and the nodes of the tail of m — 1 branches 3 tom + 2, as in Figure 9C1 (the labels 
on the two tails to the left are unimportant). With S|, So, ..., Sm+2 the corresponding 
generators, the operation is 


(..., S1, So, - 6. S42)  (.-, Sn42Smgi + + 539153 > ++ Sin41Sing2, 52, +++ Sinz) 
= (..., Ry, Ro, ..., Rin42). 


This is clearly obtained by a sequence of basic operations, and so leaves the Schlafli 
determinant unchanged. The nodes in the circuit are labelled (in order) 1, 2,...,m + 2; 
all branches are unmarked save {1, 2} (from whose nodes leave the two tails) which is 


1 


2 


Figure 9C1. The standard diagram for [A/ m?]?. 
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marked q, while the circuit is marked p. Indeed, we have 


RyRy = Sina + ++ S4S3S1S3S2S4-+ + Smo2 ~ S3S1S3S2, 
Ry Rmg2 = Smn42Sm41 +++ S4$1S3 5184 °° + S41 
~ Sm425Sm41- ++ 845384 °+° Sq 


a ey m+2Sm+1SmSm+1 > 
and, fori =3,...,m+1, 


Ry Ri = Sm42 +++ $3S1S3 +++ S425; 
~ Si41S; +++ S3S1S3 ++ Sp S415; 
~ Si-1 +++ S39)S3 +++ Si Siz 
= Sj-1 +++ S351 S;415S3 +++ Sir 
~ Sy, Sj41. 


Moreover, bearing in mind that all the numbers p;,;+1,..i+m+1 for the (m + 2)-circuit 
are the same, we can now calculate the interior mark of the circuit from 


Ry R3Rq+ ++ Rmg2Ri R42 ++ Ra R3 = S251, 


giving the mark p (= p2,3,...m42.1)- 
So, for example, the new diagram for the group [3 2 4°]’ (which is actually infinite, 
and not even locally finite!) would be as in Figure 9C2. 
It is worth noting two special cases of this operation. First, g = 2 implies that p = 3 
(because then S;S, ~ S35)), and so we see from the new diagram that 


[klm3P = [kimp = Bete) 


is always finite. Second, if p = 2 (so that the corresponding branch is missing) then g 
3 (because S;.S2.53S2 ~ S53), and so we obtain an alternative diagram for [k 1 m7]? 
[3*/"—-1] with a single circuit marked 2 (and no marked branches). 


3 


Figure 9C2. The new diagram for [3 2 4°]’. 
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9D Generalized Triangle Groups 


For 2 < p,q,r,s < 00, the generalized triangle group '3(p,s;q,1) is the abstract 
group with presentation 


9D1 oo} = oF = 03 = (0102)? = (0103)! = (0203) = (01030203) = €. 


Thus I3(p,s;q,1) is a quotient of the (usually infinite) group obtained by dropping 
the last relation (01030203) = ¢. Note that the interchange of generators 0, <> 0 and 
the basic (involutory) change of generators 02 <> 03003 show that 


P(p, 837, q) = F(p, 834, r) = 7s, 4.7); 


more precisely, 0; <> 02 corresponds to g <r, and 02 © 030203 op < Ss. 

In general, the definition of ’>(p, s;q, r) says nothing about the periods of the other 
two products of involutions analogous to 01030203, namely, 0.01030; and 03070102. 
However, if, say, r = 3, then 


01030203 = 01020302 ~™ 03020102, 


showing that the latter also has period s. If p org is 3 as well, then all three (essentially) 
distinct such products have the same period (compare the discussion in Section 9A). 
In this context, it is usual to take g = r = 3 and denote the group by 


[11 1?) := F(p, s;3, 3). 


(Strictly speaking, this should denote the geometric group G3(p, s;3, 3) which we shall 
describe later. In [114], / and m are used instead of p and s.) 

Before we go on, let us also note the special case g = r. Here, there is an obvious 
involutory automorphism t of the group, such that 


TO|T = 02, TO3T = O3. 
Then the operation 
9D2 (01, 02, 03; T) F> (T, 01, 03) =: (Po, Pi, 02) 


yields the group [2p, q]2, of the regular polyhedron {2p, g}2, (see Section 7B). To see 
this, first, 


(popi)” = ToT - 0, = 0704, 
and second, 
(000102) = T0103T0103 = TOIT - 030103 = 02030103. 
In turn, of course, we can reverse the operation, by setting 
O1=P1, 02 = PoPipo, 3 = /2.- 


It is easy to see that t = / is the sole coset representative of I>(p,s;q,q)in[2p, q]s, 
and we thus deduce 


9D3 Theorem /f 2 < p,g,5 < &, then [2p, q]o; = I3(p,s34q; q) = C2. 
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We now consider finite irreducible subgroups of U3(C) generated by involutory 
plane reflexions, with a view to seeing which groups I”>(p, s;q,r) have natural linear 
representions in U3(C). We shall adopt a more geometric approach than that of Cox- 
eter [114, §3], in that we always work within U3(C) itself, rather than constructing a 
general linear representation which preserves a hermitian form, and only afterwards 
asking whether or not the group is finite. In other words, the context is that of Section 9C. 

So, let G = (S,, S), S3) be a reflexion group in C> which preserves a hermitian 
form and is generated by the involutory hyperplane reflexions S;. Usually, we take the 
standard positive definite hermitian form on C3, so that G is a subgroup of U3(C), but 
it is convenient to allow other choices. Employing the conventions of Section 9C, we 
simplify the notation by writing 


P=Pi12, G:= Pi3, VF = P23; 


recall that p,g,r > 2 (and are finite rational numbers), but for the moment, we shall 
not insist that p, g, r be integers. Actually, since the real cases are known, we may 
suppose that p, g, r > 2, although the discussion will include all possible cases. Thus, 
if 


xS; =x — 2(x, v;)U;, 
with v; a unit vector in C3, then 


1 us uA 
(v1, ¥2)| =cos—, |(v1, v3)| = cos —, | (v2, v3)| = cos —. 
P q r 
The diagram D of G isa triangle with marks p,qg,r on the branches {1, 2}, {1, 3}, {2, 3}, 
respectively (we first ignore any interior marks on the triangle). As before, we shall de- 
note the turn in the triangle by #; then 7 = arg(—y), with y = (v1, v2) (v2, v3) (U3, U1) 
(that is, we take the actual turn, not its absolute value). 

As we saw in Lemma 9B7, the group G can only be finite if the Schlafli determinant 
A corresponding to {5S,, 52, 83} is non-negative. If A > 0, we then have a positive 
definite form, which we may take to be the standard form. For a finite group, the case 
A = 0 can only occur in one of two ways, which we exclude from now on; indeed, 
either the form is degenerate (and then trivially A = 0 for any set of normal vectors), 
or the form is positive definite, the normal vectors {v 1, v2, v3} are linearly dependent, 
and {.$), $2, 53} generate a (finite) group (bear in mind that the reflexion planes all pass 
through the origin). 

Later on, we shall also investigate infinite discrete groups in the unitary plane which 
are generated by 3 involutory reflexions. For these groups, we again take the standard 
positive definite form on C3, but with linearly dependent normal vectors {vj, v2, v3}, 
spanning the plane on which the group is acting; moreover, local finiteness will require 
that any pair of these vectors be linearly independent. 

Proceeding with the general case, by (9C15) the Schlafli determinant corresponding 
to {S1, So, $3} is 


rs Ls T 4 a 
9D4 A= 1-—cos cos cos 2 cos — cos — cos — cos #. 
P q r P q r 
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Indeed, the diagram DP has three types of circuit matchings: the trivial matching 
(consisting of three single nodes) contributes the 1, the three matchings with one 
2-circuit contribute the three square terms, and finally the 3-circuit itself yields the last 
term (see (9C13)). If the hermitian form is positive definite, then necessarily A > 0, 
with A = 0 if and only if {v,;, v2, v3} are linearly dependent. 

If the period of S353 in G is finite (which is true if G itself is finite), then 
SS352S3 is a complex rotation through an angle 27/s, with s := p13 rational, which 
only depends on p, g,r and 0, and is given by 


9D5 cos” ee cos” z + 4cos ee cos = cos & cos 3 + 4 cos” z cos” E 
s P P q f q r 
(see Lemma 9C16 and (9C17)). Of course, 27/s is also the angle for the conjugate 
rotation $5 S38; $3. 
Eliminating 3 between the equations (9D4) and (9DS) yields 


a a a4 4 U TA cA 
2A = 2—2cos” 2 cos” 2 cos* — + cos* — + 4cos” — cos” cos” 
P q r P q r S 
IW TU IT IT cA TU 
= 2 —2cos” 2cos” — + 4cos* — cos” cos” cos’ —. 
q r q r Pp Ss 


Multiplying by 2 again, and using 2 cos? yw — 1 = cos 27, results in the fundamental 
equation 


20 
9D6 4A =2cos cos cos cos 
q 


This only depends on p,q,r and s (but not explicitly on #), so that we can write 
A = A(p,s;q,r). Of course, it is also symmetric between p and s, in view of the basic 
change of generators 


(S1, So, 53) Fe (S}, 535253, $3). 


Similarly, ifthe periods are finite, we also have rotation angles 27 /t for the conjugate 
pair S) S83 S» and S3S2S,S2, and 27 /t' for the pair S)S,S3S, and S325); as before, 
t := py23 andt’ := poj3 are rational. Let us briefly note how this number ¢ (and similarly, 
t') can be calculated from the data we already have. Interchanging p with g and t with 
s in the fundamental equation (9D6) (that is, interchanging the indices 2 and 3 of the 
generators) gives 


20 
4A = 2cos cos cos cos —; 
P 


hence, subtracting (9D6) from this, we find that 
2 2 2 2 2 
9D7 Ce ate = = (20s +1) (cos = co =), 
t RY r Dp q 


Observe that, as we expect, ifr = 3 then t = s (because $,S3525S3 = S,S253 Sy), irre- 
spective of the values of p and q. 
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At this point, we introduce the notation G3(p, s;q,1r) for the (geometric) group G; 
this displays the symmetry between qg and, and (to a lesser extent — see the following) 
between p and s. There is a corresponding diagram T°(p, s;qg,1), namely, 


q q 
9D8 P = p(s) 


where the latter alternative form emphasizes that s (= p32) is attached to p, meaning 
that, in the product with rotation angle 27/s, the generator represented by the node 
opposite to the branch marked p is the only one which occurs twice. The latter form of 
the diagram enables us to attach (if we wish) the corresponding label t (= p13) to q, 
and similarly ¢’ (= p213) tor. The former form now has an interior mark on the triangle, 
placed in parentheses to indicate that it is attached to p (and is generally not the same 
as t ort’). 

The symmetries between the parameters can be made more explicit. Indeed, we have 


Gp, s3r,q) = @(p,s3q.r) = G(s, p39q.r), 


meaning that a group expressed in one form can also be expressed in the two other 
forms; here, the interchanges of marks p <> s andg <r on the diagram are furnished 
by the basic equivalence S <> 53.8253 and the interchange of generators S, <> Sp, 
respectively. 

Suppose next that p = p/a, say, as a fraction in its lowest terms, with g, 7 and 5 
defined similarly. We then clearly have 


9D9 Lemma With the convention just introduced, the geometric group G>(p, 834.1) 
is a quotient of the abstract group '3(p, 54,7). 


As we saw for the abstract group and in (9D7), the case where at least two of the 
marks p, g andr are 3 is rather special. The interior mark s is then the same, whichever 
pair of the other marks we care to call p and q; it is usual now to set g =r = 3. We 
then simplify the notation for the diagram, and write instead 


9D10 P 


There is another case where we may unambiguously write the mark s inside the 
triangle (and again omit the parentheses). This is when p = gq = r; the geometry of the 
reflexion group clearly imposes the symmetry, with (9D7) implying ¢ = s, and so on. 

Now consider the case when G is finite and each of p, q,r, s (and ft, t’) is an integer; 
we have seen in Theorem 9C4 that we can assume this in order to classify the finite 
groups (recall that each of the interchanges p< s,q<t and r <1?’ leads to a 
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basically equivalent diagram). Since we know the real groups, we may suppose that 
P,9,¥ > 2 (although the excluded cases may turn up in other guises). 

First, we claim that we can obtain a diagram with a branch marked at most 4. To 
this end, we apply (repeatedly if need be) the following argument until we arrive at a 
diagram with such a branch. Ifr > 5 (say), then p <rifp<s,andgq <rifg <t. 
Note that we may obviously suppose that p < s org < t, so this will indeed apply. The 
argument itself can be verified as follows. Let p < s and p >r > 5 (say). From (9D6) 
we then obtain 


2 2 
0 -< 44 < 2e0s— (cos ~ 1) < 0, 
r q 


whatever g may be, a contradiction. In other words, if r > 5, then p <r and, by 
symmetry, g <r also, if we assume that g < t. Thus we arrive at a diagram with marks 
Pp, q less thanr. We are done if one of them is less than 5; otherwise, relabel and apply 
the same argument as before. 

We may thus suppose that we have a branch marked at most 4. As before, we take 
p<s. If, say,r = 4, then 


20 20 
0 < 4A = —cos cos 
P 


Ss 
(obtained again from (9D6)) implies the familiar condition 


ty 95" 1 
a ei Mirser} 
pos 2 


corresponding to the Platonic polyhedra. Indeed, the operation 
9D11 (Si, Sp, 53) > (S1, So, 535253) 


yields a subgroup [p, s] (with standard generators S,, S,, $32.53), whose new Schlafli 
determinant is A’ = 2A; the latter is consistent with (9D6), with p,g,r,s replaced 
by p,s, 2, p, respectively. Similarly, we also obtain a subgroup [q, t] (with standard 
generators), again with Schlafli determinant 2A. We now appeal to the fact that the 
(standard) Schlafli determinants A(/, m) (say) of the finite Coxeter groups [/, m] are 
distinct: 


A(3, 3) = 
A(3, 4) = 
A(3, 5) = 


with tT = 5(1 + 4/5) as in Section 9C. This implies at once that the pairs {p, s} and 
{q, t} must be the same, and there is thus no loss of generality in taking p = g = 3 (we 
have decided to exclude marks 2 on branches of the original diagram). Then necessarily 
s=t=3,4or5. 

Last, consider the case r = 3, with p < s as before. From (9D6) we now have 


20 20 20 
0 < 4A = —cos cos cos ; 
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from which it follows at once that at least one other mark p or q is also 3. Supposing 
it to be q, we finally arrive at 


1 
eS cos cos : 


whose solutions (with p < s) are (p, s) = (3, m) for any m > 2, (4, 4) and (4, 5). Of 
course, those groups with p = 4 have already been counted. Groups of this kind occur 
frequently; following Coxeter [114, §3], we introduce the alternative notation 


[11 1?]° :-= G(p, 533, 3). 


This is consistent with the earlier notation, because the geometric group G?(p, s;3, 3) 
and abstract group I73(p, s;3, 3) are indeed isomorphic (see [114, §3]). 

Summarizing this discussion, and restoring the real groups to the list, we see that 
we have proved 


9D12 Theorem The finite irreducible reflexion groups in unitary 3-space C} gener- 
ated by 3 planar reflexions are [p,3] with p = 3,4,5, and [1 1 1?]}° with {p,s} = 
{3, m} for any m > 2, {4, 4} or {4, 5}. In each case, the geometric group is isomorphic 
to the corresponding abstract group. 


This confirms the entries for n = 3 in Table 9A2; we observed in Section 9C that 
fllip=[11 PP =f, 3]. 


We shall see that there is indeed only one geometric group for each case of 
Theorem 9D12. In other words, any two groups with the same parameters are con- 
jugate in the group of all unitary transformations of C? (see Lemma 9D15). 

For future reference, in Table 9D1 we list the (absolute value of the) turns 7 for the 
triangle groups [1 1 1”]* (recall that the angle itself is between —z and zr). The turns 
can be calculated from (9C18), with g replaced by s (and m = 3). In Table 9D2, we 
also give generators S;, S2, S3 for these groups in standard cartesian coordinates (listed 
is the image of (€, 7, €) under S;); here, w = 5(-1 + is/3) is a cube root of unity. 

It is particularly important to note that, while the quotient mapping 


Pp. 83d NPG (p,834,") 


Table 9D1. The Turns for the Groups [1 1 1”}° 


7) Ss vo 

2) 3 a—m/p 

3 Ss 2m /s 

4 4 arecos(—1/2,/2) 
4 5 arecos(—t~2/2/2) 
5 4 2n/3 
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Table 9D2. Generators for the Finite Groups [1 1 1?]* 


(p. 5) Generators 


(3,5) Si: (,o,) 
So: (G, 7, &) 
S31 (cn, 2&0), c:= els 
(p,3) Si: (en, 68,6), c:= emlP 
So: (7, &, 6) 
S33 (&, 0) 
(4,4) Si: (-&, 7, &) 
So: (7, &, 6) 
S3: 4 +en—6,c(E +), ae teHe), c= (-1+iV7)/2 
(4,5) S,: s(E+atmn+a°t le @té —t7!n — wl, ot lé —wn+tl) 
Maat eat tee ae ee ee oe) 
S32 5 —otn — wt !¢, —w’té — t7!'n — wl, —@t'é wnt tl) 
(5,4) Si: s(E+atmn+art le até —t7!'n — wl, wt E —@ 2 + Tl) 
So: (—@*n, —&, 6) 


53: 3(E —atn—a@'t"s, wté —t!n — wl, —wt'& — wn + TC) 


(with integers p,g,7r,s%) 1s known to be an isomorphism for the finite groups with 
q =r =3, it need not be so in general. Let us give an example. First, G3(5, 3; 5, 5) 
is finite (there is no contradiction to the enumeration we carried out previously). By 
(9D6), its Schlafli determinant is given by 

20 20 20 20 
4A(5, 3;5,5) = 2cos 5 cos 5 cos 5 cos a= (cr? —ti+h=1; 
indeed, G3(5, 3;5, 5) is an alternative way of writing the group [3, 5] of the icosa- 
hedron (with generators the reflexions in the three planes spanned by the edges of a 
face of the great icosahedron {3, 3} and its centre). We may write the diagram in the 
symmetric form 


5 


As before, the symmetry is imposed by the geometry, and enables us to omit the 
parentheses around the interior mark. To verify that the group is indeed [3, 5], note 
that, from (9D7), the value of ¢ (with the same notation as before) for the group in the 
equivalent form G3(3, 5; 5, 5) is given by 


20 20 20 
COS = COS Sat eos — +1 cos — cos - 


poet (p= do 
= 
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or ¢ = 2 as required. (Following the implied basic operations leads to the standard 
diagram for [3, 5].) 

However, as we saw in Theorem 9D3, the abstract group 173(5, 3;5, 5) isa subgroup 
of index 2 in [10, 5]s. The latter is not listed in Table 8 of [131], and so is almost 
certainly infinite; in any event, it does not have order 240, as would be required for the 
isomorphism of I73(5, 3; 5, 5) with G3(5, 3; 5, 5) to hold. 

We now discuss the degenerate case A = 0, with a corresponding discrete unitary 
group in C? generated by reflexions of the form 


xS; =x —2((x,v;) — Bu; Gi = 1, 2,3). 


As before, (-, -) is the standard positive definite hermitian form on C?. When A = 0, the 
normal vectors {v1, v2, v3} all lie in a plane, and since we are only interested in locally 
finite groups, we can further assume that any two of them are linearly independent. 
We can also take all but one 6; equal to zero. Then it is clear that G := (S), Sp, S3) 
acts as a reflexion group on the unitary plane spanned by {v, v2, v3}, which we identify 
with C?. 

Now Theorem 9C9 tells us that the marks on any diagram of G can only be the 
crystallographic numbers 2, 3, 4, 6 or oo. These diagrams only permit basic operations 
for changing generators; indeed, operations like those in (9C1) are excluded, because 
if p € {2, 3, 4, 6}, then the only m for which (p, m) = 1 satisfym = +1 (mod p). (To 
the contrary, notice that for p = 5 or p >7, there always is anm #4 +1 (mod p) such 
that (p, m) = 1, which provides a striking contrast with the crystallographic numbers.) 

At this point, it is worth remarking that local finiteness is not necessarily preserved 
by basic operations. As examples, we have 


[4, 4] = 73(2, 0034, 4), [3, 6] = I73(2, 0033, 6). 


More subtle examples occur with more generators. 

We now enumerate the discrete unitary groups G in C” which are strongly locally 
finite, meaning that G is locally finite with respect to not only the original set of gener- 
ators {5}, S2, 53}, but also the three sets of generators derived from {5;, $2, 53} by the 
three basic operations S$; <> $3783, S3 <> $2S3S> or S3 <> S835), which interchange 
pos.q<torr <M, respectively. In other words, G is strongly locally finite if and 
only if all six numbers we introduced earlier, namely, p, qg,7r, s, t and t’, are finite. We 
shall assume this from now on. 

When A = 0, the formula (9D6) is still valid and shows that 

2 20 20 20 
9D13 2 cos cos cos cos = 0. 
q r P s 
If a mark 2 occurs among p, q,r ors, then the group is real. If this mark is p,q orr, 
then we have a linear diagram; in this case, we first make the non-zero 6; real so that the 
translation part of the generator 1s real, and then rescale the normal vectors for the other 
two generators so that the inner products of all three vectors are real. If (only) s = 2, we 
first obtain a linear diagram by applying the basic change of generators S, <> S35)53, 
and then proceed as before. (In changing the generators, we may also have to change 
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the origin to ensure that our conditions on the v;’s and 6;’s continue to hold.) Thus the 
group is real if a mark 2 occurs, and since the infinite discrete euclidean groups are 
known, we may exclude this case from now on. 

We may now take p,g,r,s € {3, 4, 6}. To begin with, if (say) gq = 4, then we have 


20 20 
cos — + cos — = 0; 
P S 


hence 1/p + 1/s = 1/2, so that 
{p, s} = {6, 3} or {4, 4}. 


Let us treat the latter subcase first. We now have two marks 4 on the branches, so we 
relabel, and call these g andr (this leads to a permutation of the labels s, ¢, t’). The same 
argument shows that (the new) {p, s} = {6, 3} or {4, 4}. We give explicit generators for 
the two possible groups, and check discreteness. 
In fact, we can treat the two groups together. Let p, s be such that 1/p + 1/s = 1/2. 
The normals v;, v2 and v3 can be taken to be 
i, i i ey | 
Up = Te ; ), V2 = V2 
where gy := e”'*/?, with the corresponding constants B; given by 8; = Bz := 0, B3 := 4. 
Thus, with x = (€, 7), we have 


(-1, ~), U3 = d, 0), 


x S} a (n, §), 
xS2 a (n, g&), 
xS3 = (1 —&,n). 


For discreteness, we need p = 3, 4 or 6, but we know that we can subsume the first case 
under the last. We observe that we have a translation T := ($.$2.S3)(S2S,$3), which is 
such that 


xT =x+(1-—@,0). 


When p = 4, it is not too hard to check that the set of images of o = (0, 0) under 
the group G := (S,, 52, S3) is precisely D*, with D := Z[i] the Gaussian integers. It 
follows that G is discrete (indeed, if one orbit of a group is infinite and discrete, then 
all orbits are discrete). Further, a little calculation shows that the translation subgroup 
of G, generated by T and its conjugates, is naturally to be identified with (1 + 7)D”. 

For p = 6, with only a little more effort than that in the previous case, we may check 
that the set of the images of o = (0, 0) under the group G := (S;, $2, S3) is precisely 
G?, with G := Z[a] the Eisenstein integers. It follows that G is discrete. Further, G? 
is also naturally to be identified with the translation subgroup of G (again generated 
by T and its conjugates). 

With q andr both different from 4 (and so equal to 3 or 6), we now have 


20 
cos + cos =+-, 
2) Ss 
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according asg = r org #r.For{q,r} = {3, 3} or {6, 6} the solution is {p, s} = {4, 6}, 
while that for {qg,r} = {3, 6} is {p, s} = {3, 4}. Tracing through diagrams by basic 
operations actually shows that these are all different ways of representing the same 
group. In fact, these give all five essentially different ways of generating the group; note 
that the diagrams corresponding to (p, s;q,r) = (6, 4;3, 3) and (3, 4; 3, 6) coincide 
after suitable relabelling. 

If we take the diagram in the form (p, s;q¢,1r) = (6, 4; 3, 3), the normals v,, v2 and 
v3 can be taken to be 


WS MCL I+), = MoI VI-), v5 =(0,0), 
with the corresponding constants 6; given by 6; = £2 := 0, 63 := 1. Thus, 
xS; = AG + (V2 — i)n, (V2 +: i)E — 7), 
xSp = ME+(V2+i)n, (V2 — ‘DE — 0), 
x 83 — (2 > es n). 


It is useful to note that complex conjugation interchanges v, and v2, and hence acts on 
the group G := (Sj, $2, 83) as an outer automorphism which fixes $3 and interchanges 
S; and Sj. With this choice, we eventually find that the image-set of o = (0, 0) under 
G is 


V :={(a + iBV2, yV2 +15) | a, B, y, 8€ Zanda =5 = B + y (mod 2)}. 


Since —I = (S,S))° € G, it follows that V must be a lattice (that is, a discrete group 
under addition). Further, T := ($$) .$2.$3)(S1 SS, $3) is the translation 


xT =x+(2,2i), 


and this and its conjugates generate the translation subgroup of G, which can be iden- 
tified with a subgroup of index 4 in /. 
If we identify V with real vectors in E*, so that 


(a + ipV2, yV2 + id) (a, BV2, yV2, 8), 


and perform the rotation 


1 1 
—=(é2 + &3), Wr — &3), &4 


(€1, &, &, &4) b (a Bi ), 


then we obtain the set 
{a,B+y,B-—y,4)| a, B,y,6 € Zanda =5 = 6+ y (mod 2)}. 


This just consists of the integer vectors with all coordinates either even or odd; in other 
words, this is the vertex-set of the regular honeycomb {3, 3, 4, 3}. 
Summarizing this discussion, we now have 
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4 4 


Figure 9D1. The infinite discrete unitary groups in C”, which are generated by 3 involutory 
reflexions in C’, and are irreducible, non-real, and strongly locally finite. 


9D14 Theorem The infinite discrete unitary groups in C, which are generated by 3 
involutory reflexions, and are irreducible, non-real, and strongly locally finite, are the 
three groups with the diagrams of Figure 9D1. 


In the first and third group, the numbers s, ¢ and ft’ all coincide, and no parentheses 
around the interior mark are needed; for the second group, we haves = 3 andt = ¢' = 4, 
and so parentheses are required in this case. For these diagrams, we do not know if the 
corresponding geometric groups G?(p, s;q,1r) and abstract groups I™3(p, s;q,r) are 
isomorphic (but we suspect not). 

We should observe that the first and second of these infinite groups have not previ- 
ously appeared in the literature, although they were announced at a conference several 
years ago (and found by McMullen many years earlier). It might initially be thought 
that the second and third groups (in which 3, 4 and 6 all occur as marks) could be 
the same. However, to see that they are indeed different, simply note that there are 12 
translation vectors of minimal length for the second, and 24 for the third. 

It remains to show that these infinite groups, as well as the finite groups listed in 
Theorem 9D12, are indeed uniquely determined by their diagrams. In the finite case 
this would mean that any two geometric groups with the same diagram are conjugate 
in the group of all unitary transformations of C?. In the discrete case we must of course 
allow conjugacy in the group of all similarity transformations of C? (to account for 
different values of the non-zero 6;). Both cases are covered by the following 


9D15 Lemma Let p,q,7r,s be rational numbers with p,q,r > 2 ands > 2, and let 
gq =r. Let G = (S|, S2, 83) and H = (1, To, T3) be geometric groups with a diagram 
as in (9D8), where G and H act on either unitary 3-space C} if A > 0, or the unitary 
plane C? if A =0. Then G and H are conjugate in either the group of all unitary 
transformations of C? if A > 0, or the group of all similarity transformations of C? if 
A=0. 


Proof. Let 


xSj = x — 2((x, vj) — By)vj, 
xT =x —2((x, uj) — yj)uy, 
with unit vectors v;,u; (in C? or C’) and scalars £;, y;. Again, if A > 0, we take 


6; =y; = 0 forall 7; if A = 0, we take £3, y3 4 0, and 6; = y; = O for j = 1,2. We 
now load the turns %& and vy, (say) for the triangle onto the branch {1, 2}. In other 
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words, we take 


0G 
) 


ui, IT aa 
(v1, v2) = —cos —e (v1, v3) = —cos—, (v2, v3) = —cos—, 
P q r 


(u1, U2) = —cos 7 itn, (uy, U3) = —cos - (uz, U3) = —COs 

where 0G = arg(—yc) and 0, = arg(—yz), with yg := (v1, v2)(v2, V3)(v3, vy) and 
Vo t= (U1, U2)(u2, U3)(u3, Uy), respectively. We now appeal to (9C17), which relates 
the rotation angles 27/s of S; 3S); and T, T3773 to 0g and 0, respectively. Indeed, 
the cosine of the turn is completely determined by p, q,7,s because p,q,r > 2. It 
follows that cos ¥g = cos 07; hence 0y = £VG. 

We first treat the case A > 0 (recall that A depends only on p, q,7r, 5, so that the 
Schlafli determinants for G and H are necessarily the same). Now {v1, v2, v3} and 
{u1, U2, U3} are bases of C?. If 0g = by, we have (uj, uj) = (u;,v;) for alli, 7. But 
then v; +> u;(j = 1,2, 3) induces a linear isometry R of C? such that R-'S;R = T; 
for all 7; hence R-'GR = H. If 3} = —vG, then we relabel the generators of H and 
set T/ := Th, T; := T, and T; := T3, with new normal vectors wu, := u2, wu := wu, and 
u ‘= u3. Since g =r, we again have (w;, w';) = (v;, v;) for all i, 7. Then v; +> w/, 
(Gj = 1, 2,3) defines an isometry R such that R7'S;R = T, R7'SR=T, and 
R7!$3R = T;, and so again R-'GR = H. 

If A = 0, then the groups act on C?. If v3 = Av; + v2 (say), then the two lin- 
ear equations obtained from (v;, v3) and (v2, v3) show that 2 and wz are determined 
by p,q,r and vg. Hence, if dg = ty, then we also have u3 = Au, + uz, with the 
same i, pt as for v3. Set v := 73/83. Then vj + vu; (j = 1, 2,3) defines a similar- 
ity transformation R which maps the reflexion plane of 5; onto the plane of 7; for 
each i; therefore, R~'S;R = T; for each i, and hence again R-'GR = H. Finally, if 
0H = —UVG, we first relabel the generators of H as before and obtain a new set of vec- 
tors {u', w5, u’} such that (w;, u’;) = (v;, v;) foralli, 7. Nowv; > vu, (j = 1, 2,3), 


with the same yj as before, yields a similarity transformation R with R~!S;R = T, 
R7!S)R = T, and R~!S3R = T3, and so again R“'GR = H, as required. 


We conclude this section with remarks about the case A < 0, which has basically 
been ignored so far. However, this case comes up naturally when we want to con- 
struct a representation of an arbitrary abstract group 73(p, s;q, 1) as a reflexion group 
G3(p, s3q,1r), with integers p,q,r,s > 2. We later need the existence of such groups 
for more general parameters than those of the finite or infinite discrete groups. As be- 
fore, this involves solving the corresponding equations for the unit vectors {v;, v2, v3}, 
namely, 


uw 4 a 
9D16 (v1, v».) = —cos—e’”, (v1, v3) = —cos—, (uv, v3) = —cos—, 
P q r 


where the turn # (loaded on the branch {1, 2}) is related to p, g,r, s by an equation as 
in (9C17). (We are ignoring here other possibilities arising from choosing non-standard 
generators in the dihedral subgroups (S;, S;) and (S;, 5;S;5;) ofthe geometric group.) 
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We concentrate on the case g = r = 3, which is the most interesting for us. Now we 
can take (9C18) rather than (9C17), and obtain 
cos a cos 3 = cos? aes cos” ee -, 
P s po 8 
giving the turn # in terms of p, s. For the finite groups, this yields the turns listed in 
Table 9D1. We also have an analogue of Lemma 9D15 in this case. 

We now reverse our approach (see also [114, §2,3]). Rather than finding the unit 
vectors which satisfy the equations for a given hermitian form (in the above, the stan- 
dard positive definite form), we now pick any basis {v;, v2, v3} of C> (we use the 
same notation as before), and define a hermitian form by specifying its Gram matrix 
on this basis as in (9D16). If the resulting form is positive definite, we are back in 
the previous case. If it is positive semi-definite, then its radical must necessarily be 
1-dimensional; now Lemma 9B19 shows that we can view the group as acting on C?, 
equipped with a positive definite form; hence we are in the degenerate case A = 0. 
Finally, if the form on C? is indefinite, then the group must necessarily be infinite 
(see Lemma 9B7). In either case, the corresponding geometric group is denoted by 
[1 1 1]. The finite groups are just those of Theorem 9D12. There is only one non-real 
infinite discrete unitary group (with g = r = 3), obtained with (p, s) = (4, 6) or (6, 4) 
(see Theorem 9D 14). All other groups [1 1 1”]° preserve an indefinite hermitian form 
and are infinite. In particular, the abstract group I3(p, s;3, 3) is infinite whenever the 
geometric group G3(p, s;3, 3) = [1 1 1?]° is infinite. We already know that the two 
groups are isomorphic when they are finite. 

In summary, we have proved 


9D17 Theorem Geometric groups G>(p, s;3, 3) with a diagram as in (9D 10) exist for 
all p,s > 3 and for {p, s} = {3, 2}. Both P>(p, s;3, 3) and G?(p, s;3, 3) are infinite 
unless {p, s} = {3, m} form > 2, {4, 4} or {4, 5}. 


9E Tetrahedral Diagrams 


As we have already intimated, when n > 4 our methods do not easily lead to a solution 
of the analogous problem of classifying the finite unitary groups in C” generated by n 
involutory hyperplane reflexions. To a certain extent, inductive techniques will work. 
For instance, each subgroup generated by n — 1 of the reflexions can be transformed 
(in practice, if perhaps not in theory) into a standard form by basic operations. This 
then severely restricts the forms which the remaining subgroups of this kind can take. 
However, there is no way of ensuring that a// these subgroups can be nicely presented 
simultaneously. Nevertheless, in certain cases, these methods do lead to significant 
insights. 

One small problem which we encounter is the following. If we decrease the (integer) 
mark on any branch of the diagram ofa finite Coxeter group, then we obtain the diagram 
of another finite Coxeter group. Actually, a bit more is true. If the group is locally finite 
(that is, any subgroup generated by m — 1| of the generating reflexions is finite), but is 
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infinite and acts discretely on E” for some m, then decreasing any mark again yields the 
diagram of a finite group. Unfortunately, for our unitary groups, the analogous results 
are false. For example, the discrete infinite group [1 1 14]° can be represented by a 
diagram with all branches marked 6, and the triangle marked 4, namely, the following: 


6 


However, if we lower the triangle mark to 3, while the new Schlafli determinant is now 
positive (namely, 1/8), we do not obtain a finite group. Indeed, the calculation for the 
corresponding turn ? from (9D5) gives 


cos 3 = ( cos” di cos” a 4 cos” i cos” s 4cos a cos ue cos ue 
3 6 6 6 6 6 6 


which is nonsensical! So, while as a rule of thumb similar considerations to those for 
Coxeter groups do apply, care must be taken to check each instance. 

Our main purpose in this section is to investigate certain groups '(D) defined 
by tetrahedral diagrams D. These groups are of importance for the enumeration of 
corresponding locally toroidal regular polytopes (see Chapter 11); the relationship is 
that such a group I’\(D) can be twisted to yield the appropriate C-group. (It should 
be emphasized that the twists may be “abstract”, and so not necessarily realizable 
geometrically by means of, say, complex conjugation; however, see also Section 11D.) 
With these applications in mind, by and large we shall not attempt to classify groups 
which do not admit suitable twists. 

However, we begin the discussion with those diagrams consisting of a triangle with 
a tail (these are degenerate tetrahedral diagrams). Many of these do permit a twist, and 
are important to the investigations of Chapters 10 and 11. Nevertheless, since we know 
that all the finite reflexion groups have diagrams of this kind, they are clearly of great 
importance, and so naturally get referred to frequently. 

The general triangle with tail is as in Figure 9E1, with integers p,q,r,s,t > 2. 
As usual, the (involutory) generator S; of the corresponding geometric group G := 
G4(p, s3q,1;1t) is associated with the node labelled 7. The group now acts on C*, with 


Figure 9E1. The diagram 7,(p, 539,731). 
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generators given by 
x8; =x — 2((x, v;) — Bj )v;, 


where, as before, (-,-) is a hermitian form, v; a unit vector and 6; a scalar. In our 
applications, we usually take the standard positive definite form on C*, so that A > 0 
gives the finite groups in C*, and A = 0 the infinite discrete groups in C*. Again we 
may take 6; = 0 for either all j if A > 0 (or A ¥ 0), or all save one j if A = 0. Recall 
that, for a finite group G, the generators S|, ..., Sy can be chosen so that the branches 
of any diagram basically equivalent to that of S|, ..., S4 bear only integer marks (see 
Theorem 9C4). For infinite discrete groups G, the branches on any diagram of G can 
only be 2, 3, 4, 6 or co (see Theorem 9C9). 

Now, after a little simplification, from (9D6) and Lemma 9C20, or directly from 
(9C15), we find for the Schlafli determinant A = A(Za(p, s;q,1;1)) the expression 


20 20 2n ( 20 ) 20 
9E1 4A =2cos cos cos 1 —cos cos iF 
q Pp t 
which only depends on p,q,1r,5,t. 

In fact, we can make some initial observations about strong local finiteness. (As in 
the previous section, we call G strongly locally finite if G is locally finite with respect 
to not only the original generators {S,..., 54} but also those obtained by applying a 
single basic change of generators S; +> S;,SjS, to {5}, ..., S4}.) If the branch {3, 4} 
carries a mark ft > 3, then {1, 3} and {2, 3} cannot, nor can such a mark be brought on 
to {1, 3} by the basic operation S$, t+ $,.$).S) (the new mark would be g ifr = 2, or s 
if g =r = 3). Thus any such non-linear diagram (with ¢f > 3) can only be of the form 


The first is the diagram for [3, 3, t], as the previous basic operation shows, and so yields 
a finite group only for t = 3, 4, 5 (we have restored tf = 3 to this list); indeed, since 
formula (9E1) can be simplified to 
20 
8A = 1 —3cos a 


the condition A > 0 gives t < 27/ arccos i. For the second, (9E1) gives 


20 20 
4A= 1 — cos cos : 
Pp 


t 


Clearly, for any p, this is non-positive whenever t > 3 (but positive when ¢ = 3). 
When ¢ = 4, so that A = 0, the crystallographic restriction of Theorem 9C9 allows 
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only p = 2, 3,4 or 6, the first case being real; one can show that the corresponding 
group genuinely is discrete (see [114, §8]). 
When ¢ = 3, the original diagram is 


P(s) 


9K2 


and the Schlafli determinant is given by 


20 20 20 20 
9K3 8A = 4cos cos cos 2 cos 1. 
q Pp Ss 


In practice, it is often easier to use Lemma 9C20 directly, and write 
1.42 
A= A4—-— - sin’ —, 
P 


where Az is the Schlafli determinant of the triangle group. This has the advantage that 
the basically equivalent diagrams obtained by the change of generators S; +> S,Sj Sz, 
with {7, 4} = {1, 2}, are treated together. 
In effect, we already noted that G*(p, 3;3, 3;3) = [1 1 2?}° is always finite; the 
Schlafli determinant is 
1 20 1.42 
A= 1 — cos =-—sin > 0. 
P 4 Pp 
The case p = 2 is the real (Coxeter) group D4. Further, with p = gq =r = 3, we have 


1 20 
8A = = —2cos —; 
2 Ss 
if A > 0 (or evenif A > 0), we must have s < 4. This yields the finite groups [1 1 2]* 
with s = 2, 3,4. 

For the remaining finite groups witht = 3, we have p < Sands < 5, and the triangle 
is obtainable from [3, 4], [3, 5], [1 1 1*]* or [1 1 14} by basic changes of generators. 
Indeed, since the triangle group is finite and necessarily g,r < 5, we first eliminate 
choices for p,qg,r,s by appealing to arguments similar to those used in the proof of 
Theorem 9D12, and then employ the recursive formula for the determinant to reduce 
the list further. Excluding the real groups, which we can handle directly, the details for 
the first step are as follows. 

If, say, r = 4, then Aq > 0 implies that {p, s} = {q, ty} = {3, 3}, {3, 4} or {3, 5}, 
where f, is the mark on the triangle attached to g (we cannot have g = 2 or t, = 2 for 
a non-real group). 

If, say, r = 3, then A, > 0 yields a condition symmetric in p, g, s, which implies 
that at least one of p, g, s is also 3 and that the pair of the other two is {3, m} (m > 3), 
{4, 4} or {4, 5} (again, p, g or s cannot be 2 for a non-real group). 
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Finally, if¢ =r = 5,then Ay > Oimplies that p < Sifp < s(andq < Sifg < ty); 
now relabelling leads us back to the two previous cases. 

For the remaining possibilities, a basic change of generators will take the triangle into 
a finite group [1 1 1']” (with the standard diagram), and so Ay must be the (standard) 
Schlafli determinant of [1 1 1/]”. With the recursive formula for the determinant, we 
can now further reduce the list as follows. 

For p = 5, we can eliminate [1 1 1°]* with Ay = j1~? as a possibility. However, 
the real group [5,3], appearing as G3(5, 5;3, 2), G°(5, 2;5,3) or G3(5, 3;5, 5), is 
permitted; the resulting group is [5, 3, 3]. 

With p = 4, we can also eliminate [1 1 1+] with s = 4 or 5; for the former A = 0, 
and we obtain a discrete infinite group (for example, in the form [1 1 2*]*). But the real 
group [4, 3], appearing as G>(4, 2; 4, 3), is permitted, yielding the group [4, 3, 3]. 

Finally, with p = 3, the only possibilities for the triangle which have not been 
mentioned so far are [1 1 1]* and [3, 4], which can appear additionally as G3(3, 3; 3, 4) 
and G3(3, 3; 4, 4), respectively, resulting in the groups [1 1 2*]° and [3, 4, 3]. This now 
exhausts the list of possible groups. 

Let us summarize this discussion. We write "4(p, s;q,1r;t) for the abstract group 
determined by the diagram relations; this has generators 01, .. . , 04 (say), and is defined 
by the standard Coxeter-type relations (for the marked branches), and the single extra 
relation (01030203) = € (represented by the interior mark of the triangle). We now 
have 


2 


9E4 Theorem 4 finite irreducible reflexion group G*(p, s;q,13t) in unitary 4-space 
C+ whose diagram T,(p, s;q,131t) is a triangle with a tail is one of the following (some 
groups are listed more than once): 


(a) G*(3, 2;3, 3;t) = [3, 3, t] fort = 3,4, 5; 

(b) G*(p, 3; 3, 3;3) =[1 1 2?) for p > 2; 

(c) G43, 533, 3;3)=[11 23)5 = [1 1 2] for s =2,3,4, and G4(3, 3:3, 4; 3)= 
[1 1 2)'; 

(d) [3, 3, 4] and [3, 3, 5], but not as in the first part, or [3, 4, 3]. 


In the first three parts, the groups are isomorphic to the abstract groups determined by 
the diagram relations. 


In Chapter 11, we also require the existence of certain reflexion groups 
G*(p,s3q,r;t) which are infinite. We concentrate again on the case g =r = 3, 
which is the most interesting for us. Similar arguments to those for the triangle group 
G3(p, s;3, 3) apply in this case and prove that a group G4(p, s;3, 3; 1) exists whenever 
Gp, S33, 3) exists and ¢t > 2. In other words, we pick a basis {v), ..., va} of C4 and 
specify the Gram matrix of an hermitian form on this basis as dictated by the diagram. 
For G4(p, s;3, 3; 1), the defining equations comprise those of (9D16) (withg = r = 3) 
and, in addition, 


IU 
(v1, V4) = (v2, v4) = 0, (3, v4) = —COS Fi 
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If the triangle represents a finite group (this is the only case we really need), then 
we choose the turn 7 in (9D16) as in Table 9D1. Then three cases can occur. If the 
resulting form on C‘ is positive definite, we are back in the previous enumeration. If it is 
positive semi-definite, the radical must be |-dimensional, and the group can be viewed 
as acting on C?, with a positive definite form (see Lemma 9B19); this corresponds to 
the degenerate case A = 0. Finally, if the form on C’? is indefinite, then the group must 
necessarily be infinite (see Lemma 9B7). 

The following theorem summarizes the results for those diagrams which occur in 
the enumeration of locally toroidal regular polytopes. 


9E5 Theorem Let (p,s) = (p, 3), (3,5), (4, 4), (4, 5) or (5,4), and let t = 3,4 or 
5. Then there exists an infinite geometric group G*(p, s;3,3;t), and so the abstract 
group I*(p, s;3, 3; t) is also infinite, unless p, s and t are as in the first three parts of 
Theorem 9E4. 


We need one further comment, which applies in the context of a general hermi- 
tian form. The geometric groups, corresponding to the diagrams, are C-groups, as 
we can see from the geometry (see Section 9B). The corresponding abstract group 
I'*(p, s:q,1;1) is then also a C-group; this follows from a variant of the quotient crite- 
rion Theorem 2E17, since the natural homomorphism which identifies the generators 
o; of the abstract group with the generating reflexions S; of the geometric group is one- 
to-one on at least one 3-generator subgroup. This establishes 


9E6 Theorem For the diagram Ta(p,s;q,r;t), if the geometric group 
G4(p, s3q,1;t) exists, then both G*(p, s;q,r;t) and '4(p, s;q,13t) are C-groups. 


We now come to general tetrahedral diagrams, which play an important role in 
Chapter 11. When n = 4, we have the following obvious remark; here and else- 
where, we employ the notation and terminology of Section 9C. In particular, if C := 
G1), ..., j(m)) is a cycle in a diagram, we set 0 (1)... ;¢m) 7= O(C). 


9E7 Lemma [/f all the branch marks on a tetrahedral diagram with nodes 1, 2, 3,4 
are at least 3, then the turns of the triangles satisfy 


9E8 Do34 — 0134 + Vi24 — V123 = O(mod 27). 


Proof. The 4-cycle C := (1,...,4) in the diagram can be viewed in two ways as a 
concatenation of 3-cycles, each determined by a diagonal of C. From Lemma 9C19 we 
then have 


0123 + Yi34 = V1234 = Vo34 + Vi24 (mod 277); 


hence the result follows at once. 


We can now put our finger on one of the main problems. When we specify a triangle 
group by means of a diagram, say on the nodes 1, 2 and 3, we may give the marks 
P12) P135 P23 and (let us suppose) p32. If all these marks are at least 3, then this only 
yields the group and its generators geometrically up to a choice of sign of the turn 
0132 (see the proof of Lemma 9D15). It follows that, when we attempt to construct a 
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4 


a 


Figure 9E2. The diagram Ty(q1, ..., 94). 


tetrahedral diagram out of compatible triangular diagrams, then this ambiguity of sign 
may possibly yield different groups. (In fact, we shall give a specific example of this 
phenomenon later.) 

Consider first the tetrahedral diagram D = Ty(qi,..., 94) of Figure 9E2, whose 
branch marks are all 3 (and are therefore omitted), and whose triangle marks (which 
are now unambiguous) are integers q1, 92, 93, 4 (= 2), with qg; the mark on the face 
opposite to the node 7. Let '(D) = (oj, ..., 04) be the abstract group corresponding 
to D, which is the Coxeter group determined by the unmarked tetrahedron, factored by 
the extra relations 


(ojo ;0,0;)" =e, with {i, j,k, m} = {1, 2, 3, 4}. 
Any attempt at constructing a (locally unitary) representation 
r:I(D)> G=(S1,..., 84) © GL4(C), 


with G preserving an hermitian form, must bear in mind (9E8) when it applies, which 
it certainly does here. As we saw in Section 9D, the turn on the triangle opposite node 
i is +27/q;; we conclude that the g; must satisfy the relation 


1 1 1 1 

9E9 = 0(mod 1), 
4 420C«d3 4 

for suitable choices of signs. 

Now there are just two (essentially) distinct cases where the diagram may permit a 
twist in order to yield a string C-group. First, the g; are equal in pairs, say gq; = q2 = s 
and q3 = q4 = q (the notation is chosen to conform with a more general diagram in the 
following). It is trivial to choose signs so as to satisfy (9E9). Indeed, unless s = gq = 2 
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or 4, or (say) s = 3 and g = 6, the only solution (up to permutation if s = q) is 


<(-Da(j-D-* 


(Note that, if s = 2, then we could change a sign in the first term and sum to +1; 
however, this yields nothing new.) The case s = g = 2 conceals the group [3, 3, 3] of 
the 4-simplex, as we shall see. For s = g = 4, we also have 


9£10 eae soho 
4 4 4 4 
and for s = 3 and g = 6 we have 
I We. hl 
9F11 G%a hea 


we shall comment further on these later. 

In the general case, given a geometric group G, we can load the turns +277/s on 
the branch {3, 4}, and the turns +277/g into {1,2}. Indeed, by rescaling the normal 
vectors (if need be), we can ensure that (v;, vj) = -5 (= —cos 7) for all {7, 7}, except 
{1, 2} and {3, 4}; the latter determine the signs of the turns. (There are four possibilities 
for choices of sign each leading to a group G. Any two such groups are conjugate in 
the group of unitary transformations of C*, by arguments similar to those used in the 
proof of Lemma 9D15.) We evaluate the Schlafli determinant A, using (9C15). The 
only extra information to be noted is that the three circuits of four branches have turns 
0 and +(27/q + 27/s). Thus we have 


1 1 
A=1-6: Tae 2) GCs age 


1 1 2n 20 ) 1 (= Qn ) 
cos + cos ; 
8 8 qd Ss 8 qd Ss 


from which we easily deduce that 


20 20 
9F12 164 =9~4( cos +2) (cos —* +2), 
Ss q 


For A > 0 (that is, for the finite groups), we see easily that the only solutions 
of (9E12) are {s, gq} = {2, 2}, {2,3} and {2, 4}. Here, we have actually just found an 
alternative diagram for [1 1 2]’, as we can see using the basic change of generators 
Sa +> 35453. Further, of course, the case g = 2 as well gives [3, 3, 3]; the generator 5; 
can be represented by the transposition (i 5), fori = 1,..., 4. Observe that s = gq = 3 
gives A = 0, a specific example of the same more general case which we shall meet 
later. 

The other case is, say, 1 = P, 92 = 43 = qa = q. Excluding the case p = q which 
was covered previously (but we shall need to bear it in mind for applications), we see 
that the only choice of signs to satisfy (9E9) is effectively 
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which results in g = 3p. (Changing the signs of the fractions 1/q and summing to 1 
actually yields nothing new, because of the restriction that p and g be integers, with the 
exception of the excluded case p = q = 4. Note that the case (p, q) = (2, 6) can occur 
here in two ways, because the terms can sum to 0 or 1.) By rescaling the normals of G 
(if need be), we can now load the turns 277/q on the branches {2, 3}, {3, 4} and {4, 2} 
(we write the last branch this way to hint at the corresponding orientation). We again 
use (9C15) to calculate the Schlafli determinant. The three circuits of four branches 
each have turn +477/3 p, and so A is now given by 
1 1 1 2x 1 2n 1 An 


A=1-6--+3- 3-—cos cos 3-—cos ; 
4 16 4 3p 4 Pp 8 3p 


which after simplification yields 


9 20 3 20 
9E13 16A = 1 — 12 cos" — — locos” —. 
3p 3p 
Bearing in mind that p > 2 is an integer, we easily see that (9E13) has no solutions 
with A > 0 (or even A = 0). 

If we wish to consider diagrams 74(q1, 92, 93, ga) which have less symmetry, then 
many more possibilities present themselves. We have no interest in fully investigating 
them here; suffice it to remark that there is evidence that none of them corresponds 
to a finite group. For instance, a comparatively crude estimate shows that the Schlafli 
determinant A < 0 if all g; > 5 (whatever signs are carried by the turns), so such a 
group must necessarily be infinite. If we then set (say) gi = 2, 3 or 4 in turn, and 
exclude the trivial cases where g; = q; occur with opposite signs, then a little work 
shows that this effectively restricts the set {¢), 92, 93, qa} to a finite (if rather long) 
list. It would be tedious to go into more detail, particularly since we do not need such 
diagrams. However, to illustrate the general principle, take gq, = 2, g2 = 3, andq3 =r, 
qa =s withr < s. The two equations 

1 1 11 


= = -t-=1, 
rae ate” 


which imply that 1/r + 1/s = 1/6, have integer solutions 


(r, s) = (7, 42), (8, 24), (9, 18), (10, 15), (12, 12), 
or 
(r,s) = (2, 3), (3, 6), (4, 12), (5, 30), 


respectively. In any event, 


1 ( 2a =) 
A= cos + cos ; 
4 r S 


which is negative unless r < 3 (and is zero when r = 3). The only case with A > 0 is 
r = 2, which we have already met. 
We can summarize this stage of the discussion as follows. 
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9E14 Theorem Geometric groups in C* exist for all diagrams Ty(s,s,q,q) with 
S,q > 2, and for all diagrams Ta(p, 3p, 3p, 3p) with p > 2. The only groups which 
are finite (indeed, finite irrespective of compatible choices of sign of the turns) are 
those with s = 2 and q = 2,3,4 (up to interchange of s and q). The corresponding 
finite group is [1 1 2]4 = [1 1 23]4, and is isomorphic to the abstract group defined by 
the diagram relations. Furthermore, whether finite or not, the geometric and abstract 
groups with diagrams T4(s,s,q,q) and Ta(p, 3p, 3p, 3p) are C-groups. 


Proof. The parts of the theorem which have not been mentioned hitherto are the first 
and the last two. For the last two, note that the basic change of generators Sy <> $3584.83 
transforms the diagram 74(2, 2, g, q) into that of [1 1 2]%. The abstract group defined 
by 74(2, 2, g, q) permits the same basic change of generators, which again transforms 
the diagram into that for [1 1 2]; since we know from Coxeter [114, §4; 116, §4] that 
the abstract and geometric groups are isomorphic in these cases, this completes the 
proof. Both abstract and geometric groups are C-groups, for the same reason as that in 
Theorem 9E6. 

For the first part, we employ the same technique as that for triangles with tails 
(see Theorem 9E5). Having chosen a basis {v),..., v4} of C*, each triangle in the 
diagram determines a set of three equations for (v;, v;) as in (9D16) (here applied 
with p = q =r = 3). In the equations for 74(s, s,g, q), we load the turns 0 = 27/q 
or 27 /s on the branches {1, 2} or {3, 4}, respectively; for T4(p, 3p, 3p, 3p), the turns 
21/3 p are loaded on {2, 3}, {3, 4} and {4, 2}. In each case the six equations specify 
the Gram matrix of a hermitian form on C*. Now we are in the same situation as 
before. In particular, the positive definite forms give the finite groups we have already 
enumerated. The positive semi-definite forms yield infinite groups in C*, namely, those 
obtained previously for A = 0; the only possibility is 74(3, 3, 3, 3), giving a discrete 
group. Finally, if the form is indefinite, then the group is infinite. 


Before we move on, let us also consider the anomalous cases of (9E10) and (9E11). 
The first, in fact, can be treated in the same way as the case gq) = p,q2= 43 = G4 =, 
but now with p = ; and g = 4 (note that 3 = -4 (mod 1)); in particular, the assign- 
ment of turns to branches is the same. The corresponding Schlafli determinant is just 
that of (9E13) with p = ;, and so A = 1/16. Though this is far from obvious, what we 
have here is another concealed form of the group [1 1 2?]* = [1 1 2], represented as 
a group with diagram 74(4, 4, 4, 4). We now have two geometric groups with diagram 
T4(4, 4, 4, 4); the new group is finite, and the other (obtained from Theorem 9E14 with 
s=q =4)is infinite. 

For the second anomalous case, we rescale the normals (if need be) such that the 
contributions to turns are loaded on three branches, namely, 2/3 on {1,3} and {2, 4} 
(again, this indicates the orientations), and z on {3, 4}. Then two of the circuits of 
length 4 have turns zr, while the third has turn 27/3. From (9C15), we obtain A = 0, 
so that even with a non-standard choice of turns we cannot get a finite group. 

The abstract group with diagram 74(p, 9, q, q) is important in applications to reg- 
ular polytopes of type {3, 6, 3}. The corresponding geometric diagram T4(p, 9,4, q), 
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Figure 9E3. The diagram Sy(p, q;r, S). 


and hence locally unitary group, can only exist if g = p or 3p. This is unfortunate, 
because it renders the techniques we shall describe in Section 11E of limited utility. 
However, since we know that J4(p, p, p, p) yields an infinite group whenever p > 3, 
and that Za(p, 3p, 3p, 3p) yields an infinite group whenever p > 2, we can appeal to 
the obvious quotient relations to assert 


9E15 Theorem The abstract group which satisfies the relations induced by the 
(abstract) diagram T4(q1, ..., 44) is infinite in at least the following cases: 


(a) p|q1,-.--, 44 for some p > 3; 
(b) p | qi and 3p | G2, 93, 44 for some p 2 2. 


We now discuss groups G with the more general diagram S4(p, g;r, 5) illustrated in 
Figure 9E3. Here all edge marks are 3, except for those on the edges {1, 2} and {3, 4}, 
which are p andr, respectively. For obvious reasons, we shall only consider those 
marks p,q,7r, s which correspond to finite 3-generator groups [1 1 1?]? and[1 1 1’]’. 
Thus, by Theorem 9D12, 


(p,9) = (p, 3), 3,9), (4,4), (4, 5) or (5, 4), 


with p,q > 2, and similarly for (7,5). We allow p = 2 or r = 2, in which case we 
regard the corresponding edge as missing. Note also that, by our diagram conventions, 
S4(3, 933, 5) = Ta(s, 8, 9,9). 

The calculation for the corresponding Schlafli determinant A is very similar to that 
of (9E12), if rather more elaborate. We write 7 for the turn of the subdiagram [1 1 1?]? 
and g for that of [1 1 1"]°; we can appeal to Table 9D1 for the actual values of 7 and g. 
As before, given G we can ensure that the turns are loaded on the branches {1, 2} and 
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{3, 4} (again the orientation does not matter). The turns for the two 4-circuits which 
contain the edges {1, 2} and {3, 4} are ? + g, while that for the third is 0. Thus (9C15) 
gives 


1 A 14 1 
A=1-4. cos” cos? — +2- 
4 Pp r 16 


1 1 
+ 003? © cos? 7 +2. ( 2.4 c05% cos) +2: (—2- 5 cos cosy) 
P r P r 


1 a a 1 a T 
— = cos — cos — cos(¥ + g) cos — cos — cos(? — ¢) 
2 2) r 2 Pp r 


Using cos(? + yg) + cos(t — g) = 2cosv cos gQ, and substituting 


TU OL >a 1 
cos — cos? = cos” — — cos" — — — 
Pp q 


p 4 


from (9C18) (and similarly for g), we see that this expression simplifies to 


a) 55 
9E16 A =sin? ~ sin? = : (: peewee ta) (: + lt 
P r 4 sin’ (7/p) 4 sin*(2/r) 


An alternative, but somewhat less useful, way of expressing this determinant is 


2 2 2 2 
16A = — 5 +2cos — +2008 i 6cos an 6cos 2 
2) r qd S 
20 20 20 20 20 20 
+ 4cos — cos — + 4cos cos 4cos cos : 
Pp Ss q r qd Ss 


Now, if one ofr ors is 2, then the other must be 3, with a similar restriction on p and 
q. Let us consider this case first. With r = 3 and s = 2, the criterion A > 0 reduces to 


2sin? = + 4sin? = > 3. 
P q 


A case by case check (recall that g = 2 implies that p = 3) shows that the admissible 
values are 


(p,q) = (3,2), (p,3) for any p > 2, (3,4). 


Indeed, the basic change of generators S4 +> $343 yields a diagram consisting of a 
triangle with a tail, namely, that of the group [1 1 2?]%. Note additionally that (again 
as it must) (p,q) = (4, 4) gives A = 0; the corresponding infinite group [1 1 2*]* is 
known to be discrete (see [114]). 

With s = 3, then, independently of p and, the criterion A > 0 reduces at once to 
sin? z > 3, org < 3; that is, ¢ = 2. As we have just pointed out, this then implies that 
p = 3, and so we are reduced to the previous case. 

We may now suppose that p,g,7r,s > 3. Withg =s =3, (9E16) implies that A = 0, 
no matter what p or r may be. In fact, the corresponding group is infinite and can be 
viewed as acting on C? (equipped with the standard positive definite form). In particular, 
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we can choose specific generating reflexions S; with unit normals v; given by 
vy = (e7/? //2, -1/V2, 0), 
v2 = (1/¥2, —1/V2, 0), 
v3 = (0, 1/V2, -e7*/" //2), 
v4 = (0, 1/V2, -1/¥2), 


ensuring that the reflexion hyperplanes do not contain a common point. However, it 
is generally non-discrete; appealing to Theorem 9C9 shows that the only permissible 
values of p andr for discreteness are 2, 3, 4 or 6, and, in fact, 4 and 3 or 6 cannot 
occur together (if they do, then the special group contains a rotation of period 12, and 
so the translation subgroup cannot be discrete). The possible pairs {p, r} are thus 


{p.r} = {2,2}, {2,3}, {2,4}, {2,6}, {3,3}, {3,6}, {4,4},  {6, 6}. 


In fact, the group is generated by the conjugates of the involutory reflexions R; and 
R> in the complex group p[4]2[3]2[4]r (see (9A10) for the notation, and (9A8) for the 
group presentation); it is just for these values of {p, r} that this infinite group is known 
to be discrete (see [276, §7.2] or [126, §§12.7, 13.2]). 

Finally, withg > 3 ands > 3,weseethat A < Oifg > 3ors > 3, again irrespective 
of the values of p andr. Nevertheless, the geometric groups indeed exist in these cases, 
by arguments similar to those for the diagrams 74(s, 5, q, q). In the defining equations 
for the hermitian form, we must again load the turns for [1 1 1”]? and [1 1 1”]° on the 
branches {1, 2} or {3, 4}, respectively. Then the resulting form is indefinite if g > 3 or 
s > 3, yielding an infinite geometric group. 

We can summarize this discussion as follows: once again, the fact that all groups 
are C-groups follows for the same reason as that of Theorem 9E6. 


9E17 Theorem For the diagram of Figure 9E3, geometric groups G exist (at least) 
whenever (p,q) = (p, 3), (3, q¢), (4,4), (4,5) or (5, 4), with p,q > 2, and (r,s) = 
(r, 3), (3,5), (4,4), (4,5) or (5,4), with r,s > 2. Apart from the groups listed in 
Theorem 9E14, the only finite examples are those with (p,q3r, 8) = (p, 333, 2) for 
p > 2 (up to interchange of (p, q) and (r, s)); then G = [1 1 2? >. Whether finite or 
not, the geometric and abstract groups are C-groups. 


We shall not consider more general tetrahedral diagrams in which all edges are 
present (that is, carry a mark other than 2). As we have said, the classification problem 
using our techniques is complicated. Indeed, for tetrahedral diagrams, listing the 
different kinds of diagram corresponding to choices of generators of the group is a 
problem akin to that of listing the Goursat tetrahedra, the reflexions in whose faces gen- 
erate a finite subgroup of the orthogonal group of euclidean 4-space (see [120, §14.8; 
235, Table H]). Indeed, it is little different in the real case — it is merely that our 
approach does not distinguish between the up to eight spherical tetrahedra bounded 
by the same planes. 

Again because they do not admit twists which relate them to groups which occur 
later, we shall not look at those tetrahedral diagrams with a single missing edge; the case 
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p = 2 of the diagram in Figure 9E3 covers all we need subsequently. However, there is 
one further class of tetrahedral diagrams which does deserve further investigation, be- 
cause of the light it sheds on the general classification problem, namely, that consisting 
of the single circuits (with integer marks). 

For a single 4-circuit D to give a locally finite group G = G(D), it must be of the 
form 


(no two marks greater than 3 can occur on adjacent branches). Moreover, to avoid the 
real cases and obviously infinite subgroups, we must have 3 < p,q < 5. (Actually, for 
completeness of the discussion, it is convenient to allow p, g = 2 here.) Now (9C17) 
gives two different numbers for the period pj234 of the product $.$2535453S, of the 
generators S,|,..., $4 taken in cyclic order around the circuit, depending upon the 
starting point, except when one of p or g is 3. In this latter case, when (say) g = 3, 
the group is actually [1 1 2°]?, with s := pj234 the mark on the circuit, and we have 
already enumerated the finite groups of this kind in Theorem 9E4. Indeed, if g = 3, 
the change of generators described at the end of Section 9C replaces the diagram for 
[1 1 2°]? by the given diagram D (with interior mark s). 

More generally, the periods are different; we are now confined to the cases p, g = 4 
or 5, although the discussion still covers all possibilities. If the period is s, say, when 
the branch {1, 4} carries the mark p (or qg), then, in terms of the turn % of the 4-circuit, 
we have 


7a >i 7a 4 W 
cos’ — = cos” — + cos — + 2cos — cos — cos?" 
Dp q 


while if it is ¢ when {1, 2} is marked p (or q), then 


oA 1 cA cA 4 cA 
cos’ — = — + 4cos* — cos* — + 2 cos — cos — cos 0. 
4 Pp pg 


Of course, as we have remarked, if (say) g = 3, then s = ¢. In any case, we see that 


TA A A 4 4 TA 1 
cos? — — cos* — = 4cos” — cos” cos” gos = 4 
t s Pp q Pp GA 
or 
20 20 20 1 2 1 
9E18 cos —- — cos — = 2[{ cos — + = Oso a= : 
t Ss Pp 2 qd 2 


On the other hand, a straightforward calculation using (9C15) shows that the Schlafli 
determinant A is given by 


4 4 WU 4 IT 
16A = 9 — l6cos* — — 16cos* — + 16 cos* — cos” 8 cos — cos id cos 7}. 
P q Pp q P q 
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Eliminating the term involving the turn then gives the two parallel formulae 


Te IT 4 aa 4 
9 — 12 cos* — — 12 cos* — + 16 cos” — cos” A cos” ; 
P q P 5 


16A = 
1 ua a ua Xu 
10 — 16 cos” — — 16 cos” — + 32 cos” — cos” 4 cos” —, 
P q P q t 


2 2 2 
(2¢os = - i) (20s = - i) -2(cos = +1), 
Pp q Ss 


20 2 20 
8 cos cos 2 cos ; 
Dp q t 


9E19 


which express A in terms of p, g and s or f, respectively. 

We first treat the case p = gq = 5. We quickly see that, for A > 0, we must have 
s = 2. A little work (whose details are not worth including — but consider the effect 
of the implied basic operations) then shows that we have found [3, 3, 5] in a different 


guise. 
Finally, we have the case g = 4, say. This implies that 
2 2 
2 cos z 2 cos w 1, 
16A = id : 
—2 cos slay 
t 


the latter irrespective of the value of p. We could carry out the analysis from this point 
(indeed A > 0 implies that tf = 2 or 3, and {p, s} = {2, 3}, {2, 4}, {2, 5} or {3, 3}), but 
it is easier to appeal to Theorem 9F4. Indeed, the reflexions S,, 525357, S4, S3 (in this 
order) generate a subgroup G*(4, s; p, 3;3) of G, which is finite if G is finite. But 
we know from Theorem 9F4 (and its proof) that the only finite groups of this kind 
are G*(4, 3;3, 3;3) = [1 1 2*P and G*(4, 2; 4, 3;3) = [4, 3, 3]. Inspection of these 
cases shows that the original first group is [1 1 2]* = [1 1 23]* (now p = 3 implies 
that t = s), while the second is isomorphic to [3, 4, 3] (apply the change of generators 
S4 ke S2838453 S82). 

If q = 4 and t = 4, then we have the degenerate case A = 0. The expression of A 
in terms of p, s then gives 


20 20 1 
cos + cos +.-~=0, 
Pp Ss 2 


which we can write in the form 
20 


20 WU 
cos + cos +cos— =0. 
Pp Ss 3 


Now we know that all the solutions of Gordan ’s equation 


cosxa+cosyx+coszr=0 (0<x,y,z< 1) 


in rational numbers are permutations of (x, 5, l1—x) with O<x< , (x, 5 —x, 


$ t+x)withhO<x< i, (z, 3, ) or (4, z, 9) (see [120, p. 274]). The second kind will 
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not contribute any solutions to our equation, except possibly when (p, s) = (2, 6) or 
(6, 2); however, bearing in mind that p = 2 would give the finite group [3, 4, 3], we can 
then rule out these possibilities entirely by observing that the group relation for s = 2 
(that is, (S;S2S3S453S2)° = I) would already force p = 2 or 4 (that is, (S,S4)* = J). 
Finally, eliminating all but the integer values of p and s, we find the two solutions 


(p, 8) = (3, 4) or (4, 3). 


The case (p, s) = (3, 4) (which implies that ¢ = s, and thus t = 4 anyway) 1s familiar; 
this is just the discrete group [1 1 2*]* in another guise. Strangely enough, this is also 
true for (p, s) = (4, 3), though the isomorphism is less obvious. 
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We next come to the finite (irreducible) groups G generated by n involutory reflexions 
in C” with n > 5. If the group is not (essentially) real, then each of its diagrams 
must contain at least one circuit. In practice, we know that, for a finite group, we may 
always choose a diagram which has a single triangular circuit, to which are appended 
a number of tails. (We shall be more precise about our terminology a little later.) Since 
the degenerate case, that of a discrete infinite (locally finite) group acting on C’~!, 
is also of interest, we shall consider rather more general diagrams here. However, we 
shall largely confine our attention to manageable diagrams, namely, those with a single 
circuit, which may now consist of more than three nodes and branches; we shall then 
allow tails to be added to these circuits. 

As an aside, and to point out the problems which a classification of the finite groups 
based on the ideas of Section 9C alone would face, let us merely note that one possible 
diagram for the Coxeter group F's of order 192 - 10! is 


We shall obviously want to exclude from the outset those diagrams which contain 
proper (induced) subdiagrams corresponding to infinite groups. Here, the list of those 
Coxeter groups which are not finite (that is, the complement of those which are) is 
invaluable. In other words, we bear in mind a list of excluded proper subdiagrams. Of 
course, we shall also exclude branches marked 2 (that is, whose nodes are not joined), 
because either the diagram is disconnected (and so is an internal direct product, which 
enables us to appeal to induction), or it reduces to a tree (in which case the group is 
real, and so has been classified already). 

By a fail in a diagram with a single circuit, we shall mean a (generally maximal) 
path of branches and nodes which is disjoint from the circuit except for its initial node, 
which lies in the circuit. In this context, we allow two tails to share some initial nodes 
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or branches. Therefore, if we delete any node of the circuit, and the branches which 
contain it, then we obtain a diagram whose connected components are trees. We then 
mentally refer to the exclusion list. 

We have already said in Section 9A that, for > 3, a finite irreducible subgroup of 
U,(C) generated by n involutory reflexions is a group [k/ m?]?, with diagram shown 
in Figure 9A2. These groups will be involved in everything we do in the following, and 
so it is appropriate to consider them first. 

Starting from the initial value 


8A({1 1 1?]") = 5 — 4 cos"(a/p) — 4cos*(27/q), 
which can be obtained from (9D6), the recursive Lemma 9C20 easily leads to 


9F1 Theorem For k, 1, m>1, the Schlafli determinant of the group [kl m?]? with 
the diagram of Figure 9A2 is given by 


2" A((kim? 4!) =k+l+m4+1-Al (4cos* 7 + 4m cos? = — 1), 
Pp q 


withhh =k+l+m. 


It is a routine matter now to check that the non-real examples with positive Schlafli 
determinant (and whose subdiagrams have the same property) are precisely those in 
Table 9A2. We see that g = 2 (so that p = 3) always gives a positive value (we shall 
return to this later); more significantly, if k,/,m > 2 and p,q > 3, then some subdia- 
gram has non-positive Schlafli determinant, and so corresponds to an infinite group. 

Before we move on, a general comment addressing the last statement is appropriate. 
As we have seen repeatedly, the Schlafli determinant and changes of generators are 
the main tools to determine in a family of diagrams those which correspond to finite 
groups. In general, however, we must establish the existence of geometric groups for 
all diagrams in a family by other means. For [k/m?]?, the same technique as that 
for T4(p, s;q,1;t) applies (see Theorem 9E5). In other words, with n :=k+/+m, 
we pick a basis {v),..., v,} of C”, and define an hermitian form by specifying its Gram 
matrix; that is, we take (v;, vj) = O if {i, 7} is not a branch, (v;, vj) = —cos | = -5 
if {7, 7} is an unmarked branch, and (v;, v;) = —e!” cos = if {i, j} is the branch 
marked p, with 3 the turn of [1 1 1”]* (see Table 9D1). Then the group generated 
by the reflexions with normals v; is indeed represented by the corresponding dia- 
gram. Again, if the form is positive definite, we are back in the original case. Oth- 
erwise, the group must be infinite. We thus have a group for every diagram in the 
family. 

The initial cases of [A/ m?]? with k = / = 1, corresponding to a single tail, are of 
particular interest. With m = n — 2, letus slightly generalize by marking the last branch 
of the tail 7 (instead of 3) in order to give the diagram D,,(p, g, r) of Figure 9F 1 (again, 
a geometric group exists for each such diagram). In effect, we have already treated the 
cases n = 3 or 4, but we still bear them in mind. Before we proceed, however, it is 
worth explaining why, among general triangles with single tails, we can confine our 
attention to this apparently very restricted class of diagrams. 
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Figure 9F1. The diagram D,,(p, q, 1). 


First, for a non-real finite group, we cannot have any mark greater than 3 ona branch 
{j — 1, j} with 7 > 4 of the tail. Form = 4 (and j = 4) we proved this in Theorem 9E4. 
If n > 5, we appeal to Lemma 9C21 and induction on the length of the tail, and note 
that we have already excluded a mark 4 (or larger) on branch {3, 4}. (If the inductive 
application of the lemma produces a real group for n = 4, then the original group must 
also have been real; see again Theorem 9E4.) Moreover, for a locally finite group, if the 
last branch of the tail is marked r > 4 (while the others are unmarked), then we cannot 
mark either {1,3} or {2,3}; for a finite group, we can even go further in this case, 
because the basic change of generators S$, + S$ ,S2 brings the mark q onto {1, 3} 
(when {1, 3} and {2, 3} are unmarked), and so g = 3 is the only possible mark on the 
triangle. As we saw in Section 9E for the finite groups with n = 4, if all branches of 
the tail are unmarked, then we can indeed have marks on {1, 3} or {2, 3}; however, then 
the group either is real or also admits a representation by a diagram with no marks on 
{1, 3} or {2, 3}. 

Before we perform the actual calculations, we recall once again that the degenerate 
case A = 0 is of interest, especially when the associated infinite group acts discretely 
on C’—!, We also recollect that already for the finite groups withn = 4 we may have any 
p => 3 (or even p = 2 in appropriate circumstances), but that g < 4 must be imposed 
on us. 

We define A,(p, g,7r) := A(D,(p, q,1r)), bearing in mind our inductive assumption 
that, for the group to be finite, we must have r = 3. Repeating the calculations of 
Lemma 9C20, we find 


TT 
A,(p, q; r) = An-1(p, q; 3) = cos” 2 An-2(p, q; 3). 


Our starting point is n = 5, but the formula also applies with n = 4, as long as we 
make the interpretations 


1 
Ao(p. 4,3) = sin? os A3(p,q,3)=A((1 1171) = 8 (s 4cos? = — 4 cos? =). 
P P q 


Our initial observations are as follows. 


* Starting with A3(p, 3,3)= A({1112P)= 5 sin? a we conclude that A,(p, 3, 3)= 
Desi a 

¢ Thence, if n > 4, we have A,(p, 3,4) = 0, and A,(p,3,r) <0 for r > 4. For 
D,(p, 3, 4), the crystallographic restriction implies that p = 2,3,4 or 6 for the 
group to be discrete. 
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Figure 9F2. The diagram €,,(p, 7). 


* Since A3(4, 4,3) = +, we see that A4(4, 4,3) = 0; the corresponding group is 


8? 
[1 124], and is discrete (we noted this already in Section 9E). 
* Since A3(3,4,3)=4, we see that A4(3,4,3)=4—-4-2=, and then 


As(3, 4,3) = 7 — 4-4 =0. The group corresponding to Ds(3, 4, 3) is [31 147 
and is discrete (see [114, p. 258; 388, p. 383]). 


In view of the foregoing list, there are thus severe restrictions to adding two or more 
tails to a triangular diagram. Let us also note some infinite families with A = 0 whose 
diagrams contain two triangles; for these, n > 5. Their diagrams €,(p,r) are shown 
in Figure 9F2 (again, there is a geometric group for each such diagram). For discrete- 
ness, we must have p,r € {2, 3, 4, 6}, with the further restriction that {p,r} 4 {3, 4} 
or {4, 6}; these are the same qualifications as those for the groups with diagrams 
S4(p, 3;7, 3), which extend the families down to n = 4, and hold for the same rea- 
son. Indeed, the group is generated by the conjugates of the involutory reflexions 
Ri,..., Raz in p[4]2[3]2--- 2[3]2[4]r (see (9A10) for the notation for this group, 
and (9A8) for its presentation); again, reference to [276, §7.2] or [126, §§12.7, 13.2] 
shows that it is only for these values of {p,r} that we obtain discrete groups. Notice 
that, if 7 = 2, such groups occur as subgroups of index 2 in the groups with diagram 
D,(p, 3, 4) shown in Figure 9F3. If n = 5, this also gives an example of two tails 
emanating from the same node of a triangle. 

For triangles with one or more tails, if we are concerned with finiteness, we are 
thus finally confined to the groups [k/ m?]1, with diagrams as in Figure 9A2; we have 
ktl+m=ne2>4. 

Next, we consider single circuits. We already discussed circuits on 4 nodes at the 
end of the previous section, and so we may assume that we have 5 or more nodes. 
We also know that the finite group [1 1 (n — 2)} can be represented by a circuit on n 
nodes whose branches are unmarked (see Section 9A). 

As before, let G be a group acting on C”, which preserves a hermitian form, and is 
generated by n involutory hyperplane reflexions. 


Pp -—— — —e—_o_ 


Figure 9F3. The diagram D,,(p, 3, 4). 
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9F2 Lemma [/f the diagram of G is a circuit onn > 5 nodes, then G is infinite unless 
each branch is unmarked. 


Proof. Clearly we cannot have two or more marked branches, because otherwise the 
group would contain an infinite real subgroup represented by a suitable subdiagram. 
So, let one branch have a possible mark p > 3. Now we have seen in Section 9C that 
the circuit can be marked unambiguously q, say, with p and q related as in (9C18). As 
we explained at the end of Section 9C, a change of generators then yields 


G2 [ll(n—2)77. 


But, as we saw in Theorem 9F1, ifn > 5 then [1 1 (m — 2)]? is infinite unless p = 3, 
a contradiction to our assumption. 


We can now exclude many possible diagrams as corresponding to infinite groups. 
Bear in mind here that a marked branch carries a label greater than 3, and that 
Lemma 9F2 already excludes marks on the branches of a circuit with 5 or more nodes. 


9F3 Lemma Let the diagram G of G contain a circuit with m nodes and at least one 
tail. Then G is infinite if 


(a) m > 4and a tail of G has at least one marked branch, 

(b) m > 7 and G has two tails, 

(c) m > 4 and two tails of G begin at the same node of the circuit, 
(d) m > 4 and any two branches of G are marked. 


Proof. Lemma 9C21 shows that, by passing to a suitable subgroup if necessary, we 
may assume that any marked tail has a mark adjacent to the circuit. Other than that, 
the proof just consists of a routine check to identify (Coxeter) subdiagrams associated 
with known infinite groups. 


Before we treat the case of a circuit with at most two tails and all branches unmarked, 
we briefly comment on extensions of 4-circuits. For a finite group, a marked branch of 
the circuit cannot be adjacent to the (necessarily unmarked) tail, and the circuit itself 
must represent a finite group [1 1 27]?, with p the mark on the (single) marked branch 
and q the interior mark of the circuit. Since [1 1 27]? is infinite if p,q > 4, the only 
circuit with a marked branch which we need consider is 


It turns out that the only extensions are infinite. In particular, with zero Schlafli 
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determinant, we have 


1 4 5 1 4 3 


The operation which takes the first diagram into the second is 
(S1,..., 95) He ($1, S5.$453S753S$455, $3, Sy, S5) =: (Ri, ..., Rs). 


We recognize the second diagram as an alternative form of that for [2 1 2*]*, which is 
infinite, and acts discretely on C* (see [114, p. 258; 388, p. 382]). 

Finally, then, we come to circuits with two tails and all branches unmarked. We 
denote by 7,(h, k;1,m;q) the following diagram on n :=h+hk-+1-+m nodes. It 
has a circuit with / + m nodes and branches. Two tails with / and & extra nodes and 
branches leave from nodes of the circuit separated by / (or m) branches. All branches 
are unmarked, but the circuit is labelled g. Note that / and k are interchangeable, as 
are / and m. So, for example, .7;;(2, 3; 2, 4; 5) is the diagram of Figure 9F4. We allow 
h = 0 ork = 0 (when there is only one tail), in which case we may take / and m to be 
any non-negative integers whose sum is equal to the number of nodes in the circuit. 
Note that the tails leave from adjacent nodes of the circuit if / = 1 (or m = 1). As 
before, there is a geometric group for each diagram 7,,(h, k;1, m;q) (here we can load 
the turn of the circuit on one of its branches). 

A recursive calculation for the Schlafli determinant A of 7,(A, k;1, m;q) yields 


"A = Ah + Ik + LD sin? ™ — Qhk +h + +m) + hklm 
q 


= AkQ—D2Q—m)+ G4 W4—1—m) 44-48 4 1K + 1) coe 7 


Figure 9F4. The diagram .7,;(2, 3; 2, 4; 5). 
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with n =h+k+1+=™m, which is valid whenever g > 2,h,k > 0 and/,m > 1 with 
1+ m > 3. (We shall find both forms for A useful.) Observe, though, that we can only 
get a corresponding group G = G(J,,(A, k;1,m;q)) which we have not previously 
considered if h, k > 1 and/,m > 2, since (for instance) 


G(In(0, k31, m;q)) = (kK +1) 10 +m —2)7, 
and 
G(In(h, ks 1,m;q)) = (h +) (k+1) (m—11P. 


The calculation for A is based on Lemma 9C20, using the initial values for 
J,(0, k31,m;q) of Theorem 9F1, and 


gktl+m ha l,m N)=k+l4+m—kl—- 1)(m — 1). 


For finiteness of the corresponding group, we must have A > 0; however, bear in mind 
that the groups corresponding to each of the subdiagrams must be finite as well. As 
usual, the degenerate case A = 0 is also of interest. 

The first obvious remark is that A is monotonic decreasing in g, whatever h, k,/ 
or m may be. Our classification of those groups G(7,(A, k;1, m;q)) which are finite 
will fix q first. Next, the second form for A suggests that the case / = m = 2 may be 
important; this is indeed so. Since we are taking h, k > 1, another obvious case for 
study is h = k = 1, because these groups must be finite in order that those with larger 
h or k are. Notice as well that, if h, k > 1 and (say) / > 4, then there is a subdiagram 
corresponding to an infinite group; thus we have /,m < 3 in such a case (see also the 
second part of Lemma 9F3). 

When g = 2, if we obtain a finite group, then it is a real reflexion group, and hence 
one of the groups [3”*'], withr +s +¢ =n — 1. Since 


2" A(B*"]J) =n+1l—rst, 


it is straightforward to identify which group it actually is. Indeed, this even carries over 
to the degenerate case A = 0, because these groups (with {r, 5, t} = {2, 2, 2}, {3, 3, 1} 
and {5, 2, 1}) are now specified by the number n of generating reflexions. We shall 
therefore leave this case to the interested reader. 

It is appropriate, however, to make some additional remarks about this case. Here 
alone it is possible to add more than two tails to a circuit, to obtain the diagram for a 
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finite group. So, for example, a further alternative diagram for Eg = [347] is 


(Its connected subdiagrams on 7 nodes give E7 = [3*?''], while those on 6 nodes give 
Bea (oP or Be=(3"1) 

We thus come down to the following case. With fixed g > 3,/,m =2 or 3 and 
h=k = 1, we have 


2" A =(4—1D(4—m) — 16 cos? =. 
q 


It is clear that there are no solutions to A > 0 at all, and even the degenerate case 
A = 0 has only the single solution g = 3 and/ = m = 2. The diagram J%(1, 1; 2, 2;3) 
of Figure 9F5 corresponds to an infinite unitary group which acts discretely on C°. 
This group stands alone among the discrete infinite groups we have studied, in that it 
has no diagram formed by adding tails to a triangle; perhaps this accounts for it having 
been overlooked for so long (it was found by McMullen more than thirty years ago, 
but only communicated to other people within the past few years). In view of this, and 
to check the discreteness, it may be appropriate to give a few more details. 

With our usual conventions, and w = 5(—1 + i/3), we take the generating reflex- 
ions (corresponding to the labels on the diagram in Figure 9F5) to be 


Sjix he x — 2((x, vj) — By)v;, 


Figure 9F5. The diagram J%(1, 1; 2, 2;3). 
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where 


vy = —4(1, 1, @”, @, 0), 


v2 = (1, 0, 0, 0, 0), 


v3 = —4$(@, 1,0, 1, 0°), 
v4 = —5(@, 1, 1,0, 0), 
vs := (0, 0, 0, 0, 1), 

v6 = —43(0, 1, @, ”, 1), 


and 6, = 1, 6B; = 0 for 7 = 2, 3, 4, 5, 6. At this stage, it is helpful to note that 
X b> (&, &, Ey, &3, Es) 


(with x = (&, &, &, &4, &5)) acts as an outer automorphism of the group G := 


(S},..., S6), interchanging S3 and Su, and fixing S;, S), Ss and Ss. With G = Z[a] as 
before, the image-set V := oG of o under G is 


V = {x €G | (x, w;) € 2G for j = 1, 2, 3}, 
where 
w 1 := (1,@, —a, 0, —w’), 
W2 = (1, @, 0, —w*, —a), 
w3 := (1,0, —-1,—1, 1). 


(As usual, we only need to verify that the images of a single point form a discrete 
set.) The translates by the vectors in V form the translation subgroup of G, since the 
reflexion 


Spix te x — 2(x, vi) v1 


belongs to (2, ..., S¢). 

Finally, let us remark that this group G is the subgroup of the known infinite discrete 
reflexion group [4 2 1]? in C® (see [114, p. 258; and 388, p. 381]), induced as a cut by 
one of the latter’s generating mirrors. 
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The dihedral groups are the basic 2-generator subgroups of Coxeter groups; these have 
the property that presentations for the groups involve at most pairs of involutory gener- 
ators. The obvious next step, motivated by what we have done in the previous sections 
of this chapter, is to consider groups generated by involutions, where now relators can 
employ two or three generators. It might initially be thought that the generalized trian- 
gle groups of Section 9D provide suitable paradigms for such 3-generator subgroups, 
giving a class of groups designated by diagrams which are suitably labelled simplicial 
2-complexes. 
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However, the next natural question asks whether the obvious representations of such 
groups as complex matrices are faithful. We have seen, in Section 9D, that even in 
the “real” case, the natural homomorphism 173(5, 3;5, 5) > G3(5,3;5, 5) is not an 
isomorphism. Moreover, in Section 9E, we saw that the 3-generator subgroups need 
not determine the geometry of the whole group; that is, it can happen that more than 
one geometric group is associated with the same diagram. 

We therefore come back to what we said in the introduction to the chapter. The 
central criterion seems to be that, if we can find an infinite quotient of a subgroup 
(of finite index) of a group in which we are interested, then the original group itself 
must be infinite. Only when the corresponding quotient must necessarily be finite 
do we then look further into the problem, to determine if the corresponding unitary 
representation is faithful, and thus to establish that the original group must now itself 
be finite. 

The core of the problem is that a complex representation imposes very strong con- 
ditions on the abstract group. First, a single triangle relator (of the form S;S;5;S,) 
determines the corresponding turn, and hence any other (non-Coxeter-type) relators 
for that triangle. (We may make exactly the same assumption here as we saw we could 
make in Section 9C, namely, that all the marks on diagrams basically equivalent to 
one implied by the abstract group relations are integers. While there may be repre- 
sentations of an abstract group corresponding to diagrams with fractional marks, to 
determine its finiteness we need not consider them.) Second, the turns on individual 
triangles are not independent — they must satisfy the compatibility relations (9E8) 
for any 4 nodes of the diagram. Third, as we have seen for circuit diagrams (notably 
the case of %(1, 1;2, 2;3)), it may not be the case that triangle relators are actu- 
ally most appropriate — we may need those on longer circuits. The cumulative effect 
of these objections is that groups generated by involutions with relators involving 
three as well as two generators are somewhat rarely faithfully represented as unitary 
groups. 

All that notwithstanding, in the context of regular polytopes, their groups are usually 
abstract, even though we are often interested in their realizations (or, more generally, 
models). For that reason, it is appropriate to consider abstract groups with presentations 
corresponding to those we have discussed in this chapter, and their representations as 
complex linear groups. 

We begin by discussing abstract diagrams; let us emphasize that we have been follow- 
ing Coxeter [114, 116] in associating diagrams with geometric groups. The most general 
abstract situation is the following. We set V := {1,..., n}, the set ofnodes; eachi € NV 
will be associated with an involutory generator o; of a group I” := (o1,...,0,). Let 
S be the set of finite sequences of elements of N’, with successive elements distinct 
(this eliminates some obvious trivialities below). A marking (or labelling) on N is 
a mapping p:S — {2,3,..., co}, such that p; = 2 (for a l-element sequence) and 
Pi(1),...,i(k) = Pitk,..,ia) for sequences in S in reverse order; the pair D := (N, p) is 
called an abstract diagram. (We write the argument of p as a suffix, to accord with the 
notation of Section 9C; the next definition mimics what we saw for geometric groups 
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in that section.) The group ’ = I'(N, p) is then defined by 


9G1 P= (01, ---5 On | (Giayiay +> + Fi)FIE-1) *** TQM" = € 
for each (i(1), ...,i(k)) € S). 


In theory, what we are doing here is specifying the periods of all products of pairs 
of conjugates of the generators. Thus a mark “oo” does not necessarily mean that 
the corresponding group element has infinite period, merely that it is unspecified. In 
applications, only a small number of sequences in S will receive a finite mark, including 
the 2-element sequences which specify Coxeter-type relations. 

We could, in fact, further generalize this definition, by allowing p; > 2, which 
would permit generators which are not involutions; however, the way we have specified 
p would then make less sense (compare the discussion in Section 9A). 

Since each defining relation in (9G1) involves an even number of generators, the 
subgroup '+ of I consisting of the even elements (products of an even number of 
generators o;) has index 2; hence 1 = I"* x C). As generators of '* we can take the 
products ojo; (with i, j € N’), but usually a small subset of these will suffice; then 
(9G1) translates into a corresponding presentation for "*. Note that, in general, these 
presentations are not equivalent to those studied in [74, 382, 425, 426]. 

It is immediately obvious that we may impose certain compatibility conditions on 
the marking p. For instance, suppose that pj, = 3; then ojo ;0,0; = 0;0;,0; 0, for each 
i, so that the actual period of o;0;0;,0; is a common divisor of p;jx and pix;. 

With certain of these groups (NV, p), we can associate a diagram D in a more 
concrete sense. First, we join each pair of distinct nodes i, 7 € NV by a branch marked 
Pij (= pji); we employ our standard conventions, in omitting a branch labelled 2, 
and omitting a mark 3 on any remaining branch. If i(1),..., i(k) are the nodes in 
cyclic order of a diagonal-free circuit C in D, and at most one branch in C is labelled, 
then the periods of the elements 0;(1)0;(2) - - « i(4)0i(K—-1) * * + O12) are independent of the 
starting point i(1) (because all these elements are conjugate), and so we may take the 
corresponding marks pj,1),...,i(4) to be the same. In such a case, we may unambiguously 
give C the mark pj(1),__,i(4). Thus D is a diagram with marked or unmarked branches, 
and a mark for every diagonal-free circuit in which at most one branch is marked. 

There are several questions one might wish to ask about sucha group I" := I'(N, p). 
As far as we are concerned, two are important. First, what conditions guarantee that 
I does not collapse, particularly to a group with generators corresponding to a proper 
subset of \V? As a related problem we also mention that of pre-assigning the structure 
of the basic 3-generator subgroups (0;, 0;, 0%) for I’. Second, when is I” finite, and 
if so, is it naturally isomorphic to a reflexion group? In certain circumstances, we can 
answer these questions. 


9G2 Theorem Letn > 3, and let2 <5 < ov. Let p be defined by 
Diki=3 Ax<j<k<n), Di =s ASj<k<l<n). 


Then each basic 3-generator subgroup of I! = I'(N, p) is isomorphic to the unitary 
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group [1 11]°. Moreover, I’ is finite in just two cases: 


(a) n=3 ands < ©, whenlT = [11 1}; 
(b) n > 3 ands = 2, when I’ = Sy41, the symmetric group on n + | elements. 


Proof. We construct a representation of I as a reflexion group G = (S,..., S,).Itis 
easiest here to specify the Gram matrix for the corresponding hermitian form; this has 
entries aj; (‘= (v;, vx)) given by 


2. if j =k, 
9G3 Qo j= 4-7", if j <k, 
—e ls) if j>k. 


Ofcourse, SS; has period 3 whenever j 4 k, whichis consistent with p ;, = 3. Further, 
if 7 < k </, then the turn in the cycle (j, k, /) is 


2xn 2x 21 20 


so that S; S;,5)S; has period s, which again is consistent with p jz; = s. Then it follows 
that (oj, 0%, 07) = (S;, Sz, Sy) = [1 1 1]*, as required. 

The rest of the proof follows at once. Ifn = 3, then for finiteness of I” we clearly have 
s <oo.Ifn > 4, then Theorem 9E17 says that each 4-generator subgroup is infinite 
if s > 3; that is, if I" is finite, then s = 2. If s = 2, we change the generators of I" to 
Ty t= Oy and T; := 0;410;0;41 fori <n, and obtain the presentation ze = (qjt41) = 
(T; t;)° = ¢€, with |i — j| > 2, which shows that I” is a quotient of S,,,;. On the other 
hand, the generating transpositions (i n + 1), withi = 1,...,”, for S,41 satisfy the 
relations for the generators o; of I”, so that indeed T = S,,41. 


In a somewhat similar way, we can also deal with the following more general kind of 
group, which we will need later. If € and F are subsets of pairs (2-subsets) and triples 
(3-subsets) in the node set V = {1, ..., }, we say that € is compatible with F if each 
2-element subset of every triple in F belongs to €. In our applications, € and F will 
consist of edge- or face-sets of a simplicial 2-complex on n vertices, for instance, a 
regular map with triangular faces on some surface. 


9G4 Theorem Let € and F be subsets of pairs and triples in N = {1,...,n}, such 
that E is compatible with F. Let 2 < .s < ow, and define p by 


Pje=3 CIM EE) pass (ik EF). 


Then the basic 3-generator subgroups of I := I'(N, p) which correspond to triples 
in F are isomorphic to the unitary group [1 11]°. If I” is finite, then E consists of all 
pairs in N, and one of the following holds: 


(a) n=3 ands < Ww; 
(b) n>3 ands =2. 


In case (b), if F consists of all triples in N,, then P= Sy41. 


9G Abstract Groups and Diagrams 359 


Proof. We modify the Gram matrix whose entries are those of (9G3), by setting 
aj = —l1 if 7 Ak with {j,k} ¢ € (otherwise aj; is as before). Thus S;S; has in- 
finite period for such pairs {j,k}, which is consistent with pj, = oo, and so I” is 
infinite unless € contains all pairs in A’. Moreover, the group of Theorem 9G2, with 
all branches marked 3 and all triangles marked s, is clearly a quotient of I’, and so is 
finite if I” is finite. The current assertions now follow at once from Theorem 9G2. 


Notice that the only cases which Theorem 9G4 leaves open are those where € 
consists of all pairs in NV’, some triples in VV are marked 2, while others are unmarked. 
In our application of Theorem 9G4 in Section 11C, when ¥ will correspond to the 
set of faces of a regular map with vertex-set V, we shall see that only one case needs 
further attention. 


10 


Locally Toroidal 4-Polytopes: I 


An important problem in classical geometry is the complete description of all regular 
polytopes and tessellations in spherical, euclidean or hyperbolic space. When asked 
within the theory of abstract regular polytopes, such an enumeration problem must 
necessarily take a different form, because an abstract polytope is not a priori embedded 
into the geometry of an ambient space. One appropriate substitute now calls for the 
classification of abstract regular polytopes by their “local” or “global” topological type. 

The traditional theory of regular polytopes and tessellations is concerned with, and 
solves, the case where the topology is spherical. This is well known. In Chapter 6, we 
already moved on to other topological types and enumerated the regular toroids, which 
are the regular polytopes whose global topology is toroidal. Now, in this and the next 
two chapters, we investigate the locally toroidal regular polytopes. As we explain in 
Section 10A, such polytopes can only exist in ranks 4, 5 or 6. 

In this and the next chapter, we treat the polytopes of rank 4, and obtain a nearly 
complete classification of the universal regular polytopes which are locally toroidal and 
finite. Then, in Chapter 12, we enumerate all such polytopes of rank 5, and produce a 
list of such polytopes of rank 6 which we strongly conjecture to be complete. 

This classification problem for locally toroidal regular polytopes has triggered much 
of the theory of abstract polytopes; it was originally posed by Griinbaum [199, p. 196]. 


10A Griinbaum’s Problem 


Historically, abstract polytope theory grew out of the attempt to find a convenient 
framework for the study of polytope-like structures which are topologically more com- 
plicated than convex polytopes [141, 199]. As an important step in this direction, 
Griinbaum [199, p. 196] posed the challenging problem, as yet unsolved, of com- 
pletely classifying the regular polytopes which are locally toroidal. 

The study of topological properties of polytopes must necessarily begin with the 
fundamental question of how a natural (global) topology can be defined for a given 
polytope. As we explained in Section 6B, this problem is subtle and cannot be uniquely 
solved in general [49, §3]. On the other hand, there are many interesting classes of 
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polytopes which admit a natural global topology. Important examples are the regular 
tessellations on space-forms, which we completely enumerated for spherical or compact 
euclidean space-forms in Chapter 6. 

In this section, for reasons which will soon become apparent, we prefer to denote the 
rank by n + 1. There are several ways in which a polytope can be described locally. In 
this and the next two chapters, we use the following basic definition. Given a topological 
type X, we say that an (n + 1)-polytope P is locally of topological type X if its facets 
and vertex-figures which are not spherical are of topological type X. This is a strong 
condition on the sections of P of rank n. More general terminology may only require 
the minimal sections of P which are not spherical to be of the required topological type; 
this will be the context of Section 14A. However, in the present setting, our terminology 
always refers to the sections of rank n (that is, the facets and vertex-figures). 

The traditional theory of regular polytopes and tessellations deals with the locally 
spherical case (see Section 6B). Each tessellation is a locally spherical polytope; that is, 
its local building blocks (tiles, or facets, and vertex-figures) are topologically spheres. 
Indeed, up to isomorphism, the classical regular tessellations {p),..., p,} in spherical, 
euclidean or hyperbolic n-space are the only abstract regular (7 + 1)-polytopes which 
are locally spherical and universal. Among these, only the spherical regular tessellations 
(convex regular polytopes) are finite and also globally spherical. A generic locally 
spherical regular polytope is then a quotient of such a tessellation, and can be viewed 
as a regular tessellation on a space-form. 

A major effort is now to describe and classify abstract regular polytopes with more 
complicated local topologies like that of arbitrary spherical, euclidean or hyperbolic 
space-forms. In this generality the enumeration problem is wide open, yet significant 
progress has been made in the case where the space-form is compact euclidean. We 
saw in Section 6G that, among the compact euclidean space-forms, the tori are the only 
ones which can admit regular tessellations; these are the regular toroids. Therefore, if 
a regular polytope P is locally a compact euclidean space-form, then it must actually 
be locally toroidal; that is, its facets and vertex-figures are globally spherical or glob- 
ally toroidal, with at least one kind toroidal. Thus the facets and vertex-figures of a 
locally toroidal regular polytope P must be isomorphic to convex regular polytopes or 
regular toroids (see Chapter 6). 

In this and the next two chapters, we shall describe the present state of the classi- 
fication of locally toroidal regular polytopes. The term “classification” is used here in 
the same sense as in Section 4B; that is, it refers to the enumeration of all universal 
regular (n + 1)-polytopes {P, P2} which are locally toroidal and finite. Also, for each 
universal polytope which is locally toroidal, we shall determine the structure of its 
group if it is known. 

The following simple lemma explains why locally toroidal regular polytopes can only 
exist in ranks 4, 5 and 6. In fact, in higher ranks there are no hyperbolic honeycombs 
to derive them from. 


10A1 Lemma Each locally toroidal regular (n + 1)-polytope P is a quotient of a 
regular honeycomb in hyperbolic n-space TH" listed in Table 10A1, or of its dual. In 
particular, the rank of P is 4, 5 or 6. 
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Table 10A1. The Non-Locally Finite Regular 
Honeycombs in HI" 


n Symbol 
3 {4,4,r}, r=3,4 
(6,3, p}, p=3,4,5,6 
{3, 6, 3} 
4 {3, 4, 3, 4} 
5 {3, 3, 3,4, 3}, (3, 3, 4, 3, 3}, (3, 4, 3, 3, 4} 


Note: only one from each dual pair is listed. 


Proof. The facets P; and vertex-figures P2 of P are spherical or toroidal, with at least 
one kind toroidal. If P is oftype {p1, ..., Pn}, then the Schlafli symbols {p), .-., Pn—1} 
and {p2,..., Pn} are of spherical or euclidean type, with at least one of the lat- 
ter. Up to duality, this leaves only the Schlafli symbols {p),..., p,} occurring in 
Table 10A1 (see Sections 3B and 3C). The corresponding universal regular (n + 1)- 
polytope {p1,..., Pn} is then a hyperbolic honeycomb in H” (Theorem 3D6). Its facets 
or vertex-figures, or both, are isomorphic to regular euclidean tessellations. 


In hyperbolic 3-space HI’, there are fifteen regular honeycombs (Coxeter [113, §3]). 
Of these, only eleven can yield locally toroidal polytopes. The honeycombs {3, 4, 4}, 
{3, 3, 6}, {4,3, 6}, and {5, 3, 6} have spherical facets and have all their vertices on 
the absolute of H>. Their duals {4, 4, 3}, {6, 3, 3}, {6, 3, 4} and {6, 3, 5} have spherical 
vertex-figures and have all their facets inscribed in horospheres of HP instead of infinite 
spheres (see [118, §11.3]). Finally, the self-dual honeycombs {4, 4, 4}, {6, 3, 6} and 
{3, 6, 3} have all their vertices on the absolute and all their facets inscribed in the 
absolute. All these eleven types occur as Schlafli symbols of locally toroidal regular 
polytopes of rank 4. The remaining four honeycombs {3, 5, 3}, {4, 3, 5}, {5, 3, 4} and 
{5, 3, 5} are locally spherical and are (locally finite) tessellations of HP. Their quotient 
polytopes are necessarily locally spherical or locally projective. 

In Hi, there are seven regular honeycombs. Of these, only {3, 4, 3, 4} and its dual 
{4, 3, 4, 3} are not locally spherical and can occur as the type ofa locally toroidal regular 
5-polytope. The first has 24-cells as facets, and its vertices are all on the absolute of 
H*. The second has 24-cells as vertex-figures, and its facets are cubic tessellations 
inscribed in horospheres of H*. 

In HP, there are five regular honeycombs, namely, 


{3,3,3,4,3}, {3,4,3,3,3}, {3,3,4,3,3}, {3,4,3,3,4}, {4,3,3,4, 3}. 


The first honeycomb has spherical facets (which are cross-polytopes), and its vertices 
are all on the absolute of H>. The second, the dual of the first, has spherical vertex- 
figures (which are cubes), and all its facets are inscribed in horospheres of H>. For 
the remaining three honeycombs, all the vertices are at infinity, and all the facets are 
euclidean tessellations inscribed in the absolute. These are the only types which lead 
to locally toroidal regular 6-polytopes. 

In H” with n > 6, there are no regular honeycombs. 
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In this and the next chapter we shall treat the locally toroidal polytopes of rank 4; in 
particular, we shall follow [294, 296, 297, 299, 300]. According to Lemma 10A1, this in- 
volves analysis of the Schlafli types {4, 4, 7} withr = 3, 4, {6, 3, p} with p = 3, 4, 5, 6, 
and {3, 6, 3}, and their duals. In particular, we shall obtain a complete classification for 
all types except {4, 4, 4} and {3, 6, 3}. For {4, 4, 4} the enumeration is almost complete, 
and for {3, 6, 3} partial results are known. 

The picture is particularly satisfactory for the types {6, 3, p} and {3, 6, 3}. The struc- 
ture of the universal polytope is then often governed by a complex hermitian form, and 
we can appeal to the results of Chapter 9. In particular, any such polytope is finite if 
and only if the corresponding hermitian form is positive definite. This generalizes the 
well-known classical situation, where the structure of a regular tessellation is deter- 
mined by a real quadratic form which defines the geometry of the ambient space; this 
correspondence sets up a beautiful link between geometry and algebra (see Chapter 11 
and Coxeter [120, Chapters 10, 11]). 

Then, in Chapter 12, we deal with the ranks 5 and 6; we shall follow [302, 303]. For 
rank 5, only one Schlafli type occurs, namely, {3, 4, 3, 4} (and its dual); our enumeration 
is complete in this case. Finally, for rank 6, the types are {3, 3, 3, 4, 3}, {3, 3, 4, 3, 3} and 
{3, 4, 3, 3, 4}, and their duals. Here, rather less is known. However, we shall describe a 
list of finite polytopes which we strongly conjecture to be complete. 

On the group level, the classification of the locally toroidal regular polytopes 
{P1, P2} translates into an enumeration problem for certain groups which are defined 
in terms of generators and relations. By Lemma 10A1, these groups are quotients of 
certain hyperbolic Coxeter groups and are obtained by adding to the standard Coxeter 
relations either one or two new relations. Each toroidal polytope P; or P2 contributes 
exactly one such extra relation, of the kind described in Theorems 6D4 or 6E6 (or 
suitably dualized). This extra relation imposes the toroidal structure on the facets or 
vertex-figures. On the other hand, a spherical facet or vertex-figure does not contribute 
any extra relation. 

Since the appearance of Griinbaum’s original paper [199], there has appeared a 
significant number of publications which deal with locally toroidal regular or chiral 
polytopes. To those references already cited we can add [366, 368], which were the 
first papers to describe general construction techniques of such polytopes, and [83, 132, 
370, 443-445]. In particular, representations of hyperbolic reflexion groups as finite 
projective linear groups have been employed to obtain many finite examples of locally 
toroidal polytopes (see [237, 322-324, 333-335, 373, 445]). We shall meet examples 
in Section 13D. 
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In this section, we discuss the locally toroidal regular 4-polytopes of type {4, 4, 3}, as 
well as their duals, of type {3, 4, 4}. In particular, we shall enumerate the finite universal 
regular polytopes 


iT. := {{4, 4}s, (4, 3}, 
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where s := (s* : o-*) with 2 < s < co andk = 1 or 2. Here, the superscript indicates 
the rank, and the subscript 1 on the left refers to {4, 4, 3} as the first type of Schlafli 
symbol which we investigate. (In [199, p. 196], these polytopes were denoted by L, 9 
or £, 5, respectively.) Our basic construction technique for these polytopes is twisting; 
see Chapter 8 for the notation employed. 

In fact, each polytope can be directly obtained from a twisting operation on a Coxeter 
group. 

Recall from Theorem 6D4 (see also [131, §8.3]) that the group of the regular torus 
map {4, 4}(s« 92-*) is the Coxeter group [4, 4] = (0, 1, 2), factored out by the single 
extra relation 


(popip2opiy =e ifk=1, 


10B1 ) ' 
(poPip2)* =e ifk=2. 


The extra relation corresponds to the alternative expression of this map as {4, 4 | s} 
or {4, 4}>,, respectively (see Section 7B). We shall denote this group by [4, 4],, where 
s = (s*, 0?-*). 

The search for the universal polytope ;7, involves the analysis of ; J’, which 
denotes the Coxeter group [4, 4, 3] = (po, ..., 03) factored out by the corresponding 
extra relation (10B1). This relation involves only the first three generators (9, (1, (2, 
and collapses the facet {4, 4} of the honeycomb {4, 4, 3} to its finite quotient {4, 4},. 
In particular, if the polytope 7,* exists, then 

PS ale 


17s 


This follows from Proposition 4A8, because each of these groups can easily be iden- 
tified as the free product of [4, 4]; = I'({4, 4},) and [4, 3] = '({4, 3}) with amalga- 
mation along their subgroups [4] = I”({4}), factored out by the commutation relation 
corresponding to (9 3)" = €. 

There are several problems which need to be addressed. First, is ; 74 indeed a C- 
group, and, if so, are its subgroups (9, 01, 02) and (1, 02, P3) indeed isomorphic 
to [4,4], and [4, 3], respectively, rather than to proper quotients of these groups? 
Both questions are crucial for the existence of the related polytope ;7,'. In fact, by 
Proposition 4A8, this polytope exists if and only if these questions have a positive 
answer. Moreover, there is also the task of explicitly constructing the groups , J", and 
deciding which of them are finite. 

As we shall see, these groups often have a natural structure as a twisted group, and so 
there is a natural twisting operation to begin with. (We could provide further motivation 
for these twisting operations as we will do in Chapter 11 for the regular polytopes of 
types {6, 3, p}, but here we prefer just to describe them directly.) 


The Polytopes Ty = 14, 4}(s,0), (4, 3} 


We begin with the case k = 1, where the twisting operation is quite simple. For the 
construction of | bo» consider the Coxeter group W = (oo, ..., 04) with the diagram 
of Figure 10B1, with s > 2. (Here, and in the following, if a mark s = 2 occurs in a 
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Figure 10B1 


diagram, then we regard the corresponding branch as missing; that is, the two generators 
commute.) The symmetry of this diagram determines a group automorphism t of W, 
and so we can apply the twisting operation 


10B2 (00, .-.,045;T) > (G0, T, 03, 02) =: (0, 01, 02; (3): 


Then the new group I” := (9, ..., 03) is a semi-direct product of W by C> (generated 
by tT); in fact, we have 


01 = T03T = P1P2P1, O04 = TOOT = Pi PoP, 


and so each generator of W belongs to I’. 

The generators (o,..., 03 of I satisfy all the defining relations for bo: that is, 
the standard relations for [4, 4, 3] as well as the extra relation (10B1) with & = 1. This 
extra relation follows from 


POP1P2P1 = OoTO3T = O00}. 


On the other hand, using the standard presentation for W, it is straightforward to check 
that these relations suffice for a presentation of J”. Therefore 


4 
115.0) =f. 


The construction of the polytope iT, 0) (or, more exactly, of its group) is complete if 
we can verify the intersection property for I”, and check that its subgroups (0, 01, 02) 
and (1, 02, 03) are of the right kind. To begin with, the intersection property for I” 
with respect to its generators (0, ..., 03 follows easily from that of W with respect to 
00, ---, 04. For example, we have 


(Po, Pi, P2) 1 (P1, P2, P3) = (90, M1, 03, 04, T) M (01, 2, 03, T) 
= (01, 03,T) 
= (Pi, P2), 
as required. Finally, the subgroups (0, 01, 02) and (1, 62, 03) are isomorphic to 


(D, x Ds) % Cz and [3, 3] ™ C2, respectively, and are thus the groups of {4, 4}(.,0) and 
{43.3}. 


10B3 Theorem The universal regular 4-polytope ITE 0 = {{4, 4}¢,0), {4, 3}} exists 
for all s > 2. Its group is W ™ Cz, where W is the Coxeter group with the diagram of 
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Table 10B1. The Finite Polytopes ,T,' 


s 0) f g Group 
(2, 0) 4 6 192 Dg ™ Sg 
(3, 0) 30 20 1440 So x Co 
(2, 2) 16 12 768 Cy? De 


Figure 10B1. In particular, this polytope is finite if and only if s = 2 or 3, and then its 
group is D4 x S4 or Se x C2, respectively. 


Proof. It remains to identify the finite groups. Clearly, ITS 0) is finite if and only if W 
is finite. This only leaves s = 2 or 3, with W = Cy) x C2 x S4 or W = So, respectively. 

In the second case we can appeal to Lemma 8A2. Assume that S¢ acts on 1, ..., 6 
in the standard way, with o; = (i + 1i+ 2) fori =0,...,4. Lett := (1 6)(2 5)(3 4). 
Then we have to;t = to;t for each i. Since the centre of S¢ is trivial, we must have 
I’ = Se, X C2, with the last factor generated by tT. 

In the first case we can work with permutations on 0, ..., 7, where the generators of 
W are given by oo = (0 1), og = (67), ando; = (i+ 1i+ 2) fori = 1,2,3. Then W 
has three orbits, namely, {0, 1}, {6, 7}, and {2, 3, 4, 5}; onthe last, W acts as a copy of Sy. 
The symmetry of the diagram in Figure 10B1 can now be realized by the permutation 
T :=(0 7)(1 6)(2 5)(3 4), which is not an element of W. Then I” is generated by W and 
T, and it has two orbits, namely, {0, 1, 6, 7} and {2, 3, 4, 5}. Now, since (2 5)(3 4) € W, 
we also have (0 7)(1 6) € I. But (0 1), (6 7), and (0 7)(1 6) generate a subgroup of I" 
isomorphic to D4. In particular, the restriction of a permutation in I" to {0, 1, 6, 7} is 
an element of this subgroup. It follows that [ = D4 x S4, with the first factor acting 
on 0, 1, 6, 7 and the second on 2, 3, 4, 5. This completes the proof. 


In Table 10B1, we list the finite polytopes ;7,*, and give the numbers v of their 
vertices and f of their facets, and the orders g of their groups. For the first two rows 
we can appeal to Theorem 10B3, and for the last row to Theorem 10B5. 

If s = 2¢ (say) is even, then we can also obtain ITS 0) from the general construction 
of the polytopes CY discussed in Chapter 8. More exactly, if ¢ > 2 and G(t) is the 
diagram on the vertex-set of a square {4} which connects antipodal vertices by a branch 
labelled ¢ (but has no other branches), then Theorem 8E16 yields the infinite polytope 


4 —_ 4G * 
1757.0) = ({3}! } @) , 


the dual of {3}'4!-9©, See also Corollary 8E18 (and Section 12B) for a similar con- 
struction based on the octahedron {3, 4}. 
We can also employ Theorem 8E2, and obtain 


1731.0) = 2 {4, 3}} = 2(43).D0 | 


where G(t) is as above and D(f) is the universal {4, 3}-extension of G(t) (that is, D(t) 
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is the diagram on the vertices of a cube {4, 3}, which connects antipodal vertices of the 
square faces, or of the cube itself, by a branch with label ¢ or 00, respectively). 

Moreover, if t = 1, we can also appeal to the methods of Section 8F, and identify 
175 9) aS a finite quotient of ; 74 4). In particular, Theorem 8F3 applies and gives (the 
dual of) 176.0 now with its group occurring in the form (C2 x C2) ™ [4, 3]. 

In topological terms, the finiteness of the polytopes ; 73 9) and ; Z;3 y) can also be ex- 
plained as follows; see the discussion at the end of Section 6B. If we begin constructing 
a topological model for ITS 0) by sticking together 3 solid tori {4, 4}(;,9) around an edge 
(as we must, because 3 is the last entry in the Schlafli symbol), and by successively 
extending this arrangement with further solid tori, then we observe that only for s < 3 
will this arrangement close up locally. For example, in constructing 13,0): we find that 
there is precisely one torus {4, 4}(3,0) which surrounds the original 3 tori like a belt. This 
does not occur if s > 4. In general, the resulting topological space is a real 3-manifold 
which depends on the actual way the facets of 1T 0) are glued together. 

For example, the possible 3-manifolds which admit a topological model for 173 0) 
include connected sums of handles S! x S? as well as certain spherical or euclidean 
space-forms (see [49, §4.1]). For 173.0)» a topological model on S? was described in 
[132] and [199, p. 196]; this is given by a decomposition of S? into 20 solid tori. See 
[49] for a systematic approach to topological models for abstract polytopes. 

The regular polytope 173.0) can also be employed to give a simple reason why the 
related universal polytope {{4, 4}(3,0), {4, 3}3} cannot exist; that is, identifying opposite 
vertices in the cubical vertex-figure of 1T5 o)> to obtain the (projective) hemi-cube 
{4, 3}3 as vertex-figure, does not lead to a polytope. 

In fact, if this polytope were to exist, then its group would be obtained from To) — 
(00, +--+» 03) = Ss X Cy by imposing the extra relation 


(p1p2p3) = €, 


which collapses {4, 3} to {4, 3}; (see Section 6C). Since the alternating group A¢ is the 
only non-trivial normal subgroup of S¢, this limits the choices for corresponding normal 
subgroups N of Ibo to the second (central) factor in Sg x C . As in the proof of 
Theorem 10B3, we write t for the element of Ss which defines an inner automorphism 
that acts on the generators o; of Ss, in the same way as the given automorphism 
pi (=T). In Toy we must then have N = (p;T). But pit € (1, 02, 23), So that 
taking the quotient by N does not lead to a collapse of the vertex-figure {4, 3} of 1T3 0): 
In fact, 116.0) /N is just the group of another regular polytope which also belongs to 
the class ({4, 4}(3.0), {4, 3}); in a sense, this is an “elliptic” quotient of 173 0) which 
could be denoted by 173.0) [2 


The Polytopes :T , = (4, 4}(s.s), {4, 3}} 


We now move on to the construction of the polytopes ile > this is the case k = 2 in 
our earlier notation. Now we shall work with the Coxeter group W = (00, ...,05) of 


Figure 10B2 and employ three of its group automorphisms, which generate a dihedral 
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Figure 10B2 


group Ds. These automorphisms are denoted by to, which is induced by the half-turn 
of the diagram, and t and 2, which are again induced by reflexions as indicated in the 
figure. From the operation 


10B4 (00, +++, 05,7, TI, T) Em (To, 02,71, T) =: (po, soe (3); 


we can now obtain a new group I” := (po, ..., 03), Which is a semi-direct product of 
W by Dg. Then it is easy to verify that I” is a C-group. In particular, we have 


(Po, P1, 22) = (01, 02, 04, 05) X(T), T1) = (Ds x Ds) x (C2 x Cr) 
and 
(P1, P2, P3) = (0, 02,04) ¥ (T1, %) = [4,3] (SC) x S). 


Hence, for the polytope with group I”, the facets must be toroidal maps {4, 4}(s,,) and 
the vertex-figures must be cubes {4, 3}. Again, the standard presentation for W in terms 
of the o; translates into a presentation for I” in terms of the p;, which now consists 
of the standard Coxeter relations for [4, 4, 3] and the one extra relation (10B1) with 
k = 2. Note that this extra relation follows from 0,0) = (9012). Hence 


4 
rea 1D %5,5)» 


and the corresponding polytope is just 1TE 5) 

Again we need to identify the finite polytopes and their groups. But clearly, ines 
is finite if and only if W is finite, that is, if and only ifs = 2. If indeed s = 2, then the 
diagram has no branches and W = C$; the semi-direct product I” is then the wreath 
product C> 2 Dg. This leads to the entries in the last row of Table 10B1. 

We summarize our results as follows. 
10B5 Theorem The universal regular 4-polytope 17? 5) = {{4, 4s), {4, 3}} exists 


for alls > 2. Its group is W x D6, where W is the Coxeter group with the diagram of 
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Figure 10B2. In particular, this polytope is finite if and only if s = 2, and then its group 
is Cz? De. 


We remark that the same operation (10B4) can also be applied to the finite unitary 
reflexion group W := [1 1 47? = (o0,..., 05) (with g > 2) in complex 6-space (see 
Section 9A). This group can be represented by a hexagonal diagram with unmarked 
branches (that is, s = 3), which has a mark q inside to indicate the single extra relation 


(0001 **++040504°°:02 fe, 


This leads to an infinite family of finite regular 4-polytopes P in ({4, 4}(3,3), {4, 3}), 
which are all covered by iTS, 3): In particular, 


I(P) = [11477 x De, 


of order 8640q°. 


10C The Type {4, 4, 4} 


In this section, we treat the locally toroidal regular 4-polytopes of type {4, 4, 4}. With 
the exception of a small number of parameter values, we shall enumerate the finite 
universal regular polytopes 


oT,’ = (4, 4s (4, ed, 


where s = (s*, 0?-*) and t = (¢', 0?~!), with 2 < s,t < co and k,/ = 1 or 2. Again, 
the superscript indicates the rank, and the subscript 2 on the left refers to {4, 4, 4} as the 
second type of Schlafli symbol which we investigate. The basic construction technique 
is again twisting; see Chapter 8 for the notation we are using. 

We proceed as in the previous section, and consider the group 2/;',, which now 
denotes the Coxeter group [4, 4, 4] = (0, ..., 03), factored out by two extra relations 
as in (10B1). The first relation involves only the first three generators, and depends on 
k and s; its effect is to collapse the facet {4, 4} of the honeycomb {4, 4, 4} to its finite 
quotient {4, 4},. Similarly, the second relation involves only the last three generators, 
and is determined by / and f; this now turns the vertex-figure {4, 4} of {4, 4, 4} into 
{4, 4}. Thus the group in question now depends on two parameter vectors s and t, 
unlike in the previous section where it was determined by only one. 

In particular, by Proposition 4A8, the related polytope oT, exists if and only if 24, 
is a C-group whose subgroups (0, 1, 02) and (1, 02, 03) are isomorphic to [4, Al, 
and [4, 4]t, respectively. If indeed oT, exists, then 

I(T) 7 aly 

There are now three cases which need to be considered, namely (A, /) = (1, 1), (1, 2), 

or (2, 2). By duality, this then also covers the case (A, /) = (2, 1). 
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Figure 10C1 


The Polytopes xT. 9) «1 = (4, 4}is,0) (4, Hen} 


We begin with the construction of the polytopes 2T 0), wt) With s, t > 2; this is the case 
(k, 1) = (1, 2). (We start here because this is the case which we can solve completely.) 
Ifs is even, we could directly appeal to Corollaries 8F4 and 8E13, and enumerate the 
finite polytopes. However, here we prefer to describe a method which applies to all s 
and ¢ simultaneously. 

Again we shall work with a Coxeter group W = (09,...,05) with a hexagonal 
diagram, but now this is taken in the form of Figure 10C1. Then the polytope is 
constructed by the operation 


10C1 (00, -- +5055 T0, T1) > (03, T, O1, T1) =! (0, ---5 03)s 


where To and 7; are the group automorphisms of W corresponding to the half-turn and 
the reflexion in the horizontal axis of the diagram. The new group I" := (9, ..., 03) 
is then a semi-direct product of W by Cy x C2 (= (To, T)). This is indeed a C-group, 
because I” has the intersection property for the generators ;, which follows from the 
corresponding property for the generators o; of W. In particular, we have 

(Po. P1s P2) = (00, 01, 03, 04) X(T) = (Ds x Ds) x Cr, 
and 


(P1, 02, P3) = (1, 02, 04,95) ™ (T, T1) = (Dy x Dr) % (C2 x C2). 

Hence, for the polytope with group J”, the facets and vertex-figures are toroidal maps 
{4, 4}(s,0) and {4, 4}¢-,1, respectively. 

Moreover, the standard presentation for W translates into a presentation for J”, which 
consists of the standard relations for [4, 4, 4], and the two extra relations 

(oop prpiy =, (p1p23)"" =e. 
These extra relations follow directly from the equations 
POP1P2P1 = 037901 TO = 0304, 


2 
(010203) = TO1T1 TOIT = TO1TT11T1 = 40s. 
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Table 10C1. The Finite Polytopes ole 


s t v f g Group 


(2,0) (t,),t>2 4 2? 6422 (D, x D, x Cy x Cp) ¥ (C2 x C2) 
(C2 x C2) x [4, 4](2,0) if m= 1 


(2,0) (2m,0),m>1 4 4m? 128m? Ole Dae tne? 
(3, 0) (3, 0) 20 20 1440 Ss x Co 

(3, 0) (4, 0) 288 512 36864 Cr2[4, 4]a,0 

(3, 0) (2,2) 36 32 2304 (Sq x S4) x4 (Cy x C2) 

(2, 2) (2, 2) 16 16 1024 C4 x [4, 4]o.2) 

(2, 2) (3, 3) 64 144 9216 C$ x [4, 4]a,3) 

(3, 0) (5,0) 19584 54400 3916800 see (10C8) 


Since these two relations are just those which determine the group J, we must have 


= alt 
In particular, 270), «,r) does indeed exist, and is just the polytope with group I”. 

It is now straightforward to identify the finite polytopes and their groups. Clearly 
27h 0,04) is finite if and only if W is finite. But the latter occurs only if s = 2 or 
(s, t) = G, 2), and then W = D, x D; x Cy x Cy or W = S4 x Su, respectively. 

Summarizing this discussion, we obtain the following. 
10C2 Theorem The universal regular 4-polytope 276 0.0.0) = [{4, 4}o.0). {4 Fao} 
exists for all s, t > 2. Its group is W x (C2 x C2), where W is the Coxeter group 
with the diagram of Figure 10C1. In particular, this polytope is finite if and only if 
S =2 or (s,t) = (3, 2), and then its group is (D; x D; x Cy x Cx) * (C2 x C2) or 
(S4 x S4) x (Cy x C2), respectively. 


In Table 10C1, we list the finite polytopes a1 including an “exceptional” case 
which we shall investigate later in this section. We also include the numbers v of their 
vertices and f of their facets, and the orders g of their groups. The table is based on 
Theorems 10C2, 10C5, and 10C12. 

If t = s, the Coxeter diagrams in Figures 10B2 and 10C1 are the same, and so are 
the corresponding Coxeter groups W. This gives us an obvious inclusion of 2G), ie 
in id as More exactly, we have 
10C3 Proposition 28 oye.s) is a subgroup of 1 rr 


5,8) 


of index 3. 


At the end of the previous section, we employed a marked hexagonal diagram for 
the unitary reflexion groups [1 1 47} to construct an infinite sequence of finite regular 
4-polytopes in the class ({4, 4}(3.0), {4, 3}). When the diagram of Figure 10C1, with 
t = s = 3, is marked ina similar way, then the operation (10C1) again yields an infinite 
sequence of finite polytopes, which now are in the class ({4, 4}(3,0), {4, 4};,3)), and have 
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groups [1 1 47) x (C2 x C2), of order 2880q° (with g > 2). The subgroup relation of 
Proposition 10C3 carries over to this situation. 

We have already mentioned that, for even s, the polytopes 276 00.0) can also be 
obtained from the construction of Corollaries 8F4 and 8E13. If s > 4, the key idea 
here is to express 27.0, 1) aS a certain polytope 2-9, which we can then prove to be 
infinite. On the other hand, ifs = 2, then Corollary 8F4 shows that 276.0), (t) is a finite 
polytope, whose group can be expressed as 


218,040.) = (C2 x C2) * (4, un. 


The Polytopes oT «1 = {{4, 4.8) (4, Hen} 


For this class, the enumeration must proceed in a completely different manner, because 
general results about the group structure are not yet available. Nevertheless, we can 
describe all the finite polytopes and their groups. We begin with the case where both s 
and ¢ are even. Then we have 


10C4 Lemma 77 


(s,8),(¢,t) exists for all even s and t. 


Proof. Let Py := {4, 4}(s,s) and Po := {4, 4},, 80 that 27.) ,) = {Pi, Po}. Then we 
know that the universal polytope {P, 72} exists if and only if the corresponding class 
(P|, P2) is non-empty. Hence, to prove the lemma it suffices to construct a polytope 
in this class. This can be accomplished by the methods of Sections 4E and 4F, which 


yield a flat polytope. 

Recall from Section 4E that a regular n-polytope P with group I'(P) = 
(0, +++,» Pn—1) has the flat amalgamation property (FAP) with respect to its vertex- 
figures KC if and only if 


I'(P) = No X (Pis-+++On-1) (= No x P(K)), 


where No is the normal subgroup generated by the conjugates of pp in I'(P). Then 
Lemma 4E10 says that P has the FAP with respect to its vertex-figures if and only if 
the group I"(P), factored out by the additional relation po = ¢, is just the group I'(K) 
of the vertex-figure. Further, recall from Section 4E that we had also defined the FAP 
with respect to facets, such that a regular polytope P has the FAP with respect to its 
facets if and only if its dual has the FAP with respect to its vertex-figures. 

All we need here is that the 3-polytopes P; and P2 have the FAP, namely, P; with 
respect to its vertex-figures and P2 with respect to its facets. To verify this, note that 
I’(P,) has a presentation consisting of the standard presentation for the Coxeter group 
[4, 4] and the extra relation (9 p2)** = ¢. Hence, if we now add pp = € as a new 
relation, then the latter becomes (0 02)”° = ¢. Because we are assuming that s is even, 
this is a valid relation for the dihedral group [4] (= I"(X-)), which proves the FAP for P. 
Since P} is self-dual and t is also even, we can derive the FAP for P2 in the same way. 

Finally, since P, has the FAP with respect to its vertex-figures and P with respect 
to its facets, we can now directly appeal to Corollary 4F11 and obtain a flat polytope 
in (P1, P2). This completes the proof. 
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Now, for all (even or odd) s and t, we can relate oT s),(t,t) © the polytope oT On 
whose structure we determined earlier in this section. In fact, since the map {4, 4},., oF is 
a quotient of {4, 4}(; 5), we know that 27, 0),(¢,r) Must also be a quotient of Tf G: yl 
particular, the group 2.0), at) of 2Te.0.0, 1) 1s the factor group derived from the group 


alt vow of 274 s).(¢,) by imposing the extra relation 


(PoP1P2P1) = € 


which defines {4, 4}(s,0). This already proves that oT s),(tt) 18 an infinite polytope 
whenever oT (s,0),(4,2) is infinite. 

In particular, if both s and ¢ are even, then Theorem 10C2 implies that oT s),(¢.t) 
is an infinite polytope provided that s > 4 or ¢ > 4. Hence, finiteness can only occur 
if s = ¢ = 2. On the other hand, by Theorem 8F9 we already know that 276. 2,22) } 


finite, with group 
4 4 
2173.2),2,2) = Cr * [4 4]ea.2), 


of order 1024. 

Next, let at least one parameter, s (say), be odd. First, we again establish the existence 
of oT .s),(t,r) But this is straightforward. We appeal to Theorem 7A8, or, rather, to one 
of the examples which follows it. Since (7A9) tells us that 


{4, 4}(s,0) ©) { } = {4, A} (5,5) 


in case s is odd, it follows at once that 


4 
27(5.0),(t,1) % { } 


is a polytope of type aT. s),(1,t): 10 particular, this establishes the existence of the uni- 


versal polytope 27/4 in this class. 


(s,8),(t0) 
But now we can argue as before. For odd s, the polytope aT, s),(t,t) Must be infinite 
unless (s, t) = (3, 2), because oT (s.0),(t,) 18 infinite. On the other hand, by Theorem 8F9 


we already know that o7G 3),(2,2) 18 finite, with group 


6 
ol, 3),(2,2) = Cz ™ [4, 4]a.3), 


of order 9216, which is indeed twice the order of .I” 3, 0),2,2)" 
We summarize our results in the following theorem (see also Table 10C1). 


10C5 Theorem Zhe universal regular 4-polytope ade (t,t) = = {{4, 4}6,5), {4 Fao} 
exists for all s, t > 2. Up to duality, the only finite polytopes are 275 2),2,2) and 
273.300,» with groups CG  [4, 4](2,2) and Cs x [4, 4]a,3), of orders 1024 and 9216, 
respectively. 


The Polytopes TS 9 4,9) = (4, 4}¢s.0), {4, Hao} 


The enumeration of the finite regular polytopes 27 0),(¢,0) @Ppears to be more difficult, 
and so is not yet complete. 
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The case where s or ¢ is even has already been settled by Corollaries 8F4 and 8E13. 
Suppose that s is even. Then Corollary 8F4 expresses 275 '0).(t,0) withs > 4 asacertain 
polytope 2.9, and its group as a semi-direct product of a certain Coxeter group by 


the group [4, 4](:,0) of the vertex-figure. In particular, finiteness occurs only if t = 2 or 
(s, t) = (4, 3), and then the groups are given by 
28.0),2,0) = (Ds x Ds) * [4,4], (s even, s > 4) 
and 
217%4,0),3,0) = C2 (4, 416.0 = C2214, 4]a.0), 
of orders 128s? and 36864, respectively. Recall here from (8E7) that 


4 4,4 
27(4.0),3,0) = ite 


which explains the statement about the second group. 

On the other hand, if s = 2, then we can apply Corollary 8F4 (or the arguments in 
the following). In particular, 276.0), (,0) can only exist if ¢ is even, and then it is finite 
and its group is given by 


4 2 
213.0),0,.0) = C2 14, Aico, 


of order 3247. Moreover, if we view the latter as the group of the dual polytope and 
appeal to Corollary 8F4, then we also obtain 


2I3.0),0.0) = (Dn x Din) x [4, 4]e2.0) (t = 2m). 


We give another argument, independent of Corollary 8F4, which shows that the 
polytope 276 0), (,0) Cannot exist if ¢ odd. Suppose to the contrary that 276.0), (1,0) &Xists. 
Then 275 0, (r,0) Must be a quotient of 275 0), «2: the latter polytope also exists, is finite, 
and has 23 0),0.0) as its group (see Theorem 10C2). Let 2 0,042) = ((0,---5 03)5 
where fo, ..., 03 denote the distinguished generators defined in (10C1). When we take 
the quotient, the vertex-figure {4, 4}(-,- collapses to {4, 4}7,0), and so the corresponding 
normal subgroup N of 215.0), (,1) Must contain the element 


We = (p1/2/302)'. 
Let ¢ = 2m + 1. Then, in the notations of Figure 10C1 and (10C1), 
2m+1 


Ww = (017101) = (0405)"04(0201)" 02 ToT. 


Since s = 2, we also have 
03Wo3 = (0405)”"04(020))" 02(03T)T103) = Wooo; € N, 
so that 0903 € N. But 
03 = (t903)” = (p1P0)” € (Po. Pi» 2): 


so that taking the quotient by WN also leads to a collapse of the facets of 276.0), (t)" This 
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Figure 10C2 


contradiction disproves our original assumption; hence the polytope 2T6.0),¢4.0) cannot 
exist if t is odd. (Note that (w, 003) itself is a normal subgroup of V5 ote, 1) 

If both s and ft are even, then we can use a simple twisting operation to con- 
struct an infinite family of regular 4-polytopes P; (for 7 > 2) in the class ({4, 4}(s,0), 
{4, 4}(-,0)). Let s = 2/ and t = 2m (say), and let 7 > 2. Consider the Coxeter group 
W = (00,...,07) of Figure 10C2, whose diagram consists of an octagon with edges 
marked /, as well as its four main diagonals which are alternately marked / or m; the 
centre of the octagon is not a node of the diagram. Again, t, and Tt) are the group 
automorphisms of W which are induced by the indicated reflexions. The polytopes are 
now constructed from the operation 


10C6 (00, -++,07;T1, T2) > (00, T1, T2, 03) => (po, eines 3). 


Indeed, it is straightforward to check that (po, ..., 03) = W x Dg is a C-group, and 
that the corresponding polytope P; (say) has the desired properties. Note that P; is 
finite only if 7 = 2 (in this case the branches with mark j are missing), and then 
I'(P;) = (D? x D2) = Da. 

The remaining case where both s and ¢ are odd seems to be somewhat more difficult. 
We shall see later how the case s = ¢ is related to the construction of the universal 
polytopes 17.0) described in Section 10B. However, ifs and ¢ are odd and distinct, we 
know very little about the polytopes 27 h.0),0,0)" In fact, all our present knowledge is 
compatible with the following 
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10C7 Conjecture Let s,t > 3 be odd and distinct. Then the universal regular 4- 
polytope aT)» (t, 0) = {{4, 4}is.0), {4, 4coy} exists, but is finite only if(s, t) = (3, 5) 
or (5, 3). 

In our discussion, we shall frequently exclude the case where s and ¢ are odd and 
distinct, namely, that covered by Conjecture 10C7. We shall refer to this as the excep- 
tional case for the type {4, 4, 4}. In the next section, we shall explain the conjecture 
and provide supporting arguments for it using the cut method. For now we only men- 
tion that the polytope 275 0),(5,0) and its dual 2765.0), @,0) ate indeed finite, with group 
2173,0),5,0) (= 227%3.0),3,0))» Of order 2'° - 3? - 5? - 17 = 39 16800. The group order was 
determined by G. Havas using coset enumeration. Moreover, Leytem [263, 267] em- 
ployed the computational group theory package GAP to establish 
10C8 2173,0),(5,0) = SP4(4) x Cz x C2, 


where Sp,(4) (= S4(4)) denotes the simple group of order 2° - 3? - 5? - 17, which con- 
sists of all 4 x 4 matrices over GF(4) which preserve a non-singular symplectic form 
[90, p. 44; 360]. 

Next we treat the case s = ¢t with s odd. In Section 10B, the universal polytope 
1T 6.0) = {{4, 4}(,0), {4, 3}} was constructed from the Coxeter group W = (00, ..., 04) 
of Figure 10B1, by applying the twisting operation (10B2); the resulting group was 

FP = (po, <3) = 11 gy: 


Now consider the new operation 


10C9 (00, +++, 03) > (03, 0201/2, Po, P1) =: (Ao, .--, 3) 


on I’, which employs the halving operation for the vertex-figure of the dual of he 


(see Section 7B). Since s is odd, we can use (10B2) to recover the p;’s from the a;’s; 
in particular, 
p2 = 03 = 03(0100)° = (030100)° = (03T03TO0)° = (a100302)° = (3001 0l2)°. 


Hence a, ..., @3 are indeed generators for I”, and (a, @2, @3) is the group of the torus 
map {4, 4}(s,0)- 

If we compute a presentation for I" in terms of its new generators ao, ..., #3 froma 
presentation in terms of its old generators po, ..., 03, we find that I” is defined by the 
standard Coxeter relations for the group [4, 4, 4] and the following three extra relations: 


10C10 (aoa @2@1)* = (@102030)" = €, 
10C11 (ao(a3a,a2))? =. 
Here we have used the equations 

109 = P2/P1 2203 = P2(P1P2P32)/2 
and 


0£20L10'9Q1 = (0 0201( 02,03 P2)/1 02 
= (£00201 03)(0203 102) = 023(P0P102P1)P3 2; 
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as well as 


09 (301102)” = P32. 


The proof of the intersection property for J” and its generators a, ..., @3 is straight- 
forward but very tedious, and so we omit it here; it appeals to the same property 
for the Coxeter group W of Figure 10B1. Then this shows that I" is a C-group with 
distinguished generators ao, ..., 3. 

Now we can prove that the universal polytope 27 0),46,0) exists. In fact, the regular 
4-polytope Q with group I” belongs to the class ({4, 4}(s,0), {4, 4}(0,0)), which therefore 
is non-empty and so contains a universal member, which also covers Q. This is just the 
desired polytope 27} 046.0)" In particular, if s > 3, this must be an infinite polytope, 
because Q is also infinite. If s = 3, then we can prove that 275 0),(3,0) = Qand 


213.0,(3.0) =S%xQ=T. 


First observe that in this case the original polytope 173.0) is finite and has T = S6 x C2 
as its group. But then the new polytope Q must also be finite and have the same group 
(but with new distinguished generators). On the other hand, an application of the Todd— 
Coxeter coset enumeration algorithm shows that 2173 .0),(3,0) is a group of order 1440 
(see [83, Table 1]). Therefore, since I” is a quotient of 213.0), (3,0) We must indeed have 
2173.0),6,0) = I’ and 273 0),3,0) = Q. In particular, the relation (10C11) can be omitted 
from the presentation if s = 3. 

Ifs > 3, then Q seems to be a proper quotient of the universal polytope 270), (s,0)° 
This is indicated by the existence of certain 3-cycles in the edge graph of Q, which 
are not likely to exist in the universal polytope. To describe these 3-cycles, set 6 := 
(a@3a@1@2)°, and let Fy and F; be the base vertex and base edge of Q, respectively. Then 
(10C11) shows that Bao8 = aoa stabilizes the vertex Foao of F; and interchanges 
the two vertices Fy and Foayf of FB; moreover, a stabilizes Foayf and interchanges 
the two vertices Fy and Foay of F,. Hence Fo, Foay and Foaof are just the vertices in 
a 3-cycle, whose edges are given by F, FB and F\ Bao. 

To conclude this section, we summarize our results in the following theorem (see 
also Table 10C1). 


10C12 Theorem Lets, t > 2, and lets =t if both s and t are odd. 


(a) The universal regular 4-polytope 2T5.0).¢,0) = {{4, 40.0), {4, Ho} exists, ex- 
cept when s = 2 and t is odd, or t = 2 and s is odd. 

(b) Up to duality, the only finite polytopes are 2T6..0),(1,0) with t even, 273 0),3,0) 
and 275, 0),(4,0) The corresponding finite groups are (Dm X Dm) ™ [4, 4]2,0) 
with t = 2m, So x Co, and G x [4, 4](3,0), of orders 3217, 1440, and 36864, 
respectively. 


Recall, though, that we also know that 275.0), 6,0) and its dual are finite. 
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10D Cuts for the Types {4, 4,r} 


In Sections 10B and 10C, we enumerated the finite locally toroidal regular 4-polytopes 
of type 


iT, = {{4, 4}s, (4, 3}, 
and (probably completely) those of type 
oT, = (14, 4}s, (4, Abe}. 


In this section, we describe a powerful geometric tool, the cut method, which sheds 
some light on why certain parameter vectors s, t give finite polytopes, while others 
give infinite ones. In general, this method reduces enumeration problems for polytopes 
of a given rank to similar such problems for polytopes of lower rank. At present, this 
method is only developed to the extent that it explains many of our results rather than 
proving them. We do not know under what conditions the cut method can actually be 
turned into a proof technique. In particular, the cut method will not in general lead to 
existence results for polytopes. 

Recall from Section 7C the concept of a cut of a regular polytope P. Informally, a 
cut M of P is a regular polytope of lower rank, whose group '(M) is a subgroup of 
I’(P) which is contained in the centralizer of a subset of the distinguished generators. 
It is often the case that the vertices of M lie among those of P or its dual P*. 

We shall investigate cuts of regular 4-polytopes of type {4, 4, 3} and {4, 4, 4}, begin- 
ning with the latter. For ,7,* or 27%, these cuts are regular maps which in many cases 
are isomorphic to spherical, euclidean, or hyperbolic tessellations. In a sense which we 
shall further explain, these maps cut right through the polytope. 


The Type {4, 4, 4} 


Let P be a regular 4-polytope of type {p, qg,r}, and let '(P) = (po, ..-., 03), where 
fo, ---, 03 are the distinguished generators. Assume that the facet of P has 2-holes of 
length /, and that its vertex-figure has Petrie polygons of length m (see Sections 1D 
and 7B). Then the operation 


10D1 (P0,--+» 03) +> (Po, 0102/1, 030203) =: (Bo, B1, B2) 
gives a regular map M = M(P) with group ['(M) = (Bo, Bi, 82), which is of type 
{7, m} or {7, +} according as m is odd or even. In fact, we have 
BoBi = Popip2/, 
of order /, and 


Bi Bo = 2102P1P3P2P3 = (0102/3) 


of order m or 7, respectively. 


Let {Fo, ..., F3} be the base flag of P, where F; denotes an i-face. Then M can be 
constructed from P by (an abstract version of) Wythoff’s construction, now applied to 
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the order complex C(P) of P, with Fo as initial vertex (see Sections 2C and 5A). In 
particular, the base flag {Go, G1, G2} of M is then given by Go := Fo, G; := F, and 


G2 = {Fo(popin2pi)’ | 7 =0,...,2— 1}, 


which is a 2-hole of the facet F3 of P. As usual, the other faces of the map are then the 
transforms of the G;’s under the elements of J°(M). In particular, the vertices 


Fo Bo(B2B1)! = Fopo(o3201)", 


with j = 1,...,morj =1,..., } according as m is odd or even, are the neighbours 
of Fo in M; that is, as we go around Fo to find its neighbours in M, we pick every 
other vertex from a Petrie polygon of the vertex-figure of P at Fo, and so eventually 
all the vertices of the Petrie polygon if m is odd. Finally, if we span the 2-faces of M 
by topological discs, then we arrive at a surface which (in a sense) cuts right through 
the original polytope P. 

If P is of type {p, 4, 4}, then p2 commutes with Bo, 61, and 62, and so M is invariant 
under (2. This is consistent with our definition of a cut in Section 7C, which required the 
new group to be contained in the centralizer of a subset of the distinguished generators 
(which here is just {2} itself). Hence, in some sense, we can think of M as lying on 
the reflexion wall of p>. 

Now we can investigate the polytopes 57,4, and determine their cuts. Here we use 
the fact that the torus maps {4, 4}(s,0) and {4, 4}(.,s) have Petrie polygons of length 2s 
and that their 2-holes have length s or 2s, respectively. 

First we consider P := 27 S.0).(.1) Then / = s and m = 2t, so that the resulting 
map M(P) is of type {s, t}. Now we can employ the construction of these polytopes 
in Section 10C to show that M/(P) is isomorphic to the tessellation {s, ¢}. In fact, in 
the notation of Figure 10C1 and (10C1), we have 


(Bo, Bi, B2) = (03, TO1T0, T101T1) = (03, 04, 05). 


But these are just the generators of a Coxeter subgroup [s, ft] of the original Coxeter 
group; hence M(P) = {s, ¢}. 

In a similar way, we can find the map M(P*) which is related to the dual P* = 
EN 1),(s,0) of P. Here the generators of its group are given by 


(Bo, B1, B2) = (1, 017001, 637003) = (T1, T0401, TIF0O3), 


and the map itself is isomorphic to the tessellation {2¢, s}. The latter can be proved as 
follows. Consider the subgroup 


A := (10104, 790205, T9003) 


of '(M(P*)) = (Bo, B1, 62), which is described by the diagram in Figure 10D1. This 
is a subgroup of index 2, on which 1; acts as a group automorphism as indicated. 
Indeed, A is just the Coxeter group with this diagram, because the same is true for 
the related subgroup (0104, 0205, 0903). Now, if we adjoin t, to A, then on the one 
hand we recover I"(M(P*)), and on the other we obtain a Coxeter group [2t, s]. Hence 
T'(M(P*)) = [2t, s], as required. 


380 10 Locally Toroidal 4-Polytopes: I 


T0104 
S 
T] = t T0003 
Ss 
T90205 
Figure 10D1 


In this context, it is perhaps worth remarking that (when it is finite) the order of 
Te 6.0) is given by 


‘ I aie aye 5 
Fe ovs.o)| = 16 y + . 3 = |[22, s]°. 


This is easily verified from the construction of the group (see Theorem 10C2 and 
Figure 10C1), but we have no general explanation for the formula. 

The polytopes P := 276 s).t 1) can be dealt with by a simple argument involving 
coverings. Indeed, since P covers the polytope K := 2765), 1,0)» We also have a covering 
map of M(P) onto M(K). More precisely, there is a homomorphism of I’(P) onto 
I’(K), which maps generators to generators and also carries the subgroup '(M(P)) 
of I'(P) onto the subgroup '(M(K)) of P(X). 

But M(P) is of type {2s, t} and covers M(K), which is already known to be a 
tessellation {2s, t}. Hence this covering must be trivial, and M(P) = {2s, ft}. 

For the polytopes P := 27 0),02.0» with s = 2k even and ¢ arbitrary, we can again 
work with coverings. Since the torus map {4, 4}(z,4) has 2-holes of length 2k, there is a 
covering map of P onto K := aT. 1),(1,0)° 48 Well as a corresponding homomorphism 
of I'(P) onto I’(K). The latter also determines a homomorphism of (M(P)) onto 
I'(M(XK)), and in turn a corresponding covering map of M(P) onto M(X). But now we 
can argue as before. Indeed, since M(P) is of type {2k, t} = {s, t} and covers M(K), 
which now is a tessellation {s, t}, the cut MM(P) must also be a tessellation {s, rt}. 

Summarizing, for those polytopes P = at which we have considered, the cuts 
are given by 


H = 4 4 
{2s, t} if P= 27,5 s),(,0) or 276 8),G,t)2 


10D2 M(P)= . , : 
{s,t} if P = 27 6) a9) (8 even), OF 275 9) 4,4): 


In particular, note that in general the cut of the dual polytope P* is not the dual of the 
cut of P. 

Our next theorem describes a simple criterion for the finiteness of such a polytope 
P, which is, in effect, just a finiteness criterion for its cut and that of its dual. 
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10D3 Theorem Lets, t > 2. The following is a necessary and sufficient condition for 
the universal polytope P to be finite: 


(@) x47 p> PP =a, (9 ).09 
(b) z+ = ae oS peP= Te as 
(oc) tyis 4, if P=o2T, a aie 


Proof. Indeed, if P is a finite polytope, then both M(P) and M(P*) must be (finite) 
spherical tessellations; this proves the necessity of the theorem. On the other hand, 
for the sufficiency we can appeal to the classification of the polytopes P described in 
the previous section, which yields finiteness under the stated conditions. Note that the 
condition of part (a) is not symmetric in s and ¢; in fact, here the condition on M(P) is 
sufficient for a finiteness condition on P. On the other hand, part (b) requires conditions 
for both M(P) and M(P*). 


The following example shows that the condition of Theorem 10D3(a) cannot be 
replaced by the weaker condition i + i > ;, which expresses the finiteness of the cut 
{t, s} of the dual aT io 0),(8.5) of P. In fact, for the infinite polytope P := 275 3),,0)° We 
have M(P) = {6, 3} a M(P*) = {3, 3}; hence, the former correctly nrediets that 
P is infinite, but the latter points to finiteness. This example also shows that infinite 
polytopes can have finite cuts. 

Next we treat the polytopes P := oT (s,0),(s,0) with s odd. As in Section 10C, let O 
denote the regular 4-polytope in the class ({4, 4}(s,0), {4, 4}(s,0)), with group [’(Q) = 
I = (ao, ..., 3), which was constructed from the group TG by applying the op- 
eration in (10C9). In the notation of Figure 10B1, (10B2) and (10C9), the generators 
of I'(M(Q)) are then determined by 


(Bo, B1, B2) = (do, &1 020, 03012013) = (02, 030403, 04), 


and are related to 02, 03, o4 by the facetting operation g2 described in Section 7B. Since 
s is odd, the elements 030403 and o4 generate (03, 04), so that we have 


(Bo, Bi, B2) = (02, 03, 04). 


But the latter group is just a Coxeter group [3, s], and thus belongs to a regular tessel- 
lation {3, s}. Therefore 


M(Q) = (3, 5}, 


the image of {3, s} under g. This map is of type {s, s}, because the 2-holes of {3, s} 
are s-gons. The only finite maps occur when s = 3 or 5. Then M(Q) is isomorphic to 
the simplex {3, 3} or the Kepler—Poinsot polyhedron {5, 3}, respectively; the latter is a 
finite quotient of the infinite hyperbolic tessellation {5, 5} (see Section 7D; abstractly 
it is {5, 5|3}). If s > 5, we obtain an infinite map which is a proper quotient of {s, s}. 

For P itself, we can again use a covering argument. Now the covering of QO by P 
determines a covering of M(Q) by M(P). In particular, since the two maps are of the 
same type, we can conclude that M(P) is finite if s = 3, and infinite if s > 5. Indeed, 
we conjecture here that M(P) = {s, s} for each odd s. 
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To conclude, we can provide further evidence for Conjecture 10C7, which is con- 
cerned with the exceptional polytopes P := 27 0),¢4,0)° where s and ¢ are odd and 
distinct. For now let us assume that these polytopes exist. Then their cuts M(P) are 
maps of type {s, t}, and our previous results suggest that it is indeed not unreasonable to 
expect that they are regular tessellations {s, t}. But this would imply that P can only be 
finite if {s, t} is a spherical tessellation; that is, if (s, t) = (3, 5) or (5, 3). Hence, under 
some plausible assumptions on the nature of the cuts, we arrive exactly at the finiteness 
condition for these polytopes stated in Conjecture 10C7, which again expresses just 
the finiteness of the corresponding cuts. 

As we mentioned already in the previous section, the polytope 273 0),(5,0) and its 
dual 276.0), G,0) are indeed finite (see [263, 267]). 


The Type {4, 4, 3} 


We can proceed similarly with the regular polytopes 7,4 = {{4, 4}s, (4, 3}} and their 
duals. 

For the dual K := (:73.4))* of 17), we can appeal to Figure 10B1 and (10B2) to 
determine the group '(M(K)), whose generators are given by 


(Bo, Bi, B2) = (02, 03703, O9TOH) = (02, 0103T, TINO4). 


Indeed, this group is a Coxeter group [4, s], because the related group (02, 0103, 0904) 
is also a Coxeter group [4, s]. Hence, M(K) must be a regular tessellation {4, s}. (We 
remark that the cut of ; 7/3) itself is a map of type {s, 3}.) 

For the dual £:= (7f,))* of 17%, we can again work with coverings, now of 
K by £, with K as before. Since (XK) is a quotient of '(£), the group [(M(K)) 
is also a quotient of ['(M(L)); hence M(K) itself is a quotient of M(L). But then 
M(L) = {4, s}, because M(K) = {4, s} and M(ZL) is also a map of type {4, s}. 

For ines itself, the cut is a map of type {2s, 3}. Now we can use Figure 10B2 and 
(10B4) to obtain the generators 


(Bo, B1, B2) = (to, 027102, T2T1T2) = (To, 02047], T2T T2). 


Within the group (fo, 61, 62), the generator By = to acts by conjugation on the 
subgroup 


A := (02047, 050171, T2T1T2), 


of index 2, as illustrated by the diagram in Figure 10D2. But A really is a Coxeter group 
with this diagram; this can be checked by considering its rotation subgroup, which is 
generated by the pairwise products of the generators. Since the full group is obtained 
from A by a simple twisting operation involving to, we must have MCT?) = {2s, 3}. 

The following theorem gives a simple criterion for the finiteness of a polytope ;7,', 
which is, in effect, just a finiteness criterion for either its own cut or that of its dual; 
here we need not include both. 
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10D4 Theorem Lets > 2. Then the following is a necessary and sufficient condition 
for the universal polytope P = \T,} to be finite: 


(a) t+1> 4, ifs =(s,0) (thatis, s < 3); 
(b) +4 > 4, if s=(s,8) (that is, s = 2). 


Proof. Again, if P := ;T,) is finite, then M(P) and M(P*) are finite maps. If s = 
(s, 0), then M(P*) = {4, s}. If s = (s, 5), then M(P) = {2s, 3}. Hence the conditions 
in (a) and (b) are necessary. On the other hand, for the sufficiency we can appeal to 
the enumeration of the finite polytopes ,7,‘ described in Section 10B, which yields 
finiteness under the stated conditions. 


We remark that the operation (10D 1) which we discussed here is by no means the only 
way in which cuts of regular 4-polytopes P of type {p, 4, 4} can be defined. For example, 
whereas (10D1) distinguishes the generator 2 and its “reflexion hyperplane”, the 
following operation relates in a similar way to the generator p3 of '(P) = (po, ..-, 03): 


10D5 (Po, +--+ 03) + (Po, Pi, 23/2). 


If P is the dual of ;7(?) or 1Z;}.,), then this defines a cut which is a regular tessellation 
{3, s} or {3, 2s}, respectively. 


10E Relationships Among Polytopes of Type {4, 4,7} 


In this section, we investigate relationships among the regular polytopes of types 
{3, 4, 4} and {4, 4, 4}. We shall see that it is preferable to consider {3, 4, 4} rather 
than its dual type {4, 4, 3}. 

A key role is played by the halving operation n described in Section 7B, which 
only applies to regular polyhedra of type {4,q}. For a polyhedron M with group 
I'(M) = (09, 01, 02), this operation is defined by 


1: (00, 01, 02) F® (090100, 02, 01) =: (Po, P1, 02); 


and usually turns M into a regular polyhedron M” with group (0, 01, 02), Which is 
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of type {q, g}. In particular, applying Theorem 7B17 to M := {4, 4}(s¢,92-*), we obtain 


{4, 4}onm) if k= 1 and s = 2m > 2 is even; 
10E1 M'= +} M if k= 1 and s > 3 is odd; 
{4,4}0 ifk=2 and s >2. 


Note that, fork = 1 ands = 2, the resulting map M” = {4, 4}(1,1) is not a polyhedron. 

Now consider the hyperbolic regular honeycombs {3, 4, 4} and {4, 4, 4}, with groups 
[3, 4, 4] and [4, 4, 4], respectively. We know that [4, 4, 4] can be viewed as a subgroup 
of index 3 in [3, 4, 4]. This can be proved either geometrically, by dissection of the 
fundamental simplex of {4, 4, 4} [120, §14.8], or algebraically, by considering the 
mixing operation on [3, 4, 4] = (po, ..., 03) defined by 


10E2 K: (Po, -++5 03) > (Po, 010201, 3, 02) =: (Yo, ---, G3), 


to obtain its subgroup [4, 4, 4] = (@o, ..., @3). The corresponding geometric relation- 
ship between the honeycombs is then as follows. The facets of {3, 4, 4} are octahedra 
with their vertices on the absolute, and the vertex-figures are horospherical tessellations 
{4, 4}. But 


10E3 Gi = PipoPisipop: (i = 9, 1, 2), 


and so the facets of the derived honeycomb {4, 4, 4} are vertex-figures of {3, 4, 4}. On 
the other hand, the vertex-figure of {4, 4, 4} is obtained by halving the vertex-figure of 
{3, 4, 4} (that is, by applying 7). 

Our next theorem generalizes the relationship between these honeycombs to certain 
locally toroidal regular polytopes of types {3, 4, 4} or {4, 4, 4}. 


10E4 Theorem Let P := {{3, 4}, {4,4}s} (= G7,)*), where s =(s,0) with s > 4 
even, or § =(s,5) with s > 2. Let '(P) = (po0,.--, 03), where po,..., 03 are the 
distinguished generators, and let xk and ,...,93 be as in (10E2). Then P* = 
{{4, 4},, {4, 4}23, and the group '(P*) can be identified with the subgroup (Qo, ... , 93) 
of I'(P), which is of index 3. In particular, P and P* are either both finite or both 
infinite. 


Proof. Let M := {4,4},. Then M"’ 4 M, by our restriction on s. Also, from 
Section 10C we already know that the universal polytope {M, M"} exists. 

Now consider the subgroup I’ := (go, ..., @3) of '(P), which is the image of 
the subgroup [4, 4, 4] of [3, 4, 4] under the homomorphism which maps [3, 4, 4] onto 
I'(P). Then, modulo the intersection property, I”’ is the group of a regular polytope Q 
which belongs to the class (M, M7”). Indeed, by (10E3), QO must have facets isomorphic 
to M, because the subgroup (@, ¢1, 2) of I”’ is the group of a vertex-figure of P, 
and it must have vertex-figures isomorphic to M”", because (¢1, ¢2, Y3) 1s obtained by 
halving the vertex-figure of P. Also, I”’ is of index 1 or 3 in '(P). 

Indeed, our arguments in the following will show that O = {M, M"}, |I°(P):I’| = 
3, and p; ¢ I’; in particular, I”’ has the intersection property. 

Next, we explain how to reverse the process. Write "” := (go, ..., 93) forthe group 
of the universal polytope {M, M"}; for simplicity, we are using here the same notation 
for the generators as before. We now reintroduce o;. We adjoin an element t to I”, 
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such that 
10E5 PH=e THI=GO, THT=M, (TH) =e. 
For the resulting group I”, we define the generators p; by 


(0, ++, 03) = (Go, T, G3, G2). 


Then it is straightforward to prove that I” is a quotient of I"(P), if we observe that 
PoTYiTPo = Pi41 (i =O, 1,2). 


Now we can definitely check that ”” has index 3 in I’. Indeed, if we write y := p90, = 
Got, then 


YoY = Y’ Qo, PiY=VPP1P0, PY=VP2, BY =YVFI, 


and so we can take e, y, y” as the three coset representatives. 
In the same fashion, we can also begin with the original group I’ (or any other 
quotient of ””) and adjoin an involution, such that the new group is again a quotient of 
I(P) which contains I’ as a subgroup of index 3. In particular, this proves then that 
I’ has index 3 in '(P), and that this quotient is ’(P) itself. 
In conclusion, we can then also identify [ with '(P), and 1” with I’. In particular, 
the element t corresponds to the missing generator p,. Moreover, OQ = {M, M"}. 


The polytopes P := {{3, 4}, {4, 4}(s,0)}, with s odd, were excluded from Theorem 
10E4 for the following reason. If M := {4, 4}(.,9) ands is odd, then M = M", I’ = 
I(P), and the index is 1. All we can say in this case is that « relates the original polytope 
P toa quotient P* of the universal polytope {M, M"} = {{4, 4}(,0), {4, 4}(,0)}. Here it 
is helpful to recall that a similar relation had enabled us in Section 10C to enumerate all 
the finite universal polytopes of this kind. In particular, we know from this discussion 
that the only finite instance occurs if s = 3, and that then P* itself is the universal 
polytope. However, we conjecture that P* is not universal ifs > 5. 

We conclude this section by describing another connexion between pairs of polytopes 
of type {3, 4, 4} or {4, 4, 4}. 

Let P be a regular 4-polytope in the class ({4, 4}(s,0), M), where M is a regular 
polyhedron of type {4,7} with r = 3 or 4. Consider again the operation « on '(P) = 
(P0,---, 03) defined in (10E2). Then, modulo the intersection property for the new 
group, we obtain a polytope P* of type {s,7,7} whose vertex-figures are isomorphic 
to M". 

The most interesting cases seem to be those with s = 3. Here we have 


4 1 4 * 

273.0),0,0) > (73.0) » 

6 4 12 4 * 

10E6 Ky 276 .0),2.2) i, (173.0) ‘ 
4 48 4 ok 

276 .0),(4,0) 7 (,%.») > 


where, as before, 27," := {{4, 4}s, {4, 4}e} and 17," := {{4, 4}s, (4, 3}}, and the number 
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above the arrow is the index of the new group I"(P“) (on the right) in the old group 
I'(P) (on the left). These relationships can be verified as follows. 

Generally, if s > 3 and M = {4, 4}(-,0) with ¢ odd, then M” = M, and the same 
argument as was used in Section 10C in showing that 173 9, and 27; 9) ;3,0) have the 
same group (namely, Ss x Cz), again works here. Namely, since (1 2)" = (p21)", 
then with t = 2k + 1 we have 


(39192)! = (201020103) 
= [(2010203P1)(P102P1 2203)" (0201 22P1) P3 
= (02/10213)' Pi = p1- 


Hence, '(P) = I’(P*). In particular, this proves the first assertion of (10E6). 

As in the proof of Theorem 10E4, we can recover a quotient of the group of the poly- 
tope {{4, 4}(3,0), MM} from the group of {{3, 4}, ”} by adjoining a suitable involution 
t. Thus one universal group is indeed a subgroup of the other. With M = {4, 4}(2,2) or 
{4, 4}(4,0), this then settles the remaining cases of (10E6). 

The other finite universal example with s > 3 is 


‘ 4 1 4 
Ke 2T(4,0),(3,0) — 2T(4,0),3,0)" 


Here, P = P*. 

Finally, if the operation « is applied to a polytope P in the class ({4, 4}(s,0), {4, 3}) 
or ({4, 4}(s,5), {4, 3}), then we obtain Schlafli types {s, 3, 3} or {2s, 3, 3}, respectively. 
In particular, 


12 
1T3 y, H> {3, 3, 3}, 
10E7 sae 
173») > {4, 35 3}4, 


where {4, 3, 3}4 is the hemi-4-cube (see Section 6C). Here, the first relationship is 
obvious, because now s = 3. To check the second, we can appeal to the construction 
of 175» described in Figure 10B2 and (10B4). Then we have 


(Yo, ++ 93) = (T, 020471, T2, T1) = (0204, TO, T1, T2)5 


the latter is just a semi-direct product of Ce by De, where each factor Cy corresponds 
to one of the 6 “short” diagonals of a hexagon (equivalent under Dg to the diagonal 
with end points 2 and 4). 


11 


Locally Toroidal 4-Polytopes: II 


In the previous chapter, we extensively investigated the locally toroidal regular poly- 
topes of types {4, 4, 3} and {4, 4, 4}, and obtained a nearly complete enumeration of 
those universal regular polytopes which are finite. In this chapter, we move on to the re- 
maining types of locally toroidal 4-polytopes, namely, {6, 3, p} with p = 3, 4, 5, 6, and 
{3, 6, 3}, and carry out a similar classification. For the types {6, 3, p} our enumeration 
is complete, and for {3, 6, 3} substantial partial results are known. 

It is striking that complex hermitian forms now enter the scene. Indeed, the structure 
of the universal polytopes is frequently governed by a complex hermitian form. We shall 
explain our basic enumeration technique in Section 11A, and then, when it applies, 
enumerate many finite universal polytopes in Sections 11B to 11E by appealing to the 
results of Chapter 9. In particular, we shall see that such a polytope is finite if and only 
if the corresponding hermitian form is positive definite. The automorphism group of 
a finite polytope is then a semi-direct product of a finite unitary reflexion group by a 
small finite group. 

This link between polytopes and hermitian forms generalizes the classical situation, 
where the structure of a regular tessellation is determined by a real quadratic form 
which defines the geometry of the ambient space. 

For a discussion of the general classification program for locally toroidal regular 
polytopes, we refer to Section 10A. 


11A The Basic Enumeration Technique 


We begin the discussion by describing the basic technique which is applied to enumer- 
ate those finite universal locally toroidal regular 4-polytopes which are of some type 
{6, 3, p} or {p, 3, 6} with p = 3, 4, 5, 6, or {3, 6, 3}. We shall largely concentrate on 
the types {6, 3, p}, but our method will also work for certain, but not all, polytopes of 
type {3, 6, 3} (see Section 11E). 

In particular, we shall investigate the universal regular polytopes 


pF 16.3) iaplk ~ (= 3)4,5), 


387 
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with s = (s*, 0°-*) and k = 1, 2, as well as 
6 Tet = (16, 3}s, (3, Chet, 


with s = (s‘, 0?-*), t = (¢’, 0?-') and k, / = 1, 2. Our assumptions on the parameters 
are as follows. For all the types, s > 2 ifk = 1, ands > 1 ifk = 2, and, similarly, for 
the last type, ¢ > 2if/ = 1, andt > 1 if/ = 2. The notation we have adopted for these 
polytopes is now more telling than that in the previous chapter; again the superscript 
denotes the rank, which now is 4, but the subscript p to the left is now the last entry in 
the Schlafli symbol. (In [199, p. 196], the polytopes with p = 3 were denoted by H,.0 
or H;s,s, respectively.) 

The basic construction tool for these polytopes is again twisting, but now the twisting 
operations are performed on groups which are more complicated than Coxeter groups. 
In fact, the underlying groups W are of the type discussed in Chapter 9 (where they 
were denoted by I”), and are determined by diagrams which contain labelled circuits 
(usually triangles). These generalize the Coxeter diagrams, in that they also describe 
the structure of certain 3-generator subgroups (see Section 9G). In particular, we shall 
require the results of Chapter 9 about the enumeration of the finite groups which belong 
to certain types of diagrams. 

We also need some basic facts about the toroidal polyhedron {6, 3},, which occurs 
as the facet of »7,' and 67,4; its group is denoted by [6, 3]s. In particular, [6, 3](s#,o2-*) 


is [6, 3] = (£0, (1, (2), factored out by the single extra relation 


(popip2y* =e ifk=1, 
(p2(oipoy ys =e ifk=2 


(see [131, §8.4] and the brief introduction in Section 1D). These relations say that, in 
terms of its Petrie polygons or the 2-zigzags of its dual, the polyhedron can also be 
represented as {6, 3},, or the dual of {3, 6}..2,, respectively (see Section 7B). For the 
polyhedron {3, 6}. ,, the length of its Petrie polygons (1-zigzags) is determined by the 
length of its 2-zigzags; this explains our notation for the first suffix. 

For the polytopes ,7,’, we can now proceed as in the previous chapter and consider 
the corresponding abstract group , I’, which is defined as the Coxeter group [6, 3, p] = 
(P0,---, 03), factored out by the extra relation in (11A1). For either choice of k, this 
extra relation involves only the first three generators (9, 01, 02, and turns the facet {6, 3} 
of the hyperbolic honeycomb {6, 3, p} into its finite quotient {6, 3},. In particular, ,7,4 
exists if and only if Fi We is a C-group, whose subgroups ((, 01, 02) and (/}, 02, 03) 
are isomorphic to [6, 3], and [3, p], respectively. In this case, 


11A1 


Fp, ) = gis 


(see Proposition 4A8). 

On the other hand, for rie there are two extra relations, each with three generators. 
The first involves 9, 01, 02, and is of the same kind as before. The second involves 
P1, (2, 3, and is dual to a relation of (11A1); thus it is obtained from (11A1) by 
replacing p; by p3_;, k by /, and s by t. These extra relations turn the facet {6, 3} and 
vertex-figure {3, 6} of the honeycomb {6, 3, 6} into the polyhedra {6, 3}, and {3, 6}:, 
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respectively. Now the corresponding group GF. is defined to be the factor group of 
[6, 3, 6] determined by these two extra relations. In particular, pe exists if and only 
if eles is a C-group, whose subgroups (/9, 01, 02) and (01, 2, 3) are isomorphic to 
[6, 3], and [3, 6]t, respectively. In this case, 


PT,,) = ly 


We now describe the technique applied to enumerate the finite polytopes. Let P := 
ple or 6T,',, and let := ,»I3 or 614, respectively. We proceed by the following 


s,t? s,t? 
three steps. 


° We find a “suitable” normal subgroup W of finite index in I’, such that I" is a 
semi-direct product of W by a subgroup of its automorphisms. 

* For this subgroup W, we construct a complex “locally unitary” representation 
r:W — GL,,(C), as in Chapter 9, with m determined by ?. In particular, r will 
preserve a hermitian form (-, -) on complex m-space C”, such that the image group 
G := Wr consists of isometries with respect to this form. 

* We study the hermitian form to analyse the structure of P and I’. 


For much of the effort required in the second and third steps we can appeal to the results 
of Chapter 9; in particular, we shall adopt the notation introduced there. The remaining 
task is then to describe the subgroup W. 

Our approach works only under the mild restriction that s, t 4 (1, 1), which we 
shall assume from now on. This leaves the case s = (1, 1) or t = (1, 1), which cannot 
be settled by hermitian forms; we treat this separately in Section 11C. 

The construction of W and its representation 7 is based on the following simple 
observation, which relates the group of the toroidal polyhedron {6, 3}, to the generalized 
triangle group [1 1 1]* discussed in Section 9D. It shows that the technique can already 
be applied in rank 3 to obtain {6, 3}s. 

Recall that the geometric group [1 1 1]° (with s > 2) is (isomorphic to that) gener- 
ated by involutions 01, 02, 03, and abstractly defined by the presentation 


WWA2 of = of = 03 = (0102)' = (0203)° = (0103)' = (01030203) = € 


(see Section 9D). It is represented by the diagram in Figure 11A1, which is a triangular 


Ty] + 3 


Pe i 
T 


Figure 11A1. The group [1 1 1]°. 
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Coxeter diagram with unmarked branches, and a mark s inside the triangle to indicate 
the rightmost extra relation. Its order is 6s. The last relation in (11A2) can be replaced 
by any of six equivalent relations of the type (o;0;0;,0;)° = € with {i, 7, k} = {1, 2, 3}. 
Using the group automorphisms t; and t, which act on the generators o; as indi- 
cated, we can now extend [1 | 1]* in two ways; both are simple examples of twisting 
operations. (We shall comment on the geometric realization of these automorphisms 
later.) 

First, we can extend by t,, and consider the operation 
11A3 (01, 02, 03; T1) F> (T1, 02, 03) =! (0, Pi, 2): 
Then we obtain 

[6, 3|s,0) = [1 1 1}° x Co, 


which is a group of order 12s?. Indeed, we can recast the presentation (11A2) for 
[1 1 1]° into one for the new group (9, 01, 02), Which is equivalent to a presentation 
for [6, 3](s,0). For example, the extra relation in (11A1) for [6, 3](s,0) follows from 


2 
(P0P102)” = 710203710203 = 01030203 


and the rightmost relation in (11A2). 
Second, if we also extend by t and apply the operation 


11A4 (01, 02, 033 T1, T2) > (1, T1, T2) =: (Po; P1, 02); 
then we obtain 
[6, 3]s,s) = [1 1 1} x $3, 


which is of order 36s. Now the extra relation in (11A1) for [6, 3](s,s) 1s a consequence 
of 


22 2 
((2(/1 0) ») => (T2710) 7101) = T20201T20201 = 0301020] = 03020102 ™ 01020302 


and the rightmost relation of (11A2); as usual, ~ denotes conjugacy. 
In summary, we have proved the following 


11A5 Lemma Lets > 2. Then 


(a) [6, 3](,0) = [1 1 1]° x Cy, of order 12s?; 
(b) (6, 3]s.s) = [1 1 1]’ = $3, of order 36s7; 
(c) [6, 3](s,0) occurs as a subgroup of index 3 in [6, 3\s,s). 


We remark that, with appropriate interpretation, Lemma | 1A5(b) also remains true if 
s = 1. In fact, the last extra relation for [1 1 1]* in(11A2) then becomes 01020307 = 8, 
or equivalently, 


O01 = 020302, Or 07 = 010301, or 03 = 01020|. 
This implies that 
1146 [L11)/ = 58s, 
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(1 2) 


qT + (1 3) 


(2 3) Pa 


T2 


Figure 11A2. The group [1 1 1]! = 53. 


as illustrated by the diagram in Figure 11A2. Again we have a semi-direct product 
[6, 3]a.1) = S3 x $3, but now it can be rewritten as a direct product: 


11A7 [6, 3]a,1) = S3 x S3. 


Indeed, in the symmetric group Sj1,...6; (on 1,..., 6), we can take [1 1 1]! as the 
subgroup Si1,2,3), and realize its group automorphisms 7 and t2 by conjugation with 


tT) = (1 3)(46), tm =(1 2)(45) 


(for simplicity, the conjugating elements are also denoted by t; and 12); then oj, T%, T2 
generate the group Si1,2,3) x 514,5,6}- 

Our approach in subsequent sections is based on reversing this line of argument. 
So, from the group [6, 3]s,0) = (0, 01, 2) We obtain the subgroup (isomorphic to) 
[1 1 1]° by the mixing operation 


11A8 (00, P1s 02) +> (P0P1 P05 P1s 02) =: (01, 02, 93), 


while we obtain the same subgroup from [6, 3](s,s) = (0, 01, 02) by the mixing 
operation 


11A9 (00; P1s 02) > (00; P1P0P1+ 0210/12) =! (01, 02, 03). 


It is interesting to note what happens if we apply these mixing operations to the 
“wrong” group. For example, if we apply the operation of (11A8) to [6, 3](s,5), or that 
of (11A9) to [6, 3](3s,0), then the group which we obtain has the presentation of (11A2), 
with the last relation replaced by 


(1 0203)" =€. 


This relation still determines a quotient of the infinite euclidean group [1 1 1]*° by a 
translation, but one which does not fit into the present context. 
We conclude with two lemmas which are required in later sections. 


11A10 Lemma Let I" be a group generated by involutions 09,...,0,-, (with 
n > A), such that (o;0;)° =eif0<i<j—1<n-—2. Assume that its subgroups 
(00, +++» On—2) and (0|,..., O,-1) are C-groups, and that the latter is the group of the 
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(n — 1)-simplex {3"~*} (considered as a C-group). Then I is a C-group if and only if 
On-1 ¢ (00, +++, On—2). 


Proof. Since the two subgroups are C-groups, the intersection property for I” is equiv- 
alent to the single condition 


(O04 0+ +5 On—2) AV (01, «++, On-1) = (01, ++, On—2)- 
But the group on the left side contains the symmetric group (0), ..., O,-2) = Sy, asa 
subgroup, which is also a maximal subgroup in the symmetric group (01, ..., O-1) = 
S;,. Hence the intersection property holds if and only if 0,1 ¢ (00, ..., On—2). 


11A11 Lemma Let K be a regular polyhedron of type {3, k} with k > 2. Then the 
universal polytope P := {{6, 3}(2,0), K} exists if and only if the universal polytope 
O := {{3, 3}, K} exists. In this case, 1(P) = P'(Q) x C). 


Proof. This is just an application of Theorem 7A8, bearing in mind (7A10). Indeed, 
we have 


P=Q20{}, 


and, according to the theorem, the two sides are polytopal (or not) together. 


11B The Polytopes ,Z(9) := {{6, 3}(s,0), {3, p}} 


In this section, we enumerate the finite regular 4-polytopes p16.0) with p = 3, 4,5 and 
s > 2. The enumeration of the finite polytopes ole. s) uses a different technique, and is 
treated in the next section. 

We begin the discussion with a general remark. Let P be any regular n-polytope 
with 3-faces of the form {6, 3}(s,9) for some s > 2. If its group I” := I(P) is, as usual, 
(00, +--+» Pn—1), then the mixing operation 


(0, +++ Pn—1) > (PoP1 Pd, P1,+++5 Pn—1) =! (C1, ---, On) 


yields asubgroup W := (01, ..., 0,) of index at most 2 in I” (with coset representative 
fo if the index is 2 —the notation has been chosen to accord with what we do immediately 
below). We can recover I” from W by means of the involutory twisting operation t 


(= po), acting by 
TO|T = 02, Tojt =o; (jf =3,...,n). 


Examples (if they exist) with index | are of less interest to us; the twisting operation 
would then simply be conjugation by po within W (= I’). 

As we saw in the previous section, the subgroup (01, 02, 03) of W is isomorphic to 
[1 1 1]*. Indeed, we have 0,02 = (pop1)- and 01030203 = (p00102)"3 hence 


(o102)' = &, (01030203) = €. 
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1 


TH 7 


2 
Figure 11B1 


In general, this observation is of little value. However, when the vertex-figure of 
P is a spherical or toroidal polyhedron, there results a criterion for the finiteness (or 
otherwise) of the corresponding universal polytope. 


The Polytopes plo) 


For this class, the observation leads us to begin with the abstract group W = 
(o1,..., 04) corresponding to the diagram in Figure 11B1, which consists of a marked 
triangle with a tail. Here, t indicates the group automorphism of W which corresponds 
to the symmetry of the diagram in its horizontal axis. In more concrete terms, W has 
a presentation which consists of the relations in (11A2) and 


11B1 of = (0104) = (0204) = (0304)? =. 
We now extend W using the operation 
11B2 (01, ...,04;T) > (T, 02, 03, 04) =: (0, M1, P2; 3): 
This leads to the new group 
I := (po,---, 3) =W XC, 


where the factor C2 is generated by t. Computing a presentation, we find that I” is the 
Coxeter group [6, 3, p], factored out by the extra relation 


11B3 (popip2)* = &. 
This extra relation arises from 

(pop1p2)” = (T0203) = 01030203 = 01020302. 
In particular, we have 


4 
P= pl s,0)> 


because the defining relations for I” are just those for the latter group. 

This completes our first step, and produces a subgroup of finite index in EY 
namely, W, which we shall investigate further. In particular, we employ the techniques 
of Chapter 9, and work with a complex representation r of W; for the general setup of 
these representations see Sections 9B and 9C. More specifically, we shall require the 
results of Section 9E, which concern (among others) triangle diagrams with tails. 
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In the present context, all representations are 4-dimensional, and so we have 
r:W —> GLC). 


The diagram of the associated geometric group G := Wr = (S},..., S4) belongs to 
the family of diagrams shown in Figure 11B1. As before, the nodes of the diagram 
correspond to the generators S;, which are involutory complex hyperplane reflexions. 
In the notation of Section 9E, we have W = °4(3, s;3, 3; p) and G = G*(3, s;3, 3; p). 
Abstractly, the diagram admits a twist t; we shall postpone until later a discussion of 
the geometry of such a twist. 

As we have said, to each of these diagrams corresponds an abstract group with 
generators 01, 02, 03, 04, whose defining relations are just those implied by the diagram. 
We also have a geometric group in each case (see Theorem 9E5). When the geometric 
group is finite, we know that it is abstractly defined by these relations; such groups are 
enumerated in Theorem 9E4(a), (b) and (c). In all cases, the mapping 0; B S; (i = 
1,..., 4) indeed induces a representation of the abstract group; when the geometric 
group (or the abstract group) is finite, it is an isomorphism. Whether the group is finite 
or not, the restriction of r to the subgroup (01, 02, 03) of W is one-to-one; hence 


(01, 02, 03) = (Si, So, 83) =[1 1 1)’. 
Similarly, r is one-to-one on (01, 03, 04) and (02, 03, 04), and we have 
(01, 03, 04) = (02, 03, 04) = [3, p]. 


We have seen that the finite groups W can be obtained from Theorem 9E4. However, 
before we can translate this into polytope language, we need to verify the intersection 
property for the corresponding group I’ = W x (tr). This will follow straightforwardly 
from the intersection property for W with respect to 0), ..., 04, which will imply that 
I has the same property with respect to po, ..., (3. 


11B4 Lemma Let W = (01, 02, 03,04) be the abstract group corresponding to the 
diagram of Figure 11B1. Then W is a C-group. 


Proof. This follows from Theorem 9E6, but instead we can also obtain a simple direct 
proof. We first establish the lemma in case s is prime. It is easy to see here that (02, 03) 
is a maximal subgroup of (0), 02, 03) (we can use the geometry of the group [1 1 1], 
to which it is isomorphic). Since o4 ¢ (0), 02, 03), the result follows. 

When s is composite, we can vary the proof of the quotient criterion of Theorem 
2E17. If t | s is prime, then the natural projection map onto the corresponding group 
with s replaced by ¢ is one-to-one on the subgroups (01, 03, 04) and (02, 03, 04); the 
analogous argument to that of the theorem carries over. 


To fill out the details of the intersection property for I”, we have, for example, 


(0, P1s 02) 1{P1, P2, 03) =({O1, 02, 03) X (T))M (02, 03, 04) = (02, 03) = (1, 2). 


It follows that I is a C-group, whose subgroups (9, 0), 02) and (1, 02, 03) are 
isomorphic to [6, 3](s,0) and [3, p], respectively (see Lemma 11AS5). 
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If p = 3, then 
W~[112P (=[1123)) 


(see Sections 9A and 9E). Recall here our convention that, as in [114, $4], [A/m"]* 
denotes the geometric group whose presentation it signifies. However, if this group is 
finite, then its presentation is given by the diagram relations, and so the abstract and 
the geometric groups are isomorphic. 

Summarizing, we now have the following. 


11B5 Theorem The universal regular 4-polytope eT e0) = {{6, 3} (5,0), (3, p}} exists 
for alls > 2 and p = 3,4, 5. Its group prs) is isomorphic to W x Cz, where W is 
the group abstractly defined by the diagram in Figure 11B1 (that is, W = [1 1 2}° if 
p = 3). In particular, olen is finite precisely in the following cases: 


(a) p =3 ands = 2,3 or 4, with group Ss x Co, [112] = C2 or [1 1 2]* x Cy, 
of order 240, 1296 or 15360, respectively; 

(b) p =4 and s = 2, with group [3, 3, 4] x C2, of order 768; 

(c) p =Sands = 2, with group [3, 3,5] x C2, of order 28800. 


Proof. For the proof, it only remains to describe the finite polytopes. Clearly, leo) is 
finite if and only if W is finite. Therefore, by Theorem 9E4, finiteness can only occur 
for the parameter values listed in the theorem, and the groups are then as indicated. In 
particular, if s = 2, then I” is really a direct product of W and C2, but now the factor 


C) is not generated by t. Indeed, applying Lemma 11A11 to pT60y we obtain 


or.) = [3, 3; P| x C2, 


which is Ss x Cz if p = 3. This completes the proof. 


In Table 11B1, we list each finite polytope ha along with the numbers v of its 
vertices and /f of its facets, and the order g of its group. For s = (s, 0), these are just 
the finite polytopes of Theorem 11B5. For s = (s,s), we refer to Section 11C. 

Theorem 11B5 has a striking corollary, which says that the structure of eT eoy is 
governed by the hermitian form which is associated with the underlying geometric 
diagram (see the proof of Theorem 9E4 for the Gram matrix). 


Table 11B1. The Finite Polytopes ,T,{(p = 3, 4, 5) 


7) s v f g Group 
(2, 0) 10 5 240 Ss x C2 


(3, 0) 54 12 1296 = [112PBxGQ 
(4,0) 640 80 15360» [11 2}¢ x Gy 


(2,2) 120 20 2880 Ss x Sy 
4 (1,1) 12 8 288 5; » [3,4] 
(2, 0) 16 16 768 (3,3, 4] x © 


5 (2, 0) 240 600 28800 [3,3,5] x Co 
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11B6 Corollary Let s > 2, and let p =3, 4 or 5. Then the universal regular 4- 
polytope elG.o) is finite if and only if the corresponding hermitian form (-,-) in C4 
is positive definite. In this case, its group pt eo is a semi-direct product of a finite 
reflexion group in unitary 4-space by Co. 


Proof. Again we can apply Theorems 9E4 and 9E5, and deduce that W, and thus 
P= % Fe 0) is finite if and only if (-, -) is positive definite. If indeed the form is positive 
definite, then it defines a unitary geometry in the ambient space and the representation 
for W is faithful. In this case, W is conjugate, in the general linear group GL,(C), to a 
finite reflexion group in standard unitary 4-space. Now the corollary follows. 


In the traditional theory, the structure of a regular tessellation {p1,..., Pn—1} in 
spherical, euclidean or hyperbolic n-space is determined by a real quadratic form which 
defines the geometry of the ambient space, and is associated with the canonical bilinear 
form for the corresponding Coxeter group [p1, ... , Pn—1] (See Sections 3A and 3B). We 
know that this form is positive definite if and only if it belongs to a spherical tessellation 
(regular convex polytope). Thus a positive definite quadratic form determines a finite 
object, and vice versa. 

Corollary 11B6 (and similar statements in the following) says that this correspon- 
dence between tessellations and forms carries over to an important subclass of locally 
toroidal polytopes, namely, certain of those of types {6, 3, p} (including p = 6), and 
their complex hermitian forms. In particular, it remains true that a positive definite 
form determines a finite object, and vice versa. 

Recapitulating, so far we have (in effect) employed the abstract group W to construct 
the universal polytope plo): Now the question is whether or not a similar procedure 
works for the geometric group G. We know that W and G are isomorphic if one of them 
is finite, but in general this may not be true. The following arguments show that the 
same twisting operation applied to G gives also a locally toroidal regular 4-polytope 
in the class ({6, 3}(s5,0), {3, p}). 

First, observe that the twist t carries over to an involutory group automorphism 
T, which permutes the generators S; of G in the same way in which t permutes the 
generators o; of W. (Our labelling of the diagram in Figure 11B1 anticipates this.) 
Such an automorphism could be obtained from the general principle described in 
Section 11D. The problem here is the geometric realization of this automorphism. 

When s > 3, we can proceed directly; if we coordinatize with respect to the normal 
vectors v; of the generating reflexions of G, then we can realize it by conjugation with 
the semi-linear mapping 7: C+ > C+, given by 


11B7 (&1, &, &, &)T = (&, &, &, &), 

by which we can now extend the group. More precisely, the operation 
11B8 (S1,..., Sa; T) b (T, Sp, S3, Sa) =: (Ro, Ri, Ro, R3) 
on G determines the new group 


G:= (Ro,...,R3) =G XC), 
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where the factor C, is generated by 7’. In particular, G is arepresentation of = ies 
in the group of all linear and semi-linear transformations of C*, which is induced by 
the representation r of W. Note that 


(xT,yT)=(x,y) = (x, ye C4). 


Hence, up to complex conjugation, the hermitian form is preserved by all elements 
of G. 

Of course, our standard assumptions continue to apply. Specifically, we may suppose 
that (v;, v;) is real (actually, minus the cosine of the angle between the vectors), except 
when {i, 7} = {1, 2}; that is, we load the whole turn 2% (whatever it might be) on the 
branch {1, 2}. Some care is necessary in the degenerate case A = 0; the mapping 7 
of (11B7) will only work if we take the original group G as a linear group in C+ 
(preserving a positive semi-definite form), rather than as an affine (unitary) group in 
C3 (see Lemma 9B19). 

It is straightforward to verify that G is indeed a C-group. In fact, G has the inter- 
section property, and so we can argue as in Lemma 11B4 for I’. Let Q denote the 
regular 4-polytope with group G. Then Q must have the same types of facets and 
vertex-figures as the universal polytope , TS (s,0)> because r is faithful when restricted to 
the basic 3-generator subgroups of W. In particular, we have a covering 


plan WD 


which is an isomorphism if one of the two polytopes is finite. 

There is a corresponding 4-dimensional complex model for the polytopes Q, related 
to the geometric groups G. When considered in real 8-space, this becomes a real model 
for Q. Technically, however, it is not always a realization in the sense of Chapter 5, 
because the ambient space will not be euclidean in general; it will be a genuine real- 
ization when Q is finite. AS ere as a geometric model, it ee much of the 
combinatorics of both Q and , ihe 0) (the latter via the covering map » Te 0) \ Q). Each 
model is obtained from its Broitp by Wythoff’s construction, in exactly the same way 
as for ordinary realizations (see Chapter 5). 

We shall concentrate on the complex models in C*; however, we must now think of 
C* as the euclidean space E®. The hyperplane reflexions 5; now become involutions with 
6-dimensional mirrors. The mapping 7 of (11B7), on the other hand, is an involution 
with a 4-dimensional mirror. The corresponding Wythoff space for G is the complex 
line (that is, real plane) 


RYO R20 R3 = 82N 830 Sy. 


(Recall our convention that, in dealing with realizability questions, we identify a re- 
flexion with its mirror in the ambient space.) 

Now, if we apply Wythoff’s construction to G, with any point in the Wythoff space as 
initial vertex, we arrive at a complex model for QO whose “geometric eeanoel group” 
is G. If G is finite, then this is a finite “unitary model” for Q (and thus for , 7; ie +0)» in the 
sense that G (and thus J”) consists of linear and semi-linear ee which are 
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“unitary” (that is, up to complex conjugation, they leave the positive definite form (-, -) 
invariant). In this case, the corresponding real model in E® is a genuine realization 
of Q in the sense of Chapter 5, because now the real quadratic form in 8 variables 
is positive definite and the symmetries are isometries which preserve this form. For 
infinite groups G, the complex forms and real forms are generally indefinite, and the 
models are generally not realizations in the strict sense. 

Unfortunately, this approach no longer works when s = 2, because the correspond- 
ing unitary group is (essentially) real. The automorphism 7 still exists, but now it 
is inner (indeed, on the real space spanned by v),..., v4, the mapping T acts like 
SoS, 52 € G). In this case, abstractly, as we have noted, 


{{6, 3},0), {3, p}} = (3,3, p}O 0}, 


and so when {3, 3, p} is finite (that is, when p = 3, 4 or 5), we obtain a faithful real- 
ization (in the full geometric sense) in R> as the blend of {3, 3, p} in R* with the line 
segment { } (see Section 5A). (When p = 3, there is a different faithful realization in 
E*, with T := —J.) 

In a similar fashion, we can also construct a geometric model for the dual polytope 
Q* of Q, which then also provides a model for ( Poo Here we take the generators 


of G in reverse order. In particular, the Wythoff space is given by 
RoN RNR = TNS S83 = 8,1 S82 $3. 


Then the complex model for Q* in C* is found by Wythoff’s construction. In the finite 
cases of Theorem 11B5, the corresponding real model is again a realization in the strict 
sense. However, when s = 2 (the real case), it is not faithful; that is, it is only faithful 
if p =3 ands =3 or4. 


Generalizations 


In the remainder of this section, we shall explore two directions in which the construc- 


tion of the polytopes ,7,* », can be generalized. 
P~(s,0) 


First, we can begin with the group W = (01, ..., 04) depicted in Figure 11B2, and 
apply the same operation (11B2) as before. For each / > 2, this yields a new group 
I =W ™x C, which satisfies all the defining relations for the group of the universal 
regular polytope 


P = {{21, 3}2s, (3, ph}, 
if the latter should exist. In fact, I” is just the quotient of the Coxeter group [2/, 3, p] 


1 


T+ D 


2 
Figure 11B2 
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defined by the extra relation (11B3). Therefore, if P indeed exists, then I” must be its 
group. However, it seems that little can be said about the existence of P unless further 
restrictions on / and s are imposed. Note that, for / = 3, we recover the original case. 

On the other hand, let us assume that P exists. Then the subgroup (0), 02, 03) of 
W, which accounts for the type of the facets, must necessarily be isomorphic to the 
triangle group [1 1 1’]’; in fact, in ! = '(P) we must have 


(po, P1, 02) = P'({21, 3}os) = [1 1 1 «Co. 


It follows that P is finite only if the corresponding triangle group [1 1 1/]° is also finite; 
that is, if and only if / = 3 (ands < oo), ors = 3 (and/ < oo), or (/, s) = (4, 4), (4, 5) 
or (5, 4) (see Theorem 9D12 and Table 9A2). But now, if we impose these conditions 
on/ ands, then the methods of Section 9E, become available, and we can produce the 
required hermitian form on C*. Theorem 9E6 shows that W (= I'+(/, s;3, 3; p)) is a 
C-group, and so we can argue as before that ’ must also be a C-group. For all other 
properties, we can appeal to Theorems 9E4 and 9E5S. 


11B9 Theorem Suppose that the pair (I, s) satisfies the following condition: 1 > 2, 
s =3; or] =3, s >2; or (l,s) = (4,4), (4,5) or (5, 4). Let p = 3, 4 or 5. Then 
the universal regular 4-polytope {{21, 3};, {3, p}} exists. Its group is W » C>, where 
W is the group abstractly defined by the diagram in Figure 11B2. Except for the finite 
examples of Theorem 11B5 (obtained for | = 3), each other finite instance is a polytope 
{{21, 3}6, {3, 3}} (where 1 > 2), with group [1 1 2!} x C) of order 489°. 


In Theorem 11B9, an interesting special case occurs if (/, s) = (4, 3). Then the facet 
of the polytope {{8, 3}, {3, p}} is isomorphic to Dyck’s map {8, 3}¢ of genus 3 (see 
[131, §8.6; 157, p. 488; 158]). Now the polytope is finite only if p = 3, and then its 
group is [1 1 24]? x C2, of order 3072. Here it is quite remarkable that {{8, 3}¢, {3, 3}} 
is still finite, while {{8, 3}¢, {3, 4}} is already infinite. 

Finally, another direction of generalization employs groups whose diagrams have a 
longer tail (see Section 9F). This leads to analogues of ple) of higher ranks. 

For example, if n > 4, then we can discover new regular n-polytopes P = P, of 
type {2/, 3”~7} by starting from the abstract group 


W =[11(n —2)'}’ = (o,..., o) 


shown in Figure 11B3. Now we can apply the operation 


11B10 (01, ---,O3T) > (T, 02, .--, On) =: (00, Pl, - + +s Pn—-1) 
1 
3 4 n—-1 n 
T + l —_—— — — eo 6 


Figure 11B3 
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and obtain 
I'(P) = (p0,--+5 Pn-1) = WX Cd. 
In particular, this construction obeys the recursion formula 


Pri ={Pn B"H 3), 


beginning with P3 = {2/, 3}os. 

From Sections 9A and 9F, if nm > 4, then we have finiteness only if either (/, 5) = 
(3, 2)or! > 2,s = 3. Butif(/, s) = (3, 2) (andn > 3), then W = S,4, and t actson W 
like an inner automorphism; by Lemma 8A2, we must then have '(P) = Sy41 x Co. 
On the other hand, if / > 2 and s = 3, then 


r(P) =[l1(—2)P xc, 


of order 2/”—'n!; in particular, P = {4, 3"~7} if ] = 2. 

If the mark 3 on the last branch of the diagram in Figure 11B3 is changed to 4, then 
in general we obtain an infinite group W, the only exception being / = 3, s = 2 (see 
again Section 9F). Now the operation (11B10) can be applied to produce polytopes of 
type {2/, 3”~3, 4}, the finite case being 


(3"-7, 4} > {}. 


11C Polytopes with Facets {6,3}. s) 


In this section, we shall investigate the finite regular 4-polytopes whose facets are 
toroidal polyhedra {6, 3}(s,s) with s > 1, and classify those universal polytopes (with 
any appropriate vertex-figure) which are finite (see [307]). For the most part, we apply 
the technique described in Section 11A; this will deal with the case s > 2. The case 
s = | requires a slightly different (but still fairly similar) treatment. In particular, we 
shall enumerate all the finite polytopes 


otes = {{6, 3}(s,s)s {3, ph}, 
with p = 3, 4 or 5, and 
oT yt = {{6, 3}66.s)s (3, Oe}, 


with t= (¢*,0°-*), > 2 ifk =1 ort > 1 if k = 2. Once again, the classification 
depends on one general result, and an easy observation. 


The Cases > 2 


First, let be a regular polyhedron which is a lattice (which means here that two of 
its vertices determine at most one edge), such that the class ({6, 3}(5,s),) is non- 
empty. Of course, K must have triangular faces. Hence there is a universal polytope 
{{6, 3}(s,s), X}, with group I” = (po, ..., 03), Say. 
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Writing, as usual, I := (01, 02, 3) (= I'(K)), consider the subset 
V ={y'poy ly € To}, 


which consists of involutions (conjugates of 09), and the corresponding subgroup No := 
(V). Then No is the normal closure of op in I”, and I = No - Ip (see Lemma 4E7). 
Now, if I: := (02, 03) and B € Ipiy, then B~!poB = y~'poy; it thus follows that 
there is a natural map «: Ky) — V, with Ko the vertex-set of K, which takes the vertex 
associated with I, y (for y € I) onto the conjugate y~! poy. Notice that « commutes 
with the action of I; that is, if we identify (for a moment) the vertices in K with the 
cosets of I), then we have 


(Ioiy)B)K = B's (iy)«)- B, 


for ally, B € I. 
Suppose that A, 44, v € V correspond to the vertices of a face of K; without loss of 
generality, we can take 


A= Po, M=PipoPi, V= P2P1/P0/PI/2- 


Observe that conjugation by an element of (0), 02) merely permutes 4, w, v. Then we 
have 


Am = (poi), 
so that (Aw)? = ¢ (and hence Av and jv also have period 3), and 


AMAY = Po * P1PoP1 * Po* P2P1 P0212 = (PoP1/0/162) + 


so that (11A1) yields (AjAv)’ = e. 

Now suppose that iC has v vertices. We can identify Ko with NV := {1,..., v}, and 
then identify the edge-set K’, and face-set K2 of K with pairs {7, 7} and triples {7, 7, k} 
in NV. Define the group W by 


W :=(01,...,0y|07 =€ (6 E Ko), (aj0;) =e (fi, j} € Ki), 


L 


11C1 
(oj0;0,0;)° = &€ ({i, j, k} € K)). 
Once again, recall that the generators in the last relation can be taken in any order 
(see Section 9G). Then No is clearly a quotient of W (under the homomorphism which 
sends 0; to the conjugate of 9 corresponding to the vertex 7). 
We can now twist W. We let '(K) = (To, T), T) act on {o; | 7 € Ko} in the natural 
way as a group of automorphisms, to obtain a group 


P:=WxT(K), 
under the operation 
11C2 ({o; | i € Ko}; to, 1, T2) + (G1, T0, T1, 72), 


where we associate o, with the initial vertex of K’. Since we recover I” from No by the 
exactly analogous operation, we deduce that I is a quotient of I”; in other words, since 
«x commutes with the action of I, the homomorphism from W onto No extends to one 
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from I” onto I’. But because I” was the group of the universal polytope {{6, 3}(s,s), K}, 
and since, from the quotient criterion of Theorem 2E17 applied to the group (XK) 
of the vertex-figure, T is the group of a polytope in ({6, 3}(s,5), &), we conclude that 
I’ =T, so that I’ itself is obtained by means of the twisting operation of (11C2). 
Moreover, No = W, and I = No x Ip. 

A very similar approach deals with the case when the vertex-figure K is not a 
lattice. Then there is a natural quotient £ of K, obtained by identifying edges and 
faces with the same vertices. Here, we must allow £ = {3, 2} (a ditope) and £ = {3, 1} 
(a poset of rank 3 with a single triangular face) as possible quotients. (We slightly abuse 
the Schlafli symbol notation, and allow | as an entry.) More precisely, we have the 
following 


11C3 Lemma Let K be a regular polyhedron of type {3, k} with k > 2, but lett K # 
{3, 4}/2. Let P'(K) = (t, T1, ™), and let N := ((t%T)”), where p > | is the smallest 
integer such that to(T2T1)? tT € (7, T2). Then p > 1, p | k, and N is anormal subgroup 
of I'(K) of order k/p contained in (t,t). The quotient L:= K/N is a regular 
polyhedron of type {3, p}, whose vertex-set can naturally be identified with that of K. 
Moreover, L is a lattice unless L = {3,2}, and L= K ifK is a lattice. 


Proof. Suppose that we have two vertices in the vertex-figure at the base vertex x (say) 
which coincide. We know that this must occur when KX is not a lattice. Then the element 
(tT,)?, for some q, takes one of these vertices onto the other; hence T9(t2T; )4 T fixes x. 
Clearly, p 4 1, p | q and p | k. It follows that the vertex-figure has p distinct vertices 
through which it cycles k/p times. If K is a lattice, then p = k, and the lemma holds 
trivially. The same is true if & = 2, and so we may assume that & > 3. 

The subgroup N is normal in I’(K). Indeed, t := t9(t2T1)? To fixes the two vertices 
x and y (say) in the base edge, and so we must have t = 12!(t2t))’, where i = 0, 1 
and again p | q. Then t € N if i = 0; hence AN is invariant under conjugation by the 
generators in this case. We can rule out i = | as a possibility as follows. First observe 
that i = 1 forces k = 2p (and gq = p), because now T is an involution; in the vertex- 
figure at y, it acts like a half-turn, and in the vertex-figure at x, it acts like a reflexion. 
Now, if z (say) is the third vertex of the base face (distinct from x and y), then we 
have zt = z, because zt is the vertex opposite to z in the vertex-figure at y; on the 
other hand, being the image of z under the reflexion t(t2T,)”, the vertex zt is p — 2 
steps away from z on the vertex-figure at x. This contradicts the definition of p unless 
p = 2 (and k = 4). But p = 2 would imply that K = {3, 4}/2, which is excluded by 
assumption. 

Finally, the vertices, edges and faces of £ are the orbits of the vertices, edges and 
faces of K under N, respectively. Since N is normal, and contained in (1, T2), it fixes 
every vertex of K, and so we can identify the vertices of £ with those of K. Furthermore, 
N maps every edge and every face of K onto an edge or a face with the same vertices. 
Indeed, if two edges of K share the same vertices, then they are equivalent under N; 
hence are identified. (This may not be true for the faces.) It follows that two vertices 
of £ determine at most one edge in £. Hence CL is a lattice unless L = {3, 2}. 
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Observe that the case £ = {3, 2} occurs for the toroidal polyhedron K = {3, 6}(1,1) 
(and of course for {3, 2} itself). 

Notice also that the quotient £ in Lemma 11C3 is “minimal”, meaning that N is 
the largest normal subgroup of I’(AC) for which polytopality and the vertex-set are 
preserved for the resulting quotient. 

The projective polyhedron K = {3, 4}/2 is special and was excluded in the lemma. 
Here we have (127) )°T) = T2(t271)* (that is, the case i = 1 of the proof occurs here), 
and so 72 is a product of conjugates of (t2T,)?. These conjugates generate an abelian 
normal subgroup N of order 4 which contains t2. Now the quotient £L:= K/N isa 
poset of rank 3 with a single face; that is, £ = {3, 1}. Note that K = {3, 4}/2 is the 
only polyhedron for which the associated quotient £ is not itself a polyhedron. 

At this stage, we have a natural quotient £ for every polyhedron K with triangu- 
lar faces. Now, if ({6, 3}(5,s), £) AY, then also ({6, 3}(s,s), ) AV, by the quotient 
criterion of Theorem 2E17 applied to the group of the facet {6, 3}(.,,). The quotient 
mapping K \y £ induces a quotient mapping {{6, 3}(5,5), K} N. {{6, 3}¢,5), £} deter- 
mined by the same subgroup N, which remains normal in the larger group. (When 
L = {3, 1}, the quotient {{6, 3};5,5), £} is not actually a polytope but instead a poset 
of rank 4 with a single facet {6, 3}(s,s).) Moreover, if and I’ are the groups of 
{{6, 3}(s,5), K} and {{6, 3} s,s), £}, respectively, then the corresponding homomorphism 
I’ — I” takes the product No - I) = T° into the semi-direct product Nj - Ty = I’ 
(say), where No = Nj = W, Ip = F'(K) and Ty = F(L). Since the homomorphism 
is one-to-one on No, we must have No MN Ip = {e}, and so No - Ip is semi-direct as 
well. 

Let us summarize this analysis. 


11C4 Lemma Let K be a regular polyhedron with triangular faces, and let L be the 
associated regular polyhedron (poset) for which the covering map K \, £ preserves 
vertices. Ifs > 2, and if L is such that ({6, 3}(s,s), £) F Y, then also ({6, 3}(5,s),K) FB, 
and the group of the universal polytope {{6, 3}(s,s), K} is obtained from the group W 
of (11C1) by means of the twisting operation of (11C2). 


To complete the solution of the classification problem, we must now show that, if 
we start with an arbitrary regular polyhedron K, then the group W of (11C1) does not 
collapse to one with fewer than v generators. (Notice that it certainly willifs = 1, which 
is why this case is excluded from the present discussion.) Of course, W depends on 
the quotient polyhedron £ (if we need to pass to it), rather than on the original vertex- 
figure KC. Indeed, its definition involves Lo (= Ko), £1 and £2, with an appropriate 
interpretation of £ if £ = {3,2} (for L = {3, 2}, we can pick any one of the two 
faces to represent £2). Once all the properties of W have been established, then we 
are basically done. The twisting operation in (11C2) will give us a regular polytope in 
({6, 3}(s,5), &) to start with, and the rest is taken care of by Lemma 11C4. Therefore it 
suffices to concentrate on W. 

Suppose first that £ (or, equivalently, KC) is not neighbourly (recall that every pair of 
vertices of a neighbourly polytope determines an edge). We now have exactly the situa- 
tion of Theorem 9G4, with v instead of n. The group we constructed there genuinely 
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has v generators. Since it is a quotient (in the obvious way) of the group W of (11C1), 
we conclude 


11C5 Lemma The group W defined by (11C1) has v generators. In particular, it does 
not collapse. 


The last step involves a deeper investigation of W. If the underlying polyhedron £ 
is non-neighbourly, then the period of a product 0,0; with {i, 7} ¢ CL, is infinite, again 
as in (the proof of) Theorem 9G4; hence W is infinite. There remains the case that L is 
neighbourly, and, with a further appeal to Theorem 9G4, we know that, for finiteness, 
we must have s = 2 if v > 4, whereas any finite s will give a finite group if v = 3. We 
need a subsidiary result. 


11C6 Lemma The only neighbourly regular polyhedra with triangular faces which 
are lattices are the tetrahedron {3, 3} and the hemi-icosahedron {3, 5}5. 


Proof. Let £ be such a polyhedron, of type {3, p}, say; then £ has p + | vertices. We 
label its initial vertex oo, and the vertices adjacent to oo (that is, those of the vertex- 
figure) 0, 1,..., p — 1 incyclic order. We take {00, 0} as the initial edge, and {oo, 0, 1} 
as initial triangular face; further, let t 9, T,, T2 be the associated distinguished generators 
of its group (L). 

Let r be the third vertex of the other face which contains {0, 1}. Then r lies in the 
vertex-figure of £ at oo and is fixed by t, (which fixes oo and interchanges 0 and 1), 
and so must be the vertex of the vertex-figure opposite to {0, 1}. It follows that p is 
odd, and that r = 5(p + 1). Now, by symmetry, the edge {0, r} of {0, 1,7} belongs to 
the face {0,7 — 1, r} as well; since the edges like {0,7} are the only ones which can 
be free (in a planar drawing), we see that £ closes up. There are just two possibilities. 
Either p = 3, and L is closed up by one face not containing oo, or p = 5, and we have 
5 extra faces, giving the hemi-icosahedron. 


Note that the groups of the polyhedra in the last lemma are doubly transitive on 
the vertices. It is shown in [249] that any doubly transitive automorphism group of a 
triangulated surface is one of the groups $4, As or C7 x C6, and corresponds to the 
tetrahedron, the hemi-icosahedron or the (chiral) 7-vertex torus, respectively. 

We now tie up the loose ends. If £ = {3,3} and s = 2, then W = Ss, and so W 
is finite (see again Theorem 9G4). We are thus reduced to the case £ = {3, 5}5 (with 
s = 2), with the labelling of its vertices as in Lemma 11C6. 

For {3, 5}5, we directly construct a representation of W as a reflexion group G in (od 
(using the notation of Chapter 9). We wish to mark the triangles of a diagram (of G) 
on 6 nodes and all 15 branches unmarked, so that those corresponding to faces in £ 
get marks 2, while (some at least of) the non-faces are marked oo. We can obtain the 
required marking by a specific description of the Gram matrix for the normal vectors 
of the generating reflexions. Its off-diagonal entries are given by 


if 7 =0,...,4andk = 7 +1 (mod 5), 


2a, = 1, 
JE) 1, otherwise. 
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Here, oo is permitted as a suffix. But now we see that a typical triangle such as {o0, 0, 2} 
is unmarked (its turn is 0); it thus yields an infinite subgroup [1 1 1]°° of G, which is 
therefore always itself infinite. (In fact, all 10 triangles corresponding to non-faces are 
unmarked, although we did not initially require this.) It follows that W is infinite as 
well. 

We have now come full circle. Whether finite or not, we can twist W as in (11C2) 
and obtain a regular polytope in ({6, 3}(;,5), £) (its group is a semi-direct product, and 
so the intersection property is trivial here). The rest is taken care of by Lemma 11C4. 

In summary, we conclude that we have proved the following theorem. 


11C7 Theorem Let K be a regular polyhedron with triangular faces, and let s > 2. 
Then the universal regular 4-polytope P := {{6, 3}(s,s), K} exists. Its group is 1(P) = 
W™x I'(K), where W is abstractly defined by (11C1). Moreover, if L is the regular 
polyhedron (poset) for which the covering map K \, £ preserves vertices, then P is 
finite only when 


(a) L = {3, 1} or {3, 2} for any s > 2, with group [1 1 1}’ = P'(K); 
(b) £L = {3,3} and s = 2, with group Ss x I'(K). 


Note that () acts on W in the natural way, whether or not XK is a lattice. The 
projective polytope K = {3, 4}/2 is the only instance of a regular polyhedron which 
fits into Theorem 11C7(a) with £ = {3, 1}. 

We should recall that this chapter is intended to treat locally toroidal regular 
polytopes. As far as these are concerned, we can extract the following results from 
Theorem 11C7. 


11C8 Corollary Lets > 2. The only finite universal locally toroidal regular polytopes 
P = {{6, 3}(s,s), } are given by the following: 


(a) K = (3, 6};,1) for any s, with group I'(P) = [1 1 1]° ™ (S3 x $3); 
(b) K = {3, 3} for s = 2, with group '(P) = Ss x Sa; 
(c) K = {3, 6}2,0) for s = 2, with group I'(P) = Ss x (S4 x C2). 


Notice that the products in the second and third part of Corollary 11C8 are direct. 


The second part covers the polytopes of type ads with tetrahedral vertex-figures, 


whose group is 31.3): Here we can embed I'(P) = W » I(K) in So if s = 2, taking 
o, = (i 5) fori=1,...,4,and7y =(@ i+1)(6+i 5+i7+4+ 1) fori = 1, 2,3; thus 
I'(P) = Ss x Sy. From Lemma 11A11, we then also have the direct product in the 
third part. We shall look at the case K = {3, 6}(1,1) from a different point of view later. 

For the dual G75 »)* = {{3, 3}, (3, 6}(2,2)} of the polytope in Corollary 11C8(b), a 
faithful 7-dimensional realization can be obtained from a 9-dimensional real represen- 
tation of its group Ss; x S4, consisting of the linear mappings of E? which permute the 
coordinates of a vector (&|, ... , 9) according to a permutation in Ss x S4 (embedded 
in So). The group acts irreducibly on the 7-dimensional subspace of E? defined by 


fit-:-+é=0, &+---+& =0, 
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and the Wythoff space is spanned by the vectors 
a:=(1,1,1,-4,1,0,...,0), b:=(0,...,0,1, 1, 1, —3). 


(The generators correspond to 73, T, T;, 0), in this order, and the Wythoff space is 
the intersection of the mirrors of the last three generators.) With initial vertex a + b, 
Wythoff’s construction leads to a realization of G75 »)* whose vertex set consists of 
the 20 points (&|, ..., 9) with 


§& = —4, foronei withi <5, 
11C9 §& = —3, foronei withi > 6, 
& = 1, otherwise. 


This realization is the blend of the two degenerate realizations of GT, 2))" constructed 
by taking a and b as initial vertices. 

The same arguments we have used here will work in a more general context. Let 
K be a regular (n — 1)-polytope with triangular 2-faces. We slightly abuse our usual 
notation, and write ({6, 3}(s,s), ) for the class of regular n-polytopes with 3-faces 
isomorphic to {6, 3}(s,5) and vertex-figures isomorphic to K. (Strictly speaking, we 
should set up a recursive definition, and prove first that, if > 4 and 7 is the facet of 
K, then ({6, 3}(s,5), 7) contains a universal member Q := {{6, 3}(s,s), 7}, say. We then 
discuss the class (Q, K’).) 

The same considerations lead us to the existence of an abstract diagram (for W) on v 
nodes, with v the number of vertices of K (see Section 9G). Branches corresponding to 
edges of K are unmarked, while those associated with non-edges are marked oo (note 
that two vertices of K may be joined by more than one edge). Similarly, triangular 
circuits corresponding to 2-faces of K are marked s, while all others are unmarked. 

Theorem 9G4 leads at once to the following; we shall not give the straightforward 
proof. 


11C10 Theorem Lets > 2, and forn > 5 let K be a finite regular (n — 1)-polytope 
with triangular 2-faces. Then the class ({6, 3}(s,s), ) is non-empty. Its universal mem- 
ber {{6, 3}(,s), K} is infinite if K has at least four vertices and 


(a) s > 3, 
(b) s =2 and K is non-neighbourly. 


It is probable that {{6, 3}(s,s), } is infinite even if s = 2 and K is neighbourly, 
unless every triangular circuit arises from a 2-face of K, so that the 2-skeleton of 
K must collapse onto that of some simplex by natural identification of its edges and 
faces with the same vertices. However, to prove this would require a stronger version 
of Theorem 9G4 than we have been able to establish. The condition does give finite 
universal polytopes with K = {3”~7} (the (n — 1)-simplex) or {3”~7, 4}/2 (the hemi- 
(n — 1)-cross-polytope). 

If K has only three vertices, then ({6, 3}(5,5), ) is finite for every s > 2, and its 
group is [1 1 1}> » I’(K). We shall see an example of a regular 4-polytope with only 
three vertices in Section 11E, namely, {{3, 6} 1,1), {6, 3}a,1y}- 
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Before we move on, note that the dual of the polytope 37,‘ (with s # (1, 1), (2, 0)) is 
actually a 3-dimensional simplicial complex whose vertex links are isomorphic to the 
toroidal polyhedron {3, 6},. A general result due to Altshuler [2, Theorem 2] says that, 
given a finite set of abstract polyhedra which are simplicial 2-complexes, there always 
exists a finite 3-dimensional simplicial complex whose vertex links belong to the set 
(with each polyhedron in the set actually occurring as a link). This complex will be an 
abstract 4-polytope, but will generally not be regular. 


The Cases = 1 


The regular polyhedron {6, 3}(;,1) (that is, the case s = 1) was excluded from the previ- 
ous discussion, because of the lack of appropriate hermitian forms. We now investigate 
polytopes whose facets are of this kind. Since the polyhedron is flat, any such polytope 
will necessarily also be flat, and coincide with the universal member in its class (see 
Proposition 4E5). Recall from (11A7) that [6, 3]q,1) = S3 x S3, where the first factor 
S3 is illustrated in Figure 11A2. Here, however, we prefer to consider the group in its 
alternative form, as a semi-direct product 


16, 3Ja,1 = S3 x $3 


(see Section 11A). 

Let K be a regular polyhedron of type {3, p} with p > 3 (we are not requiring 
that K be a lattice). We shall find a criterion for the existence of the universal regular 
4-polytope 


P := {{6, 3}a,n, K}. 


First, let us assume that P exists. We show that the edge-graph of K must be vertex 
3-colourable. To do this, we exploit ideas similar to those described at the beginning 
of the section. 

Let F := I'(P) = (0, .--, 03), where o, ..., 3 are the distinguished generators 
of I'(P). Then I := (1, 02, 03) is the group of the vertex-figure K, and (1, (2, 23 
are the distinguished generators belonging to a base flag {Fo, F, Fo} (say) of K. Let 
No denote the normal closure of po in I'(P). Then No is generated by the conjugates 
y~!poy with y € I, and we have 


11C11 I'(P) = No- To 


(see Lemma 4E7). In effect, No replaces the abstract group W which we employed 
previously (indeed, we will use the same notation for the generators of the two groups); 
at this stage, the treatment is just like that for facets {6, 3}(;,5) with s > 2. In particular, 
we shall prove that 


No = (01, 62, 03) = 83, 
where 


O1 = Po, 92:= P1IPoPl1, 93 := P2P1P0P1/2- 
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These o; are just the generators of the first factor $3 in the earlier semi-direct product 
decomposition of [6, 3](1,1), and so we have oj0;0,0; = € ifi, j, k are distinct. 

Let V(K) denote the vertex set of K. As before, we label the vertices of K by conju- 
gates y—! py with y € I; in other words, we define the vertex labelling «: V(K) > No 
by 


11C12 (Foy)« := y poy 


for y € I. We show that this gives a vertex 3-colouring. As before, « commutes with 
the action of I; that is, if 6B € Io, then 


(Foy) B)k = Bo! ((Foy)k)- B 


for all y € Ip. 

Now let {F, G, H} and {G, H, K} be the vertex sets of two adjacent 2-faces of K. 
Then there exists an involution 6 € I such that GB = G, HB = H, and Fp = K. By 
the properties of x, 


B-'-(Ge)-B=Gx, B7'-(Hk)-B=Hk, B'-(Fe)-B = Kx; 


hence, under conjugation by 6, the labels of {F, G, H} are changed to those of 
{G, H, K}, and two of these labels remain invariant. 

If {F’, G, H} is the vertex-set of the base face Fy of K, chosen so that F = Fo and 
F, = {F, G}, then the labels are given by 


Fe=~o=%, Gk =pipopi=o, Hk = prpipopip2 = 93. 


But in the group $3 which these elements generate, any generator o; is determined by 
the two others. Hence, if two generators remain fixed under conjugation with 6, then 
so does the third. Thus the set of labels on any 2-face adjacent to {F, G, H} is again 
{0, 02, 03}. 

Now we can appeal to the connectedness of K. In particular, the latter remains 
true for all 2-faces of K. This proves our claim that the edge-graph of K is vertex 3- 
colourable. Moreover, we can show that I"(P) is a semi-direct product of $3 by ’(K). 
Indeed, since the labels y~! poy of the vertices of K are just the elements 01, 02, 03, 
we must have 


No = (y~' poy | y € I) = (a1, 02, 03) = S3. 


But since o; ¢ I for each i, the product in (11C11) must be semi-direct. This proves 
our statement about '(P). 

By inspecting the edge-graph of the vertex-figure, we can now conclude that the 
universal polytope P = {{6, 3}(1,1), <} cannot exist if K = {3, 3}, (3, 5}, or {3, 6}(,0) 
with s #0 (mod 3). On the other hand, we shall see that P does exist if K = {3, 4}, 
{3, 6}(s,0) with s = 0 (mod 3), or {3, 6}(s,5) with s > 1. 

Indeed, more generally, let K be a regular polyhedron of type {3, p} whose edge- 
graph is vertex 3-colourable. We shall prove that this condition on X is also sufficient 
for the existence of P. 
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In order to construct P, begin by 3-colouring the vertices of . Consider the abstract 
group W = W(D) defined by the following diagram D. The nodes of D are the vertices 
of K’; any two nodes are connected by an unlabelled branch if and only if they have 
different colours; finally, each triple of distinctly coloured vertices of K is represented 
by a triangle of D and marked by 1. (In other words, in general the underlying simplicial 
2-complex for D is obtained from K by adding further edges and 2-faces.) Then similar 
considerations to those above show that 


W = (or |F € V(K)) = 83; 


the isomorphism can be established by “colouring” the vertices of K by the transpo- 
sitions (1 2), (2 3) and (1 3). By construction, (XC) acts on W as a group of group 
automorphisms permuting the generators of. 

Finally, let (AC) = (to, T1, T2), where the distinguished generators tT, Tt), T2 are 
defined with respect to a base flag {Fo, F, Fx} of . Now proceed as in (11C2), and 
construct a new group I” = (fo, ..., 03) by the operation 


(for | F € V(K)}; to, T1, T2) (OR, To, T1, T2) =! (0, 1, 02; 3): 


Then, again as before, we can prove that I” is a C-group isomorphic to W =» I'(K) = 
S3 x I’(K). In particular, the corresponding polytope must have facets {6, 3}(1,1) and 
vertex-figures KC, because now (/9, 01, 02) = S3 ™ S3 and (1, 02, 03) = I (K). Hence 
this must be the desired polytope P, because P is the only polytope with facets and 
vertex-figures of this kind. 

We can summarize this discussion as follows. 


11C13 Theorem Let K be a regular polyhedron of type {3, p}, with p > 3. Then 
the universal regular 4-polytope P := {{6, 3}a,1), K} exists if and only if the edge- 
graph of K is vertex 3-colourable. In this case, P is combinatorially flat, and '(P) = 
S3 x I°(K). In particular, P is finite if and only if K is finite. 


11C14 Corollary Let P := {{6, 3}(1,1), K}. Then 


(a) P exists if = {3, 4}, {3, 6}(5,.0) with s = 0 (mod 3), or {3, 6}(.,5) with s > 1; 
(b) P does not exist if K = {3, 3}, {3,5}, or {3, 6},0) with s £ 0 mod 3. 


The proof of Theorem 11C13 and its corollary is inspired by the results of Sections 4E 
and 4F about polytopes with the flat amalgamation property (FAP). Indeed, it can be 
shown that, among the regular polyhedra K listed in Corollary 11C14, precisely those 
of part (a) have the FAP with respect to their facets. Since {6, 3}(1,1) also has the 
FAP with respect to its vertex-figure, we can appeal to Theorem 4F9 and obtain a 
regular 4-polytope with facets {6, 3}(1,1) and vertex-figures K, which then must be P 
itself, because {6, 3}(1,1) is flat. These arguments apply more generally to all regular 
polyhedra K of type {3, p} whose edge-graph is vertex 3-colourable. Indeed, it can be 
proved that a regular polyhedron K of type {3, p} has the FAP with respect to its facets 
if and only if it is vertex 3-colourable. 
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11D The Polytopes 67 6.0),06,0) == {{6, 3} (,0), {3, 6}¢,0)} 


In this section, we complete the enumeration of the finite regular 4-polytopes ro ae 
In the previous section, we investigated those polytopes which have facets {6, 3}(.,s) 
or vertex-figures {3, 6}y,). There thus remains to consider the polytopes 67 5.0),¢t,0)° 
whose facets are {6, 3}(s,9) and whose vertex-figures are {3, 6}(,0). In fact, as we shall 
see, our techniques apply to a somewhat wider class of polytopes, namely, those of type 
{{2p, 3}os, {3, 2r for}. 


4 
The Polytopes 6T(; 9, (1,0) 


Our preliminary considerations run much along the lines of those for the previous two 
sections. Let P be a (not necessarily universal) regular polytope with facets {6, 3}(s,0) 
and vertex-figures {3, 6}(/,0) for some s, t > 2, and let ’ = (0, ..., 03) be its group. 
Thus I" has a presentation which includes the relations 


11D1 (popip2)* = (p1/2P3)" = €, 

adjoined to the standard presentation of the Coxeter group [6, 3, 6]. 
Consider the mixing operation 

11D2 (00, +++ 03) ** (00P1P0, 1, P2, 0302/3) =: (1, ..., 04). 


As in Section 11B, we see that (0), 02,03) = [1 1 1]*; moreover, since (0), 02, 04) is 
the conjugate of (01, 02, 03) by 3, we have (01, 02,04) = [1 1 1]° also. In a similar 
way, (0), 03,04) = [1 1 1]! = (0, 3, 04). Thus, W = (01, ..., 04) hasapresentation 
which includes the relations 

oP=(o,jP=e <i j<4iF ys), 


(01020302) = (01020402)° = (01030403)! = (02030403)' = €. 


11D3 


Once again, recall that the generators in the last four relations can be taken in any order 
(see Section 9E). 

Again as in Section 11B, we can recover the original group I” by means of the two 
involutory twisting operations (group automorphisms) tT; (= fo) and t2 (= 3), which 
act on W by 


T1O|T] = 09, T0;T1 =o; (j =3,4), 
and 

T03T) = 04, T20jT =o; (j=1,2). 
Thus I" is given by the operation 
11D4 (01, ---, 043 T1, T2) > (T, 02, 03, T2) =: (00, ---, 03). 


Analogous arguments to those of Section 11C may now be pursued. In order for the 
original polytope P to be universal, W must satisfy only the relations of (11D3). We 
thus consider the abstract group W = (o1,...,04) corresponding to the tetrahedral 
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T1 
Figure 11D1 


diagram of Figure 11D1, with triangles {1, 2, 3} and {1, 2,4} marked s and {1, 3, 4} 
and {2,3,4} marked ¢ (so we have replaced the g and s of the discussion of the 
diagrams 74(s, 5, q, q) in Section 9E by s and f, respectively). Then W admits the two 
automorphisms which are indicated in the diagram, and correspond to the permutations 
(1 2) and (3 4) of the nodes, respectively. The operation of (11D4) leads back to the 
group I” = (po, ..., 03), which is thus a semi-direct product of W by C2 x C2. 

We can now appeal directly to Theorem 9E14 (or Theorem 9E17 with p =r = 
3). In particular, W is a C-group (and so has the intersection property), and its 3- 
generator subgroups are isomorphic to [1 1 1]* or [1 1 1]’, as appropriate. Moreover, 
W is finite if and only if (s, t) = (2, &) or (k, 2) with k = 2, 3, 4. In this case we have 
W = [112] = [1123)*, where [1 12]* denotes the unitary reflexion group defined 
by Figure 9A2, whose order is 5! if k = 2, 3°- 4! if k = 3, or 64-5! ifk =4. The 
hermitian form associated with the diagram is positive semi-definite if and only if 
s = t =3 (see the proof of Theorem 9E14 for the Gram matrix); in this case, the 
corresponding geometric group G can also be regarded as an infinite (discrete) unitary 
reflexion group in 3 dimensions (see Lemma 9B19). 

Now it is immediate that I” is a C-group. Indeed, we have = W x (Cy x C2), 
and so its intersection property is inherited directly from that of W. For example, we 
have 


= ((01, 62, 03) ™ (T1)) N ((o2, 03, 04) & (T2)) 
= (02, 03) 
= (1, £2). 


(0, Ps 02) 1 (P1, P2, 3) 


But since 7 = 6.0), ,0) 1S a C-group, its corresponding polytope must be 670), 0)" 
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Therefore 67 (s.0),(t,0) does exist for all s, ¢ > 2. Moreover, it is finite if and only if W is 
finite. 

Up to duality, this only leaves the finite polytopes 676, 0),(1,0) with ¢ = 2,3 or 4. They 
are related to the polytopes a, (7,0): In particular, exactly as in Lemma 11A11, we can 
appeal to Theorem 7A8, once again bearing in mind (7A10). We thus see that 


4 4 
610, 0),(t,0) — aL, oes {}, 


so that VT 3.0, (, o) = =IGT7, . 6) x C> for each t > 
Suiumaariaine: we obtain the following theorem. 


11D5 Theorem Zhe universal regular 4-polytope 61g. 0),(¢,0) °= {{6, 3}¢,0), {3, O}i,0y} 
exists for all s,t > 2. In particular, 67 (s,0),(t,0) is finite if and only if (s, t) = (2, k) or 
(k, 2) with k = 2,3, 4. In this case, its group is WG 0),(¢,0) = [1 12]* x (Cy x Cy), of 
order 


(a) 480, ifk = 2, 
(b) 108 - 4}, if k = 3, 
(c) 256-51, ifk =4. 


Moreover, aan (s,0),(2,0) = =ilG, 0) X C2 for each s 2 


Note that we also have 


11D6 6173,0,02,0) = 5s X C2 x Ca, 
which can be derived by applying Lemma 11A11 twice, first to {3, 3, 3} and then to 
ats 

(2,0)° 


As in the previous section, we have a finiteness criterion in terms of the corresponding 
hermitian form. 


11D7 Corollary Lets, t > 2. Then the polytope oT 0),(1,0) 28 finite if and only if the 
hermitian form associated with the diagram in Figure 11D1 is positive definite. In this 
case its group ‘lg (s,0),(1,0) 48 @ semi-direct product of a finite reflexion group in unitary 
4-space by Cz x C). 


In Table 11D1 we list all the finite polytopes él; es along with the numbers v of their 
vertices and f of their facets, and the orders g of their groups. Again, we mention 


Table 11D1. The Finite Polytopes él¢ 


s t v f g Group 
(2, 0) (2, 0) 10 10 480 Ss x Cy x Cy 
(3, 0) (2, 0) 54 24 2592 [1 12} x (Cy x C2) 
(4, 0) (2, 0) 640 160 30720 [1 1 2]* x (C2 x Cr) 
d, 1) (s, 0), s =0 (mod 3) 6 2s? 72s? S3 x [3, 6](s,0) 
(1,1) (s,s), 5s >1 6 6s? 216s? S3  [3, 6]¢,s) 


(2, 2) (2, 0) 120 40 5760 Ses Si-O 
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P 


Figure 11D2 


only one from a pair of dual polytopes. If s = (s, 0) and t = (f, 0), then up to duality 
these are just the finite polytopes of Theorem 11D5. If s = (s, s) or t = (¢, t), then, up 
to duality, we have the finite polytopes of Corollaries 11C8 and 11C14. (Recall that 
[3, 6], denotes the group of the polyhedron {3, 6},.) 


The Polytopes {{2.p, 335, {3, 2r}a¢} 


The construction of 670), «.0) Can be generalized to obtain the regular 4-polytopes 
P := {{2p, 3}2s, {3, 2r}o:}. Once again, we apply the mixing operation of (11D2) to 
the group I” = (0,..., 03) of P. This group I has a presentation which consists 
of the standard relations for the Coxeter group [2p, 3, 27], along with the two extra 
relations (11D1) which (as with the cases p =r = 3) define the facets and vertex- 
figures by specifying the lengths of their Petrie polygons (see Section 7B). Now we 
have to consider the abstract group W corresponding to the diagram of Figure 11D2, 
in which the two branches {1, 2} and {3, 4} have been marked p and r, respectively. 
Then the same operation (11D4) applied to W = (01, ..., 04) recovers the group I’, 
which is thus again a semi-direct product of W by C2 x Co. 

Hence, if I” is a C-group, then the polytope P exists and = I'(P). We shall prove 
this under the assumption that the parameters p, r,s, t are such that the groups [1 1 1”]° 
and [1 1 1”]’ are finite; that is, each pair (p, s) and (r, ft) is either of the form (/, 3) or 
(3,7) with 2 <1 < on, or one of (4, 4), (4, 5) or (5, 4) (see Section 9D). In particular, 
if p =r = 3, then we recover the polytopes 676.0,00)" 

Let p,r,s,t be as specified. Then we can appeal to Theorem 9E17, where W oc- 
curs as the group with diagram S,(p, s;r, t). In particular, each 3-generator subgroup 
(0;,0;, 0%) of W is isomorphic to [1 1 1”]° or [1 1 1”]' according as the triangle {i, 7, k} 
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is marked s or t. Moreover, W is finite if and only if 


(3, a, 3,2), (3,2,3,a) witha = 2,3,4, or 


11D8 S,r,t)= 
ee (3, 2, b, 3), (b, 3,3,2) withb > 2. 


In this case, W is isomorphic to [1 1 2]“ or[1 12°]°, respectively; if = 2, the latter is the 
Coxeter group D4. Again, the finiteness of W (and I”) is equivalent to the corresponding 
hermitian form being positive definite. Furthermore, I" is again a C-group, because W 
itself has the intersection property (see again Theorem 9E17). 

We have thus proved the following theorem. 


11D9 Theorem Assume that each pair (p,s) and (r, t) is either of the form (I, 3) 
or (3,1) with 2 <1 < ©, or one of (4, 4), (4, 5) or (5, 4). Then the universal regular 
4-polytope P := {{2p, 3}25, {3, 2r}a;} exists. Its group is W ™ (C2 x C2), where W is 
the abstract group defined by the diagram in Figure 11D2. In particular, P is finite if 
and only if (p, s,r, t) is as in (11D8). In this case, I (P) = [112]* x (C2 x C2) or 
[112°] x (Co x Cp), respectively. 


The theorem says that there are only two kinds of finite polytopes P, namely, 


{{2p, 3}6, (3, ao}, 
with p > 2, and the finite polytopes 676.0),04,0)" The first kind is related to the 
simple polytopes QO := {{2p, 3}6, {3, 3}}; in particular, [(P) = '(Q) x Cy (see 
Lemma 11A11). See also Theorem 8E10 for another approach to the enumeration 


for p = 2. 


Geometric Realizations 


In an abstract sense, we have solved our initial problem, in that we have associated 
with each regular polytope 67 6.0),(1,0) a locally unitary reflexion group G, which is 
a representation of a subgroup W of index 4 in its group. Whether this geometric 
group G is finite (and then unitary and isomorphic to W) determines the finiteness 
of our polytope. In this case, we then run up against the problem of realizing certain 
involutory automorphisms of such groups geometrically. In some cases, this can be 
achieved by means of suitable linear or semilinear mappings of the ambient space, but 
examples show that these cannot always suffice. 

Let us look more closely at what we want to do, in slightly more general terms than 
we actually need. Let 


W = W(D) = (01,..-, 0%) 


be a finite group which is associated with a diagram D on n nodes. Suppose further that 
W (as an abstract group) admits group automorphisms t corresponding to symmetries 
of the diagram (diagram automorphisms). There is often some ambiguity in associating 
a geometric group G with W, and we attempt to exploit this in order to find some suitable 
realizations of the t. These automorphisms t form a group A, and we aim at realizing 
A completely. 
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We attempt to realize our group as a sum (blend) of copies of certain representations 
of W (see also Section 5A). Let £1, ..., E; be subspaces of the real or complex space 
E such that 


E=£\®---® Ex. 


Fori =1,...,4, letr;; W — GL(£;) be a representation of W on £; as a reflexion 
group, and let 

G; = Wr; = (Sti, Bees, Sri) 
with the reflexions S;; corresponding to o; for 7 = 1,...,. Extend every reflexion 
S;; trivially to the ambient space £, such that G,,..., G, acts on £. Then 
11D10 S,:= Sp1Sp2°-Spe (GH 1...) 
defines a representation 

G = (S},..., Sn) 

of W, which is just the sum of the representations 71, ...,7% (see [434, §3.2]). The 
generators of G are reflexions in mirrors of codimension k in E. If the r; happen to 
be orthogonal or unitary representations, then we can take £),..., E; to be mutually 


orthogonal subspaces of the euclidean or unitary space E, so that G also becomes an 
orthogonal or unitary representation. More generally, if the G; preserve a hermitian 
form on E;, then G preserves the orthogonal sum of these forms; this is the hermi- 
tian form which extends each form from E; to E, such that £,,..., £, are mutually 
orthogonal subspaces. 

In the situation of the previous sections, each representation of the underlying ab- 
stract group W as a reflexion group in C” is associated with its Gram matrix, which 
defines the corresponding hermitian form (-,-) as in Chapter 9. Generally, we have 
some freedom in choosing the Gram matrix for W, and different admissible choices 
of Gram matrices A lead to different representations G(A) (say) of W. Such choices 
usually come from differing signs of the turns associated with circuits, which are for 
the most part triangular. 

We pick a basis {v,,...,v,} of C” and keep it fixed. All Gram matrices 4 and 
representations G(A) are taken with respect to this basis; that is, A = (a ;,) with aj, = 
(v;, vz), and the vectors v; are the normal vectors for the generating reflexions. 

Let us consider one fixed Gram matrix A, with representation G(A). Any allow- 
able permutation of the nodes of D, which induces a group automorphism t of W, 
corresponds to a permutation of the rows of A, together with the same permutation of 
its columns. We denote the new matrix by A‘; then A‘ = (6;x) with Bj, = @j.-1 42-1. 
Under this permutation, the cyclic products of coefficients of (9C10) are preserved; 
that is, we have yy:(C‘) = y4(C), where C := (j(1),..., j(m)) is a cycle of D, 
CT :=(j()t,..., j(m)rT) 1s its image under tT, and y4-(C™) and y4(C) are the corre- 
sponding cyclic products for C* and C relative to A‘ and A, respectively. Hence the 
corresponding turns are also preserved (see (9C12)); that is, %4:(C™) = v4(C), with 
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0 4:(C*) and 3 4(C) denoting the turns relative to A* and A, respectively. Thus the turn 
of an (undirected) circuit C in D is either preserved, or reverses its sign. 

The group A of automorphisms T is finite, since the diagram has finitely many nodes. 
So, take the sum G of all the corresponding representations G(A‘) with matrices A’. 
Each automorphism t € A can now be realized geometrically by a linear mapping 
T (say) — just permute the coordinates within each component according to t, and 
then permute the components by t. More precisely, if E = @,-, E,, where E, = 


(U1,,, +++ Un.,) is the ambient space for G(A*) (with {v1,,, ..., Un,a} corresponding to 
{v,,..., Un}), then vj,,7 = vjrar foreach j = 1,...,n andd € A; hence r-ls.T — 
Sjz foreach j = 1,...,n. Finally, since the set of all such mappings T forms a group L 


(say), we now have a complex representation of W =» A, namely, G x L, with L = A. 
Note that the entire group G x L preserves the hermitian form on E which is the 
orthogonal sum of the forms on the E, (its Gram matrix has blocks A* along the 
diagonal, one for each A € A). If the hermitian forms on the F, are positive definite 
(it suffices to know this for one), then so is the sum, and we have a unitary representation 
of W x A, and of course a real orthogonal representation of twice the dimension as 
well. 

Notice that among these automorphisms will frequently be one equivalent to com- 
plex conjugation of the whole Gram matrix A (in instances discussed earlier, this 
happens because of the way we have loaded turns on particular edges); this results in 
changing the signs of a// the turns, and obviously can be realized geometrically by a 
semi-linear mapping in the same space (just permute the coordinates according to T, 
and then apply complex conjugation). This gives a linear mapping in real space of twice 
the dimension. 

Sometimes, variants of these methods can be employed to reduce the dimension of 
these representations. For example, we can group representations G(A*) with the same 
Gram matrices together, and then pass to a suitable invariant (diagonal) subspace of E 
(now the new components represent distinct Gram matrices A, and each has a basis in 
which the ith vector is the sum of all e;,, with 4* = A). However, when restricted to 
this subspace, an element of L may coincide with an element of G or another element of 
L, so that we no longer have enough distinct mappings to realize all the automorphisms 
geometrically. Similarly, we can cut the dimension in half by pairing up representations 
whose Gram matrices are complex conjugates of each other (if this occurs); however, 
we must then admit semi-linear mappings to realize automorphisms. We can also mix 
these two constructions. 

Notwithstanding what we have said previously, whether or not a regular polytope 
obtained from W by twisting with A admits some suitable realization is actually a 
more complicated matter than just finding a representation of its group I”. Indeed, we 
must still check in each individual case whether the representation of I” has a non- 
trivial Wythoff space and, if so, whether it yields a faithful realization (see Chapter 5). 
Moreover, on the ambient space of a faithful realization (spanned by the orbit of the 
initial vertex), a map realizing an automorphism of W must not coincide with one 
realizing an element or another automorphism of W. This generally limits the number 
of admissible representations (if there are any at all). 
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The polytope oT 0),(¢,0) Was constructed from the diagram in Figure (11D1) by the 
operation in (11D4). Unfortunately, for it to be finite, we have seen in Theorem 11D5 
that {s, t} = {2, 2}, {2, 3} or {2, 4}. Suppose that we pick the basis {v), ..., v4} so that 
the turns 27 /s and 27/t are loaded into the branches {1, 2} and {3, 4} of the diagram, 
respectively. Then, in the first case, the two automorphisms of W which interest us 
preserve the (real) Gram matrix, while in the other two cases only the equivalent of 
complex conjugation leads to a distinct Gram matrix (because s = 2). The first case is an 
example where grouping of automorphisms by identical Gram matrices will not work. 
(indeed, the map 7; realizing t, will act like SSS; € G on the invariant subspace). 
On the other hand, the vertex-figure {3, 6}(;,9) does not have a faithful realization in 
any case if ¢ = 2, and neither does the polytope itself (see Theorem 5A2). 

However, we can make some progress by combining this approach with another. 
If t¢ = 3 or 4, then the semi-linear mapping of (11B7) will realize the diagram au- 
tomorphism which yields ade: 0) = {{6, 3}¢,0), {3, 3}} from the group [1 1 2]’; hence 
GT. oy = = {{3, 3}, (3, O}¢,0)} by duality (this will not work when t = 2). As we noticed 
earlier, we may then construct 67/5 (2,0),(1,0) 48 4 mix 


676.0.0,0) = = (3% (t, 70)) O{}, 


in the same way that {6, Je, 0) = (3, 3}  { }. We thus obtain realizations of 67/3 0),(¢,0) 
from realizations of (37, (t, toy” by blending with the line segment (see Section 11B for an 
example of a realization of (37, , 10)" ). The same construction applied with t = 2 yields 
a (non-faithful) realization of 62, 0),2,0) from a (non-faithful) realization of 670, 2,0))"s 
with the same vertices as {3, 3, 3} > { }, but with twice as many automorphisms. 


11E The Type {3, 6,3} 


In the previous sections, we enumerated all those locally toroidal regular 4-polytopes 
of type {6, 3, p}, with p = 3, 4, 5 or 6, which are universal and finite. For the type 
{3, 6, 3}, the corresponding enumeration is not yet complete, and the general method 
of Section 11A seems to fail except for certain parameter values. In this section, we 
describe partial results which follow from this approach, as well as those which can be 
obtained by alternative methods. 

We must investigate the polytopes 


11E1 ae = {{3, 6}s, {6, he}, 


with s = (s*, 0?-*), t = (¢', 0?-'). The general assumptions on the parameters are as 
before: s >2ifk=1 ands >1ifk=2;t>2if/=1andt>1 if/=2. The 
superscript in the name for the polytope indicates the rank, and the subscript 7 on 
the left refers to {3, 6, 3} as the 7th (and last) type of Schlafli symbol which requires 
consideration. Our general results will mainly concern special instances of the case 
k = 2 and / = 1, but special techniques will yield results for other cases. As usual, 
pe will denote the abstract group corresponding to Ty: 
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Table 11E1. The Known Finite Polytopes whe 


s t v ft g 
qd, 1) d, 1) 3 3 108 
d, 1) (3, 0) 3 9 324 
(2, 0) (2, 0) 5 5 240 
(2, 0) (2, 2) 5 15 720 
(3, 0) (3, 0) 27 27 2916 
(3, 0) (2, 2) 288 384 41472 
(3, 0) (4, 0) 1260 2240 241920 


To set the scene, we list in Table 11E1 those universal locally toroidal polytopes 
of type {3, 6, 3} which are known to be finite; some of the entries are taken from [83, 
Table 1]. As usual, we shall only list one of each dual pair, that with fewer vertices. We 
do not describe the groups here, since for the most part their structures are not exactly 
known. 

Because we can say a certain amount about it, we begin with the class of abstract 
regular polytopes of type 


776.8),(1,0) = {(3, Os), {6, Jeo}, 
whose group 
r= WG 944.0) = (00,--+, 3); 


say, has a presentation consisting of the standard relations for the Coxeter group [3, 6, 3], 
along with the two extra relations 


11E2 (po(p12)°)** a (010203) =6, 


Consider the mixing operation 


(Po, +++ 03) F® (001020100, P1P2P1, P25 23) =: (O1,.--, 04). 


Then we easily check that the o; satisfy the relations 


oP =(a)'=2 (Shi <&IAS) 


(01020302) = (01020402)' = (01030403)! = (02030403)! = €. 


11E3 


Indeed, we have 
2 _ = Bi. = 
(Po(P102)° )) = 01030203 = 010720302, (01 203)” = 02040304 = 02030403. 


Recall that we can take the generators in the last four relations of (11E3) in any order 
(see Section 9E). 

As in Section 11C, we first consider the case s > 2 (of course, we also have t > 2). 
The group W = (o,,...,04) corresponds to the abstract tetrahedral diagram in 
Figure 11E1, where s,¢>2. Here the triangle {1, 2,3} is marked s, while all the 
other triangles are marked ¢. Further, W has two group automorphisms 1 (= (0) 
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4 


T 


Figure 11E1 


and tT) (= ¢1), which correspond to the transpositions (1 2) and (2 3) on the nodes, 
respectively. 
We can recover I” by means of the operation 


11E4 (01, ++,04;T]1, T) F> (t%, T2, 03, 04) =: (Po; este 9 (3); 
which shows that 
r=W-™ S3. 


In particular, if W happens to be a C-group, then I” will be also, and is then the group 
of the regular polytope 77 5), (¢,0)" 

We now appeal to Section 9E, where groups with tetrahedral diagrams are treated. 
In particular, we can attempt to associate with W a reflexion group G which preserves 
a complex hermitian form in 4 variables (here we need that s, t > 2). However, the 
compatibility conditions (9E8) for a geometric diagram only hold if t = s or ¢ = 3s. 
Theorem 9E14 then shows that, in the former case, the only finite group is given by 
s = 2; there are no finite groups in the latter case. 

We thus deduce the following. 


11E5 Theorem Fors > 2, lets := (s,s) andt := (s, 0) or (3s, 0). Then the universal 
regular 4-polytope ee = {{3, 6}, {6, 3}4} exists. In particular, 


(T) = Te = WS, 


7~s,t 
where W is the group abstractly defined by the diagram in Figure 11E1, with t = s or 
3s, respectively. The only finite instance is 776. 9),0,0y with group Ss x S3. 


For the sole finite example, refer also to Theorem 11E10. 
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An interesting special case occurs ifs = 3 andt = (3, 0), because then the hermitian 
form of the geometric group G is positive semi-definite. Thus G can be regarded as 
an infinite locally unitary reflexion group in 3 dimensions, which we have already 
remarked is discrete (see Lemma 9B19). 

For the finite polytope 776.0),0,0) a 6-dimensional realization can be constructed 
froma representation ofits group  := S; x $3 in E®. This is similar to what we did with 
G3 T3.)* in Section 11C. Indeed, if we restrict the representation of the corresponding 
group Ss x S4 in ‘? to the first 8 variables and ignore the third automorphism 73, then 
we obtain a representation of I” on the invariant 6-dimensional subspace of E® defined 
by 


&t---+6 =0, & +6 +& =0. 


This exploits the fact that W5, 2),(2,0) is a subgroup of index 4 in 3 TS): Now the Wythoff 
space (the intersection of the mirrors for Tz, 03, 04) is spanned by a and b, with 


a:=(-4,1,...,1,0,0,0), 5b:=(0,...,0,—2,1, D, 


and an application of Wythoff’s construction with a + b as initial vertex leads to a 
6-dimensional realization for 176 2),(2,0)° whose vertex-set consists of the 15 points 


§& = —4, foronei withi <5, 
11E6 §& = —2, foronei withi > 6, 
& = 1, otherwise. 


This realization is the blend of the two degenerate realizations of 776, 2),(2,0) Constructed 
by taking a and b as initial vertices, and exhibits it as the mix 
176.2,0,0) = (3.3, 3} 0 (3} 


(see also Theorem 7A 13). 

For the enumeration of certain finite polytopes 7780), (so We also refer to 
Theorem 11H7. 

We now turn to polytopes with facets {3, 6}(1,1), which are the duals of those with 
vertex-figures {6, 3}(1,1). Recall that our main aim is always to list the locally toroidal 
polytopes. Here, we only describe the universal polytopes 


Q := {{3, 6}a1), {6, 3}¢,0)} = 77. ),0,0)9 


corresponding to the case s = 1. 

Aswiths = 2, if Q exists, then its group J"(Q) can be obtained by applying operation 
(11E4) to the abstract group W = (0), ..., 04) defined by the diagram in Figure 11E1, 
now with s = 1. But the mark s = 1 forces 03 = 020;0; hence 


W = (01, 02,04) = [11 1Y. 
In particular, we have 
03010304 = 0201020102010204 = 0204, 


so that necessarily t = 3. 
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Conversely, if ¢ = 3, then we can produce the group W of Figure 11E1, with s = 1 
and ¢ = 3, by taking [1 1 1]? = (01, 02, 04), and introducing a new generator 03 := 
020102; then W = [1 1 1]. This proves the following: 


11E7 Theorem Zhe universal regular 4-polytope TG 1),(¢,0) * = {{3, 6}a,1), (6, 3}(,0)} 
exists if and only if t = 3. In particular, 17G ),6,0) is (combinatorially) flat and finite, 
with group aa 1),,0) = =[1 11} x $3, of order 324. 


We then observe that the universal polytope 


77G yay = {8, Ban, {6 3}a,n} 


also exists, and is finite, since it can be obtained from 174 ,6.0 = {{3, 6}a,1), 
{6, 3}(3,0)} by identifications. It is flat, so that it has 3 vertices and 3 facets, and a 
group of order 108. 

We also know that the universal regular polytope 1G. 0),3,0) = = {{3, 6}3,0), {6, 3},0)} 
is finite (see [83, Table 1; 443, §6]). It has 27 vertices and 27 facets, and a group of order 
2916 = 2? . 3°. It is, perhaps, of interest to say a little about this polytope. It has 27 ver- 
tices, and clearly covers 176 0),(,1) With 9 vertices and TG, 1),(3,0) (and TG, y,a,1) with 
3 vertices, both of which are flat. We can now appeal to Theorems 5A4 and 5B14. Since 

773 (1,1),(3,0) as a 2-dimensional realization, while the natural geometric realization of the 
flat polytope 773, 0),(1,1) 18 that of its facet {3, 6}(3,0), which has dimension 6, we should 
expect a realization of 773 .0),@,0) Of dimension (27 — 1) — 2 — 6 = 18. We do indeed 
have one; it is faithful, Hy the vertices are those of 9 mutually orthogonal equilateral 
triangles. In fact, it is more natural to work in C’, where the generating reflexions of 
the symmetry group are semi-linear. The actual details are a little complicated, and so 
we shall not give them here. 

There is another general class of these polytopes which we can classify, namely, 
those with s = (2, 0). Initially, at least, let us consider a general polyhedron K with 
facets {6}, and ask whether it is suited to be a vertex-figure of a polytope of type 
{{3, 6}(2,0), }. Now Q := {3, 6}(2,0) has four vertices, and covers the tetrahedron {3, 3} 
twice. The natural identification Q \, {3, 3} then forces an analogous identification of 
the hexagonal faces of K onto triangles. (This is even more obvious, if we think of 
realizing the vertex-figure K, with vertices the other vertices of edges through an 
initial vertex.) 

When K = {6, 3}; (or even {6, 3}), the only possible identification leads to K \ 
{3, 3}. We conclude 


11E8 Lemma /fP := {{3, 6}(2,0), (6, 3}¢} exists, then the covering {6} \, {3} of its 
section {6} induces a covering {6, 3}t \, {3,3}, and hence a covering P \ {3, 3, 3} 
which preserves vertices. 


Actually, Lemma 11E8 considerably understates what really happens. The census of 
Colbourn and Weiss [83, Table 1] lists {{3, 6}, {6, 3}(2,0)} (with the tessellation {3, 6} 
as facet!) as a polytope with group order 720. Obviously, the facet here cannot in fact 
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be infinite (the Schlafli symbol notation of [83] is slightly more general than ours). We 
explain this (in the dual formulation) as follows. 


11E9 Lemma The imposition of the relation (p9pp2)* = € on the group [3, 6, 3] 
(with standard generators) implies that (p21 P2/3)* = €. 


In other words, {{3, 6}(2,0), {6, 3}} collapses to {{3, 6}(2,0), {6, 3}(2,2)}. 
Proof. Note first that 


€ = (p0162)" = (PoPi PoP2P1h2) = (P1PoP1P2P1P2)” ~~ (PoP1P2P1P2P1)'s 


hence 


Po = P1P2P1/2/P1 


(recall that = means “commutes with”). Using this fact and the other relations of the 
groups freely, it then follows that 


(010201203) = P1P2P1P2P1 * P3P2P1 2/3 
™~ P1P2P1P2P1 * P0P3P2P1P2P3 Po 
= P1P2P1P2P1 * P3P2P1P0P1 2/3 
~ (3P2P1P2P3 * P1P2P1P0P1P2P1 
= (3P2P1P2P3P2P1 * P1P2P1P2P1P0P1P2P1 
= (32P1P2P3P2P1 * PoP1/2 
™ P1P2P3P2P1P0/P1 P23 P2 
= P1P3P2P3P1 P0P1P3/2/P3 
~ P1P2P1P0P1/2.- 


We see at once that (0102/102p3)" ~ (001 02/1021) = €, which establishes our 
claim. 


As an immediate consequence, we have 


11E10 Theorem 7he only universal regular 4-polytopes P := {{3, 6}(2,0), {6, 3}t} are 
those with t = (2, 0) and group Ss x C2, and t = (2, 2) with group Ss x S3. 


Proof. Lemma 11E9 implies that P can only be a quotient of {{3, 6}(2,0), {6, 3}(2,2y}5 
apart from this itself, the only possibility is t = (2, 0) (recall that the case t = (1, 1) was 
eliminated by the dual form of Theorem 1 1E7). Because both polytopes have 5 vertices 
by Lemma 11E8, the group orders are easily calculated. From Theorem 11E5 we know 
the group to be Ss x S3 if t = (2, 2). Finally, if t = (2, 0), we can either determine the 
group as a quotient of Ss; x $3; using (11E4) or observe that the element (2) of 
I’(P) which defines the covering P \, {3, 3, 3} is central. 
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An entry in Table 11E1 which has not been mentioned hitherto is {{3, 6}(3,0), 
{6, 3}(4,0)} (again see [83, Table 1; 443]). Its group order was found using the 
Todd—Coxeter coset enumeration method, but its group structure has not been de- 
termined. We would guess that, up to duality, there is just one further possibility for a 
finite polytope of type {3, 6, 3}, namely, {{3, 6}(3,0), {6, 3}(5,0)}. The reason for this spec- 
ulation is that, as we have seen, {{3, 6}(3,0), {6, 3}(3,3)} is infinite, but only just, in that 
the associated hermitian form is positive semi-definite. Since {6, 3}(3,3) has 54 vertices, 
whereas {6, 3},5,0) has only 50, it seems plausible that the slightly smaller vertex-figure 
might yield a finite polytope. We shall look at this argument from a different point of 
view in Section 11F. 

In Section 11H, we shall discuss further non-finiteness results obtained by exploiting 
relationships between regular polytopes of types {3, 3, 6} and {3, 6, 3}. 
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In this section, we again employ the cut method to explain why certain parameter values 
lead to universal polytopes which are finite, while others only give polytopes which are 
infinite. In Section 10D, we illustrated this method for the types {4, 4, 3} and {4, 4, 4}. 
We begin with polytopes of type {6, 3, p} with p = 3, 4, 5, 6, {3, 6, 3}, or their duals. 
As before, we write 


pT, := {{6, 3}, (3, pH} (p =3,4, 5), 
and 
6 SG Se3 Ol. 7h SH 18, OO Shk 


with the usual restrictions on s, t. 

Recall that, for a regular polytope P, a cut K is another regular polytope of lower 
rank which “cuts through it”. More precisely, has the following two properties: "(X-) 
is a subgroup of I"(P); the vertices of K are (usually) among the vertices of P which 
are invariant under a certain subgroup of I'(P), which is contained in the centralizer 
of a subset of the distinguished generators (see Sections 7C and 10D). 

For the locally toroidal regular polytopes P := 7J,", 67,4, 77,4. or their duals, 
these cuts are frequently isomorphic to spherical, euclidean or hyperbolic tessellations. 
Here, it is remarkable that quite often the polytope P is finite if and only if its cut is 
finite, which then means that the tessellation is spherical. However, since this is not 
always true, the cuts are (in a sense) only “locally inscribed” into P. Therefore, the 
corresponding finiteness criteria derived from Theorems 11F4, 11F8 and 11F9 can 
only be viewed as local ones. Moreover, as pointed out before, our considerations in 
the following will not in general imply the existence of the original polytopes P. 

We begin with the types {p, 3, 6}, which are the duals of {6, 3, p}. Recall that a 
3-hole of a regular polyhedron K is an edge-path which leaves a vertex by the third 
edge from which it entered, in the same sense (that is, keeping always to the left, say) 
in some local orientation. 
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The Polyhedron K(P) 


Let P be a regular 4-polytope of type {p, g,r}, and let '(P) = (po, ..-, 03), where 
fo, ---, 03 are the distinguished generators. Assume that the vertex-figures of P have 
3-holes of lengths / (say). Then the (mixing) operation 


11F1 (00, -++5 03) > (Pos P1, 0203020302) =: (Bo, Bi, B2) 


determines a regular polyhedron K = K(P) with group '(K) = (Bo, 61, 62), which is 
of type {p, 4}. Indeed, we have 


Bi Bo = p102(p3/2)°, 


so that the last entry in the Schlafli symbol must be h. 

Let {Fo,..., F3} be the base flag of P, where F; denotes an i-face. Then K can 
be obtained from P by (an abstract version of) Wythoff’s construction, now applied 
to the order complex C(P) of P, with Fo as initial vertex, which is fixed by 6; and 
By (see Section 5A). In particular, {Fo, F', Fx} becomes the base flag of K, and the 
transforms of F; under "() are the i-faces of K’. The neighbouring vertices of Fo in 
K are given by 


FoBo(B1B2 = Fopo(pipr2(p3p2)Y (7 = 0,...,4 - 1); 


that is, as we go around Fo we pick as vertices for its vertex-figure in K precisely the 
vertices in a 3-hole of the vertex-figure of P at Fo. 

If P is of type {p, g, 6}, then 03 commutes with each 6;, so that K is invariant 
under 3. Hence, in a sense, we can think of K as lying in the reflexion wall of 3. In 
particular, if the vertex-figures of P are toroidal polyhedra {3, 6}(s,, then K is a cut of 
type {p, s} or {p, 3s} ast = Oors. 


Polytopes with Vertex-Figures {3, 6}(s,0) 


We now investigate the cut = K(P) for the polytope P := {{p, 3}, {3, 6}.,0)}, which 
is the dual of ete.» when p = 3, 4 or 5. Recall from Section 11B that P can be 
constructed from the abstract group W = (oj, ..., 04) corresponding to the diagram 
of Figure 11F1 by the twisting operation 


(1, ..-,045T) > (01, 02, 03, T) =! (Po, ---, 03). 


(Note that the generators o; have been renamed.) In particular, "(P) = W ™ Co. 


3 
1 2 
te 
P 


Figure 11F1 
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But now 
11F2 (Bo, Bi, B2) = (1, 02, 030403) = (01, 02, 040304), 


so that the second entry in the Schlafli symbol {p, 5s} of K corresponds to the extra 
relation (02030403)° = ¢ of W. Equivalently, the period s of 


Bi Bo = 102(03P2)" = 2(01023)" P2 ~ (p102P3)" 


genuinely does specify the original polytope, where ~ indicates as usual that the ele- 
ments are conjugates. 
The following lemma describes the cut, and is of interest in its own right. 


11F3 Lemma Let p, s > 2, andlet W = (o,,..., 04) be the abstract group depicted 
in Figure 11F 1. Then the subgroup (01, 02, 040304) of W is isomorphic to the Coxeter 


group [p, 5]. 


Proof. Indeed, this just comes from the basic change of generators 03 > 040304 =: 63 
of W, which leads to the equivalent diagram of Figure 11F2 for W. In this figure, the 
label 3 denotes the new generator 63. (Here we are using terminology adopted in 
Section 9C for geometric groups G and their diagrams. The change of generators of 
W is analogous to the basic change of generators S3 +> 545354 =: $3 of G.) 


The following theorem is now an immediate consequence of (11F2) and 
Lemma 11F3, and covers the polytopes (Cone o))* if p = 3, 4 or 5. 


11F4 Theorem Let p, s > 2, and let P := {{p, 3}, (3, 6}(s,0)}- pen K(P)) is the reg- 
ular tessellation { p, s}, ms thus is finite if and only ifs +> 5. 


It is interesting to note here that an infinite polytope P can have a cut K(P) which is 
a finite tessellation. In Theorem 11F4, if p > 3, this occurs precisely for the polytopes 


{3,3}, B,6s.n}, {{4.3}, 3,60}, {5,3}, 3. dao}, 


which have “locally inscribed” tessellations {3, 5}, {4, 3} and {5, 3}, respectively. We 
can see this geometrically from a representation of W as a reflexion group G (see 
Section 9E and the proof of the previous lemma). If G’ (say) is the subgroup of G 
associated with K(P), then G’ is a finite unitary (indeed, euclidean) reflexion group, 
while G itself is not a finite unitary group. In other words, the hermitian form restricts 
to a positive definite form on the 3-dimensional subspace of C* spanned by the normals 
of the generators of G’, but is not positive definite on all of C*. 


Figure 11F2 
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T 


Figure 11F3 


We continue our discussion with the polytopes 


P := {{6, 3}(.0), {3, 6}s,0)} = 67 G.0)(s,0)9 


which can be constructed from the abstract group W = (0), ..., 04) corresponding to 
the diagram of Figure 11F3 by applying the twisting operation 


(O1,.-., 045 T1, T2) > (TM, 02, 03, T2) =: (Po, ---s 3) 


(see Section 11D); thus '(P) = W x (C2 x C2). The cut K(P) is now of type {6, s}, 
and the generators of its group are given by 


11F5 (Bo, B1, B2) = (11, 02, 040304). 


Then I'(K(P)) = A x Cy, where Cy = (t;) and A := (01, 02, 040304) 1s associated 
with the diagram of Figure 11F4; here, the generator 040304 is represented by the 
label 3. In particular, (K:(P)) can be recovered from A by the twisting operation 


11F6 (01, 02, 040304; T1) +> (T1, 02, 040304) = (Bo, B1, Bo). 


1 
S 
nt 3 
S 
2 


Figure 11F4 
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From the geometry, we can determine the parameters g and s which yield a finite 
group A. So, once again, consider a geometric group G representing W in C+, with 
generators S; corresponding to 0; as usual (see Section 9E). The subgroup G’ of G 
associated with A has generators S;, $2, S4.S3S4, whose normal vectors must determine 
a positive definite Gram matrix if G’ is finite (see Lemmas 9B7 and 9B19). A direct 
calculation of the determinant A of this matrix shows that 


8A = 6-8 (1 + 2cos” ) cos” is 
qd Ss 

(To calculate A, load the turns 277/q and 2z/s into the branches {1, 2} and {3, 4}, 
respectively, of the diagram in Figure 11F3.) Now the condition A > 0 limits our 
possibilities to s = 2 (and q arbitrary), s = 3 andq < oo, and (s, qg) = (4, 2) or (5, 2). 
We will see that these parameters indeed give finite groups G’ and that A will also be 
finite except (possibly) when s = 3; in all other cases, G’ is infinite, and so are A and 
K(P). 

Before we move on, let us consider an alternative approach. For our purposes, 
the (geometric) type of the triangular diagram of Figure 11F4 is best determined by 
the period of Bo; 82 (compare Theorem 9D3). A direct calculation in G shows that 
the element $)$453S45754354, corresponding to (Bo B1 B2) = 0104030402040304, iS 
a rotation through an angle 2y (< zr) given by 


1 2 2 2n \? 
cos’ yg = — (14-4 (1-+60s22) cos 2% 44(1 +0002) ) 
4 Ss q . 


provided that the term on the right is less than 1. (The other alternative is that the term 
is 1, but then we have an affine subspace on which the element acts like a translation.) 

Strictly speaking, of course, we are only concerned with finite polytopes (then the 
alternative does not occur). Now Theorem 9E14 tells us that the abstract group corre- 
sponding to the diagram of Figure 11F3 is finite precisely when {g, s} = {2,2}, {2, 3} 
or {2, 4}; in these cases, it is isomorphic to the geometric group G generated by unitary 
reflexions in C*. The case s = 2 is clearly of little interest (indeed, then K(P) = {6, 2}); 
it is thus appropriate to take gq = 2; hence s = 2,3 or 4. With g = 2, we have 


’ 


| 2n 
cosy = —|1 +2cos — 
2 S 


or g = 2/3 if s =2 or 4, and gy = 7/2 if s = 3. Thus, the triangle in Figure 11F4 
belongs to a geometric group G3(3, k;s, s) withk = 3 ifs = 2 or 4, ork = 2ifs = 3; 
in any case, the latter is just the group [3, s] (see Section 9D). More generally, ifg = 2, 
then we can identify the diagram of Figure 11F4 as that of the group [3, s] for each 
s > 2. Hence, when s = 5, once again we have a finite cut of an infinite polytope. 

We can confirm this as follows. Apply the basic change of generators 0; > 02010 
to A. Ifg = 2 and s is arbitrary, then, since 


(0200204)0304 = (04020102)0304 ~ 02010203, 
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we have the relation 
11F7 (09007040304) =€. 


Now we see that the basic change of generators directly yields the diagram for the 
(abstract) group [3, s]. Alternatively, we can argue geometrically as follows. We find, 
again after some calculation in G (with any p,s > 2), that 020,02040304 corresponds 
to a rotation through an angle 2y (< 7) given by 


T T 
cosy = 2cos — cos—, 
qd Ss 


provided that this term is less than 1. (As before, the other possibility is that the 
term is 1.) When g = 2, we obtain W = 7/2, so that the corresponding change of 
generators directly yields the geometric group [3, s]. Moreover, whens = 3 andq > 2, 
we obtain y = 2/q, and the geometric group is thus [1 1 17]> = [1 11]?, yielding 
{6, 3}(,0) Gfq < co) or {6, 3} (ifg = 00) by twisting with a single automorphism (see 
Lemma 11A5). 

Finally, if ¢ = 2, there is yet another approach, obtained by exploiting the relation- 
ship between the polytopes P := {{6, 3} 2,0), {3, O}(s,0)} and Q := {{3, 3}, {6, 3}(s,0y} 
(see Lemma 11A11). Indeed, K(P) is related to K(Q) in just the same way as P to Q, 
and so we can appeal to Theorem 11F4 to find its structure. In particular, 


T(K(P)) = P(K(Q)) x Co = B, s] x Ca; 


we now have a direct product. 

We can summarize these results in the following theorem. See Section 7B for the 
notation used in part (a), and recall the way that the star notation is used for holes in 
the dual. 


11F8 Theorem Let q,s > 2, and let P := {{6, 3}(,0), {3, Oh(s,0)}. Then the cut K(P) 
is of type {6, s}, and has the following properties. 


(a) If q = 2, then K(P) = {6,5 |-, *2} = {s, 6|-, 2}*, and '(K(P)) = [s, 3] x Co. 
In particular, K(P) is finite if and only ifs < 5. 

(b) Ifs = 2, then K(P) = {6, 2}. 

(c) If s =3 and q < ©, then K(P) covers the toroidal polyhedron {6, 3}(q,0) 
(indeed, most likely, it is isomorphic to this polyhedron). If s = 3 and q = ov, 
then K(P) = {6, 3}. 

(d) In all other cases KP) is infinite. 


Proof. Recall that K(P) is constructed from A by means of the twisting operation in 
(11F6). For part (a), we use (11F7) to obtain 


2 
B2B1(BoB1)” = 040304020102; 


thus (B26 1(Boh1)°)* = €. Then, since A = [s, 3], this is the only extra relation required 
to define K(P). Now (a) follows from the observation that this is also the defining 
relation for the dual of {s, 6 | -, 2}. 
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For part (b), if s = 2, then (11F6) directly applied to A = S3 x C2 yields the map 
{6, 2}. For part (c), if s = 3, the geometric group for A is [1 1 1]?, and therefore K(P) 
covers the polyhedron obtained from [1 1 1]? by twisting with a single automorphism. 
Finally, as we have mentioned before, part (d) is obvious, because the corresponding 
groups are infinite. 


In Theorem 11F8, if (¢g,5) = (2,5), then we again obtain a finite cut of an in- 
finite polytope P. Indeed, K(P) = {6, 5|-, *2} is finite, with group [5,3] x C2, but 
{{6, 3} (2,0). {3, 6}(5,0)} is infinite. 

For the polytope {{6, 3}(q,q), {3, 6}(s,0)} the structure of its cut is not known. Limited 
information is available from the fact that this polytope covers {{6, 3}(g,0), {3, 6,0}, 
and so there must be a corresponding covering between the cuts. 


Polytopes with Vertex-Figures {3, 6}(s,s) 


For the regular polytope P := {{p, 3}, {3, 6}(s,s)}, which is the dual of plies) the cut 
K(P) is a polyhedron of type {p, 3s}. But since the length 3s of the 3-holes does not 
uniquely determine {3, 6}(;,;) among the toroidal polyhedra of type {3, 6}, it is now 
less clear what the structure of K(P) will be. We shall restrict ourselves mainly to the 
case p = 3. In any event, since we have a complete classification in Section 11C (in 
the dual formulation) of all the finite universal polytopes with vertex-figures {3, 6}(5,5), 
information given us by cuts may be interesting, but is rather less important. 

We summarize our results in the following theorem. We omit the proof, which, once 


again, employs the geometric group associated with P. 


11F9 Theorem For the polytopes P := {{3, 3}, {3, 6}(,s)} with s > 2, the cut K(P) 
is of type {3, 3s}. In particular, K(P) = {3, 6}(2,2) ifs = 2, and is infinite ifs > 3. 


In Theorem 11F9, the polytope P is finite if and only if its cut is finite. Under the 
assumption that s > 6, the following argument gives another explanation why the cut 
must be infinite. 

Since P covers the polytope Q := {{3, 3}, {3, 6}i,o}, its cut K(P), which is of 
type {3, 3s}, must also cover K(Q) = {3, s} (see Theorem 11F4); indeed, the group 
homomorphism °(P) > I(Q) induces a corresponding homomorphism I"(K(P)) > 
I'(K(Q)). Hence, K(P) must be infinite if s > 6. Note that we also have a covering 
R := {{3, 3}, {3, 6}(3s,0)} Nv P, and then, in turn, a covering {3, 3s} = K(R) \ K(P). 


Other Cuts 


As we explained earlier, the cut K(P) is naturally associated with the generator p3 of 
I(P), in the sense that Wythoff’s construction of K(P) in the order complex C(P) leads 
to a polyhedron which is invariant under p3. (For the order complex, see Section 2C. 
Recall that, combinatorially, C(P) is constructed by barycentric subdivision of the 
facets of P in a consistent way.) We now describe other cuts for regular polytopes of 
types {3, 3, 6} or {3, 6, 3}. 
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For a regular polytope P in the class ({3, 3}, {3, 6}(5,2)), with t = 0 or s, consider 
the operation 


11F10 — (0, 01, 2, 03) +> (Po; 0102030201, 0302030203) =: (Yo. 15 ¥2) 


on I'(P) = (po,.--, 03). Then 


YoY ~ P1P0P1P2P3P2 = PoP1P0P2P3P2 = PoP1P2P3P2Po0 
~ P1232 ~ P2P1P2P3 = P1P2P1P3 = P1P2P3P1 ~ 2/3, 


and 


ViY2 = P1020302P1- 0302030203 = (p1(P2P3)")’. 


It follows that (yo, 71, 72) 1s the group of a regular polyhedron L(P) of type {6, s}. 
Note that the period of y;) is s in both cases t = 0 and s = ¢ (see (11A1)). 

This polyhedron can be obtained from P (or, more exactly, from C(P)) by applying 
Wythoff’s construction with the base vertex Fo of P as initial vertex. This shows that 
L(P) has its vertices and edges among those of P. Now the generator 2 commutes 
with yo, 1, 72, So that the cut £(P) is now invariant under 2; that is, in a sense, £L(P) 
lies on the reflexion wall of 2. 

Once again, let P := {{3, 3}, {3, O}i.s)}, the dual of 37 5): Then, by (11A1), the 
relation (y; 2)’ = € genuinely does specify the original polytope. Now, using the con- 
struction of 376 5) described in Section 11C (see (11C1) and (11C2)), we find that 


(0. M1» ¥2) = (73, 03, 010201), 


so that '(L(P)) = (01020), 03, 04) x (t3). A similar situation was encountered for 
the polytope Q := {{6, 3}(s,0), {3, 6}(s,0)} and its cut K(Q) (see Figure 11F3 and (11F5) 
with g = s). In particular, we have 


L(P) = K(Q), 


and so we can obtain further properties of the cut from Theorem 11F8. 

IfP := {{3, 3}, (3, 6}(.,0)}, then the relation (7, 2)° = e does not specify the group 
of the original polytope, and so the structure of £(P) is less clear. 

To end this section, we briefly comment on the polytopes P of type {3, 6, 3}. Here 
the “sections” of P by its “reflexion walls” do not appear to yield useful information. 
However, in certain cases, limited information is available by other means. 

Consider the operation 


(10s Pis 22+ P3) > (Po, (P1P2)°, 03) =! (Kos Ki, K2) 


on I'(P) = (fo, ---, 03), Which gives the group (ko, K,, K2) of a regular map L(P). 
Observe that £(P*) = L(P)*. Now the period of xox, is just the length of the 3-zigzags 
of the facets of P (see Section 7B). In particular, if these facets are toroidal polyhedra 
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{3, 6}(q,,), then this period is given by 


q ifr =Oandq is even; 
2q ifr =Oandq is odd; 
3q ifr =q andgq is even; 
6q ifr =q andq is odd. 


Indeed, a 3-zigzag of the polyhedron {3, 6}(,,-) takes all the edges of a 3-hole, but 
traverses them twice if g is odd (because it uses opposite orientations at consecutive 
vertices). Moreover, if g is odd, then p2 € (ko, k;). All this is most easily seen geomet- 
rically. A similar remark applies to the vertex-figures {6, 3}(.,4) (say). In particular, if g 
ands are odd, then '(L(P)) = I'(P). It is thus only whenP = {{3, 6}(2m,0), (6, 3}(2n,0)} 
that the periods of kgk, and kk specify the type of the polytope; in this case, L(P) is 
of type {2m, 2n}. We may guess that C(P) is universal; certainly, C(P) is finite when 
m = 1, just as P is, whereas it is likely that P is infinite if m, n > 2, which would 
accord with £(P) being infinite. 

The geometry of the cut appears to be a little different from the algebra. Whether 
or not g is even, applying the analogue of Wythoff’s construction to the initial vertex 
of P yields a g-gonal face if r = 0, and a 3q-gonal one if r = g; when q is odd, the 
abstract definition (using the group) gives a double covering (now the 3-zigzags of the 
facets traverse the 3-holes twice). The same argument applies to the dual. However, 
when s is odd, the vertex-figure is definitely a 2s- or 6s-gon (as appropriate), and 
the natural covering identification of the vertex-figure (to yield one with half as many 
vertices) seems not to carry over to one of the polytope as a whole. In the known finite 
case (namely, {{3, 6}(3,0), {6, 3}(3,0)}), the group [g, s] cannot be a quotient of I"(P) (its 
order does not divide that of '(P)). 

Nevertheless, in the case of {{3, 6}(7,0), {6, 3}(s,0)}, there remains the feeling that, 
in some sense, there is an associated polyhedron {q, s}. When (q, 5) = (3, 5), this will 
be finite, and hence reinforces the notion expressed at the end of Section 11E that 
{{3, 6}(3,0); {6, 3}¢5,0)} could be finite. 
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In this section, we shall describe subgroup relationships among the symmetry groups 
of certain regular honeycombs in hyperbolic 3-space HI’. They translate into corre- 
sponding relationships between certain pairs of locally toroidal regular 4-polytopes, 
which we investigate in the next section. 

Here we are concerned with the honeycombs {3, 3, 6}, {4,3, 6}, {6,3,6} and 
{3, 6, 3} in H3, which have all their vertices on the absolute quadric; the two self- 
dual honeycombs {6, 3, 6} and {3, 6, 3} also have their facets inscribed in the absolute 
(see Coxeter [113, §3; 136, §4], and Sections 3C and 10A). The subgroup relationships 
are displayed in Figure 11G1, which also includes a hyperbolic Coxeter group with 
a branched diagram, which itself is not the symmetry group of a regular honeycomb. 
Inclusion of the smaller group in the larger group is indicated by an arrow, which is 
marked by the corresponding subgroup index. 
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o—____e______e_—_® o—___-e______e___—_® 
6 4 6 
if | KY ; 
o—____e______e__® o—___e______e___—_® 
6 6 6 6 


Figure 11G1. Hyperbolic subgroup relationships. 


Each subgroup relation of Figure 11G1 can be obtained by simplex dissection of 
hyperbolic tetrahedra. If the index of the subgroup is £, then its fundamental simplex is 
decomposed into k congruent copies of the fundamental simplex for the larger group. 
We shall not discuss the details of these dissections, but refer instead to [300, §3], 
where they are described in terms of the diagram notation introduced in [120, p. 281] 
(see also [318, 319]). 

Using these simplex dissections, it is easy to obtain generators for the appropriate 
subgroups. Let [3, 3, 6] = (00, ...,03). Then we get generators po, ..., 03 for the 
subgroups by the following (mixing) operations: 


A: (00, sey 03) =e (00, 01, 020302, 03) = (po, sy 3) [3, 6, 3] 
11G1 Ho. -- ++ 93) —> (00, 0102030201, 03, 02) =: (P0,---, 03) [6,3, 6] 


3, 
Vv: (00, aeons 03) — > (00, 02,01, 0302030203) => (po; Bos 3) ; 6 


The notation for the last group (which corresponds to the last diagram of Figure 11G1), 
is adapted from [120, §8.1]. For example, for the group [3, 6, 3], a fundamental simplex 
can be constructed from the fundamental simplex for [3, 3, 6] by keeping all walls but 
the third (corresponding to 02), while replacing the reflexion wall for 02 by the image 
under 02 of the reflexion wall for 03 (see Figure 11G2). 

Finally, the group [4, 3, 6] = (Wo, ..., W3) is derived from the last group in (11G1) 
by the twisting operation indicated in Figure 11G3. More exactly, the operation is given 
by 


11G2 K(f, --+, 033T) F> (T, P1, 02, 23) =: (Wo, ---, W3)- 


We now investigate the geometric relationships for the honeycombs corresponding to 
these subgroup relationships. In describing these relationships we require the following 
two operations on the groups of regular polyhedra (see Section 7B). 

Let £ be a regular polyhedron of type { p, g}, with group '(L) = (Wo, W1, W2) (say). 
Recall that the 2nd facetting operation g2 on I"(L) is given by 


11G3 G2: (Wo, Wis W2) > (Wo, Vivew1, W2) =: (ao, a1, 2). 
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G3 


Fooo 
Figure 11G2 


Ifq is odd, then I := (a, a1, @2) = I'(L), and I’ is the group of a regular polyhedron 
L® of type {/, g}, where / is the length of the 2-holes of £. Ifq is even, then in general I” 
is a proper subgroup of I"(L). The effect of g2 is best studied by employing Wythoff’s 
construction to find £%’. In particular, we obtain the results of Table 11G1. 

We also need the operation 


11G4 X: (Wo, Vi. V2) > (Wot vavi Wo, V2, Wi) =! (ao, a1, &2) 


Figure 11G3 
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Table 11G1. Facetting Operation 2 Applied to Polyhedra of Type {3, 6} 


L Lr Vertices of L” 
{3, 6} {6, 3} form = of the vertices of £ 
{3, 6}(37,0) {6, 3}a.n form = of the vertices of £ 
{3, 6}(s,0), 8 #0 (mod 3) {6, 3}(s,0) = L* cover the vertices of L twice 
{3, 6}(s,s) {6, 3}(s,0) form = of the vertices of £ 


on aregular polyhedron £ of type {3, 6} (see Figure 11G4). Now Wythoff’s construction 
leads to the following polyhedron £* with group '(L*) = (ao, a1, a2). 

If L = {3, 6}, then £L*% = {3, 6} and [\(L%) is a subgroup of index 3 in ’(L) (see also 
Figure 11G6). Therefore, if £ is any regular polyhedron of type {3, 6}, then the index of 
P(£*%)in F(L) is 1 or 3. In particular, ifs > 2 and £L = {3, 6}(.,5), then L* = {3, 6}(5 0) 
takes only a third of the vertices of £. If £ = {3, 6}(1,1), then the operation in (11G4) 
gives the regular map {3, 6}(; 9), which is not an abstract polyhedron. If £ = {3, 6}(,,0), 
then £* = {3, 6}(-) again takes only a third of the vertices of L. Finally, if s # 0 
(mod 3) and £ = {3, 6}(5,0), then £L* = {3, 6}(s,0) is isomorphic to L. These facts follow 
easily from (11A1), when we observe that 


aad = Wo(Wivn) Worn = Wo(titnyY rivowi Wo 
= Whidhnwny voi ~ Chav) Wo, 


and 


ao(a1a2) = (Whi )nhnih wow 
= Wovivorvitn(Woriv ~ Woviw). 


CAex 


Figure 11G4 
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Figure 11G5 


The geometric relationships between the honeycombs can now be described as 
follows. Once again, we employ Wythoff’s construction. 

For the regular honeycomb {3, 6, 3}, the facets are (in one-to-one correspondence 
with) certain vertex-figures of {3, 3, 6}, while its vertex-figures are tessellations {6, 3} 
whose vertices and edges occur among those of the original vertex-figure {3, 6} (see 
Figure 11G5). Indeed, consider the fundamental simplex T for [3, 3, 6] defined by 
the base flag ® := {Fo,..., F3} of {3, 3,6}, whose vertices are again denoted by 
Fo, ..., F3 (see Figure 11G2). Then the operation 4 of (11G1) corresponds to chang- 
ing T to the 4 times larger fundamental simplex 7; for the subgroup [3, 6, 3] with 
vertices Go := Fo, G; := Fi, Go := Fy and G3. Here our notation is such that G; 
corresponds to (the centre of) the i-face in the base flag of {3, 6, 3} belonging to the 
generators (0, ..., 03. Now, since the vertex G3 of 7, is fixed under the subgroup 
(00, P1, 02) of [3, 6, 3], Wythoff’s construction applied with Go = Fo as initial vertex 
shows that the 3-face G3 of {3, 6, 3} corresponds to the vertex-figure of {3, 3, 6} at its 
vertex Fyo9o102 (= G3). Similarly, the vertex Fo of 7;, is invariant under the subgroup 
(P1, 02, 23) of [3, 6, 3], so that the vertex-figure of {3, 6, 3} at Fo is obtained by clus- 
tering triangles in the vertex-figure of {3, 3, 6} at Fo as indicated in Figure 11G5. This 
clustering corresponds to an application of the facetting operation g of (11G3). 

We can deal with the honeycomb {6, 3, 6} in a similar fashion. Now the facets 
are some of the vertex-figures of {3, 6, 3} = {3, 3, 6}*, while the vertex-figures are 
tessellations {3, 6} obtained from vertex-figures {6, 3} of {3, 3, 6}* by an operation 
indicated in Figure 11G6. The latter corresponds to an application of the operation x 
of (11G4) to the vertex-figure of {3, 3, 6}. In fact, the operation yz of (11G1) is equivalent 
to changing T to the 6 times larger fundamental simplex T,, for [6, 3, 6] with vertices 
A := Fo, H, := F\, Hy and HA; := Foon, (see Figure 11G2). To find the structure 
of the facets, note that the subgroup (9, 01, 02) fixes H3, and that H; (= Foo90)) isa 
vertex of the honeycomb {3, 3, 6}*. For the vertex-figures, note that (0), 02, 03) fixes 
Fo, while (02, 03) fixes F,. 

Finally, the operation v of (11G1) also has a geometric counterpart (see Figure 
11G7). If 7, denotes the simplex with vertices Ko,...,K3, then po,..., 03 are 
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Figure 11G6 


G3 
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G303=K, 


Figure 11G7 
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just the generating reflexions in the walls of 7,, such that ; is the reflexion in the 
wall opposite to K;. Since (0, 1, 02) = (00, 01, 02) is the group of the facet F; of 
{3, 3, 6}, the transforms of 7, under this subgroup fit together to give five tetrahedral 
facets of {3, 3, 6}, namely, F3 and its four adjacent facets. These five tetrahedra form 
a cube, and this clustering of tetrahedra in fives extends to give a honeycomb {4, 3, 6} 
inscribed in {3, 3, 6}. In this context, note that the cubical facets really only have the 


symmetry of tetrahedra. The index of the subgroup (fo, ..., 03) in (09,..., 03) is 5, 
because the fundamental region 7, for (fo, ..., 03) can now be decomposed into 5 
copies of 7. 


11H Relationships Among Polytopes of Types {6, 3, p} or {3, 6,3} 


In this section, we discuss relationships among locally toroidal regular 4-polytopes of 
types {6, 3, p}, {p, 3, 6} or {3, 6, 3}. Since their groups are quotients of the symmetry 
group of hyperbolic honeycombs in H?, we can appeal to the results of the previous 
section, and obtain certain subgroup relationships. For example, by (11G1), a quotient 
of [3, 3, 6] must contain as subgroups certain quotients of [3, 6, 3] or [6, 3, 6], whose 
indices divide 4 or 6, respectively. A similar remark applies to the other groups of 
Figure 11G1. 

The geometric relationships are established by applying the operations in (11G1) to 
the group of a regular polytope P of type {3, 3, 6}, with group '(P) = (00, ..., 03). 
Since its facets are 3-simplices, such a polytope P is almost always a simplicial complex 
in the usual sense. For example, if P is the polytope 


Ps := {{3, 3}, {3, Os}, 


which is the dual of gt. then this is true unless s = (2, 0). 

We shall also employ the action of [\(P) on the order complex C(P) of P. If 
@® = {Fo,..., F3} denotes the base flag of P, then the 3-simplex of C(P) corresponding 
to ® is a fundamental region for the action of '(P) on |C(P)|, the topological space 
associated with C(P). Alternatively, C(P) can also be obtained from the geometric 
barycentric subdivision of the hyperbolic honeycomb {3, 3, 6} by making identifications 
corresponding to the extra defining relations for '(P). 


The Types {3, 3, 6} and {3, 6, 3} 


Let P be a regular 4-polytope in ({3, 3}, {3, 6},). We begin with the construction of the 
polytope P* of type {3, 6, 3}, where, as in (11G1), 


11H1 As (G0, «- + 03) > (G0, 1, 020302, 03) =: (Po, -.-, 03). 


We shall impose on the original polytope P the (weak) condition that its edge-graph 
(consisting of all vertices and edges of P) has no multiple edges, so that any two 
vertices of P are joined by at most one edge of P. This is satisfied, for example, if P 
is a simplicial complex. Indeed, we do not know of any polytope which violates this 
condition; it even holds for P(2,0). 


438 11 Locally Toroidal 4-Polytopes: II 


Now, P* can be constructed from P in a similar fashion as {3, 6, 3} was from 
{3, 3, 6}. Figure 11G2 illustrates again the relation between the fundamental simplex 
T for '(P), with vertices Fo, F,, Fx, F3, and the simplex 7, for '(P*), with vertices 
Go, Gi, G2, G3; here we use the same notation as in the previous section. 

In particular, applying Wythoff’s construction shows that each facet of P is a vertex- 
figure {3, 6}, of the original polytope P. On the other hand, each vertex-figure of P* 
is a transform of a vertex-figure {3, 6}, of P under the facetting operation g2, and thus 
depends on s as described in Table 11G1. For the proof that I" := (po, ..., 03) 1s indeed 
a C-group, namely, the group of the polytope P*, we need to verify the intersection 
property. 

Let W € (0, 01, 02) 1 (1, 02, 03). Then w fixes the two vertices Fo and G3 of P. 
Now, since the graph of P has no multiple edges, these vertices are joined by just one 
edge, namely, that edge of F3 which connects them. It follows that w € (1, 02), as 
required. 

If s=(s,0) and s#0 (mod 3), then [=I(P), because ((), 62, 03) = 
(01, 02, 03). More generally, to find the index of I in I'(P), observe that the sim- 
plex 7;, is dissected into four copies of the simplex 7, namely, T, To2, To,o and 
T090)03. If the index is not 4, then 7}, is not a fundamental region for I’, and so two of 
these copies must be equivalent under I”. Since oo, 0; € I’, it follows in this case that 
o2 € I’; thus I’ = I’(P). Hence the index must always be | or 4. If 1 = I'(P), then 
o7 € I’, and one is tempted to conclude that 02 € (/1, 02, 03) (because 02 stabilizes the 
base vertex Gy = Fo of P*). However, we cannot be sure that Wythoff’s construction 
of P* in C(P) will indeed give a faithful “realization”. 

Bearing in mind that T = '(P*), we have now completed the proof of part (a) of 
the following theorem. 


11H2 Theorem Let P be a regular 4-polytope in the class ({3, 3}, {3, 6}5), and let x 
be the operation in (11H1). Assume that the graph of P has no multiple edges. 


a) Then P* is a regular 4-polytope in the class 
g 


({3, 6} 3,0), (6, 3}@)), if $= Br, 0) withr > 1; 
({3, 6}(s,0)5 {6, 3}(s,0))5 if S= (s, 0) with s 2 2, s x 0 (mod 3); 
({3, 6hs,5), (6, 3}s,.0)), if S=(s,5) withs > 2. 


Furthermore, | (P) : P'(P*)| = lor 4, and P'(P*) = I'(P) in the second case. 

(b) If P =P, := {{3, 3}, (3, 6}5}, then in the three cases of part (a) the index 
is given by |I'(P) : P(P*)| = 4, 1 and 4, respectively. In particular, Pes = 
{{3, 6}(s,s). {6, 3}(s,o)} (= 776.5),¢3,0)) for each s 2 2. 


Proof. By construction, if P is universal in its class, then P* is universal among all 
polytopes obtained by applying A to a polytope which is in the same class as P. Now 
Theorem 11H2 says that, at least for P(;,,), this new polytope is indeed universal in its 
class. In this context, recall that ene = {{3, 6},, {6, 3}4} (see Section 11E). 

The proof of part (b) of Theorem 11H2 proceeds in several steps. We begin by 
reviewing the construction of the universal polytopes P,. 
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qT 


Figure 11H1 


Note that the second case of (b) has already been settled. We next deal with the third 
case. Recall that the polytope P,,;), which is the dual of adG sy Was obtained from 
the abstract group W; = (a1, ...,a@4) (say) of Figure 11H1 by applying the twisting 
operation 


11H3 (a1, ++, 4; 71, T2, T3) > (73, TD ETS a1) — (00, Siar 03) 
(see Section 11C). Then we have the semi-direct product 
I'(Pyo,s)) = (1, -+ +, 04) X(T], T, 3) = Wy ™ Sy. 


In particular, P(;,5) is finite if and only if s = 2. In this case, W; = Ss, and I'(P2,2)) = 
S5 x S4. 
Now the generators po, ..., 03 of © = I (PE (s,s)) are given by 


11H4 (P1, P1, 22, 23) = (00, 01, 020302, 03) = (T3, T2, @2, 1), 


so that 7 = W, x S3. In particular, the index is |I7(P¢,s)) : P| = 4. 


In order to identify Pe ey recall that the polytope 71. 5),(t,0) = = {{3, O}is,5), 16, 3h oy}, 
witht = s ort = 3s, was constructed from the abstract group W2 = (61, ..., Ba) (say) 
of Figure 11H2 by means of the twisting operation 
11H5 ees ek ee ab 


(see Section 11E). Then GT é ss) ti = = W x $3, which is a finite group if and only 
ifs = ¢ = 2. In particular, "(773 (2,2),2,0)) = Ss X S3. 

If t = s, then the generators in (11H4) are (up to renaming) just those of (11H5). It 
follows that Pes = 77} 8),(s,0)? 28 claimed. In particular, this completes the proof of 
the third case of "Theorem 11H2(b). Note that the only finite instance occurs for s = 2. 
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Ty 


Figure 11H2 


Finally we consider the first case of Theorem 11H2(b), in which Por.) belongs 
to the class ({3, 6}(3,,0), {6, 3}¢,,)). Now recall that the polytope P(,9) ( with s > 2), 
which is the dual of 326 oy was constructed from the abstract group W3 := [1 1 2]° in 


Figure 11H3, with generators y),..., y4 (say), by means of the twisting operation 


11H6 (Vis +++ Yast) > (My V2, ¥3, T) =! (G0, -- + 03) 
(see Section 11B). In particular, '(P(s,0)) = W3 * C2. This group is finite if and only 
ifs <4. 

Now we can argue as follows. For each r, we have a covering map of P(3,,9) onto 
Po,0), because the group of the latter is a quotient of the former. Hence, there is also 
a covering map of Plro) onto Pé.o): Therefore, in order to prove that |I"(P(3;,0)) : 
rT (Pé,.0))| = 4 for each r, it suffices to verify this for 7 = 1. But forr = 1 we obtain 
T(Pe,o)) = [1 1 2) x C2, of order 1296, and F(Pé; 9) = [1 1 1 x S3, of order 324. 
Indeed, in this case we must have 


Pb = {B, 9G.0; (6, 3}a,n} = 7730).a,1 


because now the universal polytope is combinatorially flat (see Proposition 4ES and 
Theorem 11E7). This completes the proof of Theorem 11H2. 


3 
1 2 
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Figure 11H3 
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The following is a consequence of Theorem 11H2, which complements our results 
of Section 11E about the universal polytopes pee 


11H7 Theorem The universal regular 4-polytope 71¢ 0),(s,0) “= {{3, 6}(s,0), {6, 3}¢s,0} 
exists (at least) for all s with s 4 0 mod 3. For such s, it is infinite if s > 5 (and most 
likely also if s = 4). If s = 2, it is finite, and its group is Ss x Co. 


Proof. Indeed, if s 4 0 (mod 3), then gee 0) € ({3, 6}(s,0), {6, 3}(s,0)); this proves the 
existence statement. But Pe (s,0) is finite if and only if P,,0) is finite. Hence, the universal 
polytope 176. 0),(s,0) Must be infinite if Pis,o) is infinite; this occurs if s > 5. Finally, 

17, 0),2,0) 8 combinatorially flat, because {6, 3}(2,0) 1s flat (see Proposition 4E5). Hence 
7 6, 0),(2,0) = =P, 0)» With group (PS, o)) = (Peo) = Ss x C2 (see Theorems 11B5 
and 11H2). 


Compared to the six other types of locally toroidal regular 4-polytopes we know only 
little about oh Observe that Theorem 11H7 implies that, for any s with s 4 2k3! 
the polytope 1G 0),(s,0) either does not exist or, if it exists, must be infinite. Indeed, if 
s # 2*3!, then choose a prime divisor p with p > 5, and apply Theorem 11H7 with s 
replaced by p. Since the group for p is a quotient of that for s, the claim follows. 

Indeed, we actually know quite a bit more. If s = 23! > 5, then 6, 8 or 9 divides s, 
and so ag (5,0),(s,0) (if it exists) must cover 716 0.8.3) 716 (8,0),(8,0) OF 116 0),2,2)> Fespec- 
tively. Since the latter polytopes are infinite (see Theorems 1 1E5 and 11H7), so must be 
the former. In particular, the polytope 71g (s.0),(s,0) (if it exists) must be infinite whenever 
s > 5, without further restrictions on the congruence class of s. 

For further properties of the polytopes P2, we refer to [300, pp. 95-97]. 


The Types {3, 3, 6} and {6, 3, 6} 


We next discuss the polytopes P” of type {6, 3, 6}, where P is again a regular 4-polytope 
in ({3, 3}, {3, 6},) and yw is the operation on '(P) = (00, ..., 03) given by 


11H8 [Li (00, «-., 03) F® (00, 0102030201, 03, 02) =! (fo, ---, 03); 


as in(11G1). We assume as before that the graph of P has no multiple edges; P“ is then 
constructed from P in the same way as {6, 3, 6} was from {3, 3, 6} (see Figure 11G2). 

Applying Wythoff’s construction to the order complex C(P), we find that the facets 
of P“ are just some of the vertex-figures of P*, while its vertex-figures are transforms 
of the original vertex-figure {3,6}, under the operation x of (11G4). To check that 
I’ := (0,---, 03) 18 indeed a C-group with P” as the corresponding polytope, we 
must verify the intersection property. To this end, let & € (fo, 01, 02) A (1, 2, P3)- 
Then y fixes the vertices Fy (= Ho) and H; of P, and thus the unique edge (of F3) 
connecting Fy and H3; here we have used our assumption that the graph of P has no 
multiple edges. It follows that wy € (/1, 02), as required. 

To find the index of [ = I'(P") in I'(P), observe that, in C(P), the simplex 7), 
with vertices Ho, ..., H3 is dissected into six copies of the fundamental simplex 7 for 
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I'(P) with vertices Fo, ..., F3. These copies are 
T, To}, To001, T0201, T0020, T (090102). 


We shall see later that, in the most interesting case, we have |I°(P): '| = 1 or 6, 
proving that either T or 7,,, respectively, is a fundamental simplex for I’. In particular, 
if the index is 6, then we have (90102) ¢ I; note that, in Figure 11G2, the element 
(o90102) corresponds to the “half-turn” of F; about the edge connecting Fo and H3, 
and thus maps 7, onto itself. 

Note that I can only be normal in '(P) if [ = I'(P). In fact, if I is normal, 
then 090109 = o1090, € 0, lo, = I’; thus T = I'(P). It follows that the index cannot 
be 2. 

Further, note that, by our remarks on (11G4), we must have = I'(P) ifs = (s, 0) 
with s 4 0 (mod 3). It is likely that this is the only case where ’ = I(P). In fact, 
if / =I (P), then o; € I’, and we are tempted to conclude that o; € (/1, (2, (3) 
(since o; stabilizes the base vertex Fy = Hy of P”). However, as in the case of the 
operation 4, we cannot be sure that the realization of P* on C(P) is faithful. Indeed, if 
01 € (1, 02, 03), then our remarks on (11G4) imply thats = (s, 0) withs 4 0 (mod 3). 

Now let P = Py3;.0) with r > 1, where again P, := {{3, 3}, {3, 6},} (see (11H6) 
and Figure 11H3). Then I°(P3,0)) is a quotient of ['(P). Since the index of a 
subgroup can only get smaller under a homomorphism, it suffices to prove that 
[(P): P| = 6ifr = 1.1fr = 1, then P* € ({6, 3}(,1), (3, 6}¢1,1)). But the universal 
polytope {{6, 3} 1,1), {3, 6}1,1)} is combinatorially flat, and so it is the only member in 
its class. It follows that P* = {{6, 3}a,1), {3, 6}a,y} and P(P”) = 83 x F({3, 6}1,1))s 
of order 216 (see Theorem 11C13). On the other hand, P(P) = [1 1 2)> » Co, of order 
1296. Hence |I'(P) : | = 6, as required. 

If P is a non-universal member of ({3, 3}, {3, 6}(3-,0)), we do not know whether 
I'(P@,0)) is always a quotient of '(P). Here we cannot completely rule out the possi- 
bility that the index is not 6, though very likely it is. 

Now let P = Pys,s) with s > 2 (see (11H3) and Figure 11H1). Then, by (11H8), the 
generators of I" are given by 


11H9 (00, P1, (2, 3) = (73, 3, 01, T1). 
It follows that 
T= Wx (%,73) = Wy x (Cz x C2). 


But '(P) = W, x S4, so that |I7(P) : | = 6, as required. Note further that (11H9) 
itself defines a twisting operationon W, = (a, ..., a4). Up torenaming the generators, 
this is in fact the same operation which was used to construct the universal polytope 
{{6, 3}(,0), {3, 6}(s,0)} (see Section 11D). Hence P“ = {{6, 3}(s,0), {3, 6}¢,0)}- 

Finally, if P is any member of ({3, 3}, {3, 6}¢,5)), then [’(P) is the image of 
I'(Po,s)) = W, » Sq under a homomorphism f (say) mapping distinguished gener- 
ators to distinguished generators. But then we have '(P) = (W,f)- (11, t T3) Sf), 
with the second factor isomorphic to S4, and [(P") = (Wi f)- (11, t3) f). If f is 
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such that (Wf) A ((t, T2, 73) f) = {e}, then the two products are semi-direct prod- 
ucts and the index is 6. However, we are not sure whether this is always true. 
Summarizing, we have proved the following theorem. 


11H10 Theorem Let P be a regular 4-polytope in the class ({3, 3}, {3, 6},), and let 
Lt be the operation in (11H8). Assume that the edge graph of P has no multiple edges. 


(a) Then P* is a regular 4-polytope in the class 


({6, 3}er), 13, 0}0.) if 8 = Gr, 0) withr > 1; 

({6, 3}(s,0), {3, hs,0)), if $= (s, 0) with s > 2, s #0 mod 3; 

({6, 3}(s,0), {3, 6his,0)), if S= (s,s) with s > 2. 
Furthermore, | (P) : ['(P")| = 1, 3 or 6, and I'(P") = I'(P) in the second 
case. 

(b) If P = Ps := {{3, 3}, {3, 6}s}, then in the three cases of part (a) the index is 

given by |I'(P): I'(P*)| = 6, 1 and 6, respectively. In particular, Pos) = 
{{6, 3}(s,0), {3, O}(s,0} (= 676 0),(s,0)) FOr each s > 2. 

We briefly discuss applications to finite universal polytopes. In the second case of 
Theorem 11H10(a), if s = 2 or 4, then P(PEo) = Ss x C2 or [1 1 2]* x Co, respec- 
tively. Hence PE.0) is not universal in its class, and "(P”) has index 2 or infinite index 
in the group of the universal polytope, respectively (see Theorem 11D5). The remain- 
ing finite polytopes P, are obtained for s = (2, 2) or (3, 0) (see Theorem 11B5 and 
Corollary 11C8). Here we have 


Por) = {{6, 3}0,0), (3, e,0}, P60) = {{6, 3}0,1), 3, Bay}, 


and the index is 6 in each case. 


2 
2 


The Types {3, 3, 6} and {4, 3, 6} 


In Section 11G, the hyperbolic honeycomb {4, 3, 6} was constructed from {3, 3, 6} by 
clustering tetrahedra in fives. For the groups, this implied an application of the operation 
v in (11G1), followed by a twisting operation « as in (11G2). 

Now let P bea regular polytope in ({3, 3}, {3, 6},) with group '(P) = (00, ..., 03). 
We cannot generally expect to obtain a new regular polytope of type {4, 3, 6} from P 
by applying the corresponding operations v and x. Clearly v can be defined as before 
by 


11H11 v: (0, ae ey 03) b> (0, 02,01, 0302030203) = (po, Seedy 3), 


but in general the resulting group will not admit a suitable group automorphism Tt to 
allow a twisting operation. Equivalently, in general the clustering of the tetrahedral 
facets of P in fives will only give a polytope with cubical facets which is not regular. 
The following explains why the construction fails. 

First, note that the construction gives new vertex-figures of two kinds: old vertex- 
figures {3, 6},, and new vertex-figures obtained from the old vertex-figure {3, 6}, by 
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clustering faces {3} in fours. If s = (s, ¢) with s is even (and ¢t = 0 ors), this latter 
vertex-figure is of type {3, 6}(s/2,r/2); otherwise it is again of type {3, 6}, and takes 
every face of the old vertex-figure four times (but with roles switched). The two kinds 
of vertex-figures correspond to the subgroups (9, 02, 03) = 03(00, 01, 020302)03 and 
(P1, 02, 03) Of (0, .--, 03), respectively (see also (11H1)). 

Hence, for the construction to give a polytope which is regular, s must be odd. But 
then 03 € ((1, 02, 03); hence (fo, ..., 03) = I'(P). But now, since o3 maps the facet 
F; of P to its neighbour, the clustering process covers each facet of P five times (but 
with roles switched). It follows that each edge of P is also a new edge. However, only in 
case s = (1, 1) ors = (3, 0) are the faces {3} of the (second kind of) new vertex-figures 
equivalent under the group to the faces {3} of the old vertex-figures, so only here can 
there be a twisting operation. It follows that the construction gives a regular polytope 
only if s = (1, 1) or G, 0). 

However, there are other interesting cases where the clustering process gives a non- 
regular polytope of type {4, 3, 6}. For example, if P = {{3, 3}, {3, 6}:4,0)} and thus 
I'(P) = [1 1 2]* x Cy, then we obtain a polytope with 80 vertices (at 16 of which the 
vertex-figure is {3, 6}(4,0), while at the remaining 64 it is {3, 6}(2,9)), 256 edges, 384 
square faces and 128 cubical facets. 


12 


Higher Toroidal Polytopes 


Just as in the previous two chapters we almost completed the classification of the locally 
toroidal regular polytopes of rank 4, we shall now give an almost complete description 
of those regular polytopes of higher rank whose vertex-figures and facets are either 
spherical or toroidal, with at least one of each. We shall briefly refer to these as higher 
toroidal polytopes. 

As a necessary preliminary, in Section 12A we look at certain of the regular hy- 
perbolic honeycombs, and the relationships among them. We then consider the higher 
toroidal polytopes of rank 5 in Section 12B, and those of rank 6 in Sections 12C—12E. 

The techniques which we bring to bear on these classification problems are various. 
On occasions, a more or less direct geometric construction will suffice to settle a 
problem. More frequently, though, we shall rely heavily on twisting methods; we shall 
thus make many references to Chapter 8. A stock in trade is then to pass from a twisted 
group to a suitable quotient group, which will be that in which we are ultimately 
interested. 


12A Hyperbolic Honeycombs in Hi* and H> 


In Sections 6D and 6E we have already described the regular toroids which are the 
potential candidates for facets or vertex-figures of higher toroidal polytopes. (We shall 
soon see that it is only the cases of rank 4 or 5 that are of interest in the present 
context.) In further preparation for our investigations, we now consider the regular 
(n + 1)-honeycombs in hyperbolic space HI” of dimensions n = 4 and 5. Bear in mind 
that we need only consider those honeycombs which have an euclidean facet or vertex- 
figure (or both), and that we need not count dual pairs as essentially different. 

In Hi, the only suitable candidate is {3, 4,3, 4}. Our concern here is just with a 
certain cut of the honeycomb; we refer to Section 7C for a general discussion of cuts. 
Since we are working with the geometric groups here, we shall use the same notational 
conventions as we did in Chapter 6 for geometric groups. 
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12A1 Theorem Let [3, 4,3, 4] = (Ro, ..., Ra). Then the operation 
(Ro, ..., R4) > (Ro, Ri, Ro, R3R4R3) =: (So, .--, 83) 


yields the group (So, ..., 53) = [3, 4, 4] ofa cut {3, 4, 4} of {3, 4, 3, 4} by the hyper- 
plane spanned by an octahedral face {3, 4}. 


Proof. It is easy to verify that 
Ry R3R4R3 ~ R3Ra, 


where ~ denotes conjugacy; the remaining group relations are also straightforward. 


We may remark at this point that the structure ofa cut can also be recognized by using 
the canonical representations of Coxeter groups. To give an example, for the honeycomb 
{3, 4, 3, 4}, we can find the Gram matrix for the generating reflexions So, ..., 53 of the 
group of the cut from the Gram matrix for Ro, ..., R4. But So, ..., 53 commute with 
the reflexion R4, so that (So, ..., 53) is determined by its action on the mirror of Ry. 
The Gram matrix for Sp, ..., S; can now be identified as the Gram matrix of [3, 4, 4]. 

There are more relationships involving the honeycombs in H>. We first look at those 
between pairs of honeycombs of the same dimension. 


12A2 Theorem The Coxeter group [3, 3,3, 4, 3] has subgroups [3, 3, 4, 3, 3] of index 
5 and [3, 4, 3, 3, 4] of index 10. 


Proof. Writing [3, 3, 3,4, 3] = (Ro, ..., Rs), the operations which yield these sub- 
groups are 


(Ro, esters Rs) ke (Ro, Ri, Ro, R3zR4R3, Rs, Ra) =: (So, rere Ss) 
for [3, 3, 4, 3, 3], and 
(Ro, ..., Rs) +> (Ro, Ri, RoR3R4R3 Ro, Rs, Ra, R3) =: (To, ..-, Ts) 


for [3, 4, 3, 3, 4]. It is again relatively easy to check the relations (or this may be done 
geometrically), and the indices can be verified by simplex dissection arguments (see 
[146]), or directly (see Corollary 8B12 or [303, §4]). Geometrically, the meaning is 
that both {3, 3, 4, 3, 3} and {3, 4, 3, 3, 4} can be inscribed in {3, 3, 3, 4, 3}. 


We now describe various cuts of these honeycombs. We first consider the polytopes 
of type {3, 3, 3, 4, 3}. We recall the relations of Theorem 6E6 for the toroids of type 
{3, 3, 4, 3}, and the fact that Theorem 6E8 shows that these relations are induced by 
those on a cut {4, 4} of {3, 3, 4, 3}. Throughout, we use the notation for the group 
generators introduced in the last proof. We have 


12A3 Theorem Let [3, 3,3, 4,3] = (Ro, ..., Rs). Then the operation 
(Ro, Gustats Rs) = (Ro, Ri, Ry R3R4R3 Ro, R5R4R3R4Rs) => (Uo, 2 hs U3) 


yields the group (Up, ..., U3) = [3, 4,4] of a cut {3, 4, 4} of {3, 3,3, 4, 3} by the 
3-dimensional plane containing a diametral octahedron {3, 4} of a facet {3, 3, 3, 4}. 
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Next, we have the type {3, 3, 4, 3, 3}. 
12A4 Theorem Let [3, 3, 4, 3,3] = (So, ..., Ss). Then the operation 
(So, Secs Ss) ld (So, S| S2S352S1, S4S3S253S4, Ss) => (Yo, lesiogihs V3) 


yields the group (Vo,..., V3) = [4,4,4] of a cut {4,4, 4} of {3,3,4,3,3} by a 
3-dimensional plane which is induced by a cut {4, 4} of a facet {3, 3, 4, 3}. 


The cut {4, 4} is as in Theorems 6E6 and 6E8. 
Finally, we have the type {3, 4, 3, 3, 4}, or, rather, its dual. 


12A5 Theorem Let [3, 4,3, 3,4] = (7o,..., Ts). Then the operation 
(To, ..-, [5) +> (15, Ta, T3T2T, To T3, ToT, ToT) To) =: (Wo, .-., W3) 


yields the group (Wo,...,W3) =[4,4,4] of a cut {4,4, 4} of {4, 3,3, 4,3} by a 
3-dimensional plane which is induced by a cut {4, 4} of a facet {4, 3, 3, 4}. 


In each of these three cases, the relations for the subgroups are easily verified. 

We conclude this section by describing how representations over finite rings can be 
constructed for the symmetry group of a regular honeycomb. These representations are 
useful in deciding the structure of subgroups for certain abstractly defined groups. We 
illustrate the method for the group [3, 3, 3, 4, 3], though it generalizes to other groups 
as well. 

We employ the real 6-dimensional canonical representation of (the Coxeter 
group) [3, 3,3, 4, 3]. The Gram matrix for the generating reflexions Ro,..., Rs of 
[3, 3, 3, 4, 3] only has entries 0, 1, 5 (= — cos 7) and 5/2 (= — cos 7). It follows 
that Ro, ..., Rs are representated by matrices over Q(v2). Now, if m is odd, then we 
can regard all the entries of such a matrix as lying in the ring Z,,, if 2 is a quadratic 
residue molulo m (in which we can fix one solution of x? = 2 (mod m)), or in Zn, [V2] 
if 2 is a quadratic non-residue modulo m. This gives us a representation of [3, 3, 3, 4, 3] 
over the ring K := Z,, or Zn, [/2] respectively, which also supports the quadratic form 
defined by the corresponding Gram matrix M over K. 

Specifically, we are interested in finding the order of the element R, STS, with 
S := Ry R3R4R3Rz and T := Rs R4R3R4Rs5; compare Theorem 6E6 with k = | and 
the indices shifted by 1. We shall show that R, STS has order m for either choice of 


the ring K. 
Let {e9, ..., 5} be the canonical basis of K® and let (-, -) = (-, -),y be the quadratic 
form over K whose Gram matrix with respect to {e9, ..., e5} is M. Then, over K, 


xR; =x —2(x,e;)e, fori =0,...,5, 


just as in the real case. Now, 7 and S7'S are “reflexions” with “normal vectors” 
e3R4Rs and e3R4R5S, respectively. To find the order of Rj STS, we need to compute 
(€1, €3R4RsS) = (eS, e3R4Rs). This is straightforward, since all products (e;, e;) are 
0, 1, -} and —5 V2. In particular, (e|, e3R4R5S) = —1. But R, STS fixes the inter- 
section of the “reflexion planes” of R; and STS, and thus is completely determined by 
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its effect on the linear span E of e;, e3R4RsS. With respect to these two base vectors, 
the restriction of Ri STS to E is represented by the matrix 


b=[> 1] 


over K. An easy induction argument yields 


gea[2e+l  =28 
TL Die. “Ges 1 


for k > 0, so that B has order m (recall that m is odd). It follows that R| STS also 
has order m, as claimed. All this is most easily checked by first working over the real 
numbers R and then reducing modulo m; in fact, R, ST S is a translation over R, as we 
should expect. 

Note that, ifm is an odd prime, then we obtain representations over fields GF (p) if 
p =+!1 (mod 8), or GF(p’) if p = +3 (mod 8). Similar such representations were 
also used in [284, 292, 322-324] for the construction of certain regular 3- and 4- 
polytopes; see Chapter 13. 

As we said when introducing the chapter, we shall employ twisting techniques in 
our investigations. The following examples illustrate twisting in the present context; 
we met them earlier in Chapter 8. In all cases, G will be the trivial diagram on K, so 
that C9 = £*. In particular, if L is the triangle {3} and K is the regular 4-simplex 
{3, 3, 3} (so that G has 5 vertices), then we have 


{3, 4, 3, 3, 3} = (3}97), 3, 4,3,3,3] = W(D) x Ss, 


with D the Coxeter diagram 


Similarly, if £ and K are both copies of the tetrahedron {3, 3} (with 4 vertices), then 
we obtain 


{3, 3,4, 3, 3} = (3,338), [3,3,4,3,3] = W(D) x Su, 


and now the same diagram D occurs in the form 
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Finally, taking this diagram D with W(D) = (00,..., 05) in the form 


7) 
1 5 


then the twisting operation 
(00, .- +5055 T, T1, T2) F (T0, T1, 90, 95, 03, T) =! (Po, ---, Ps) 
on W(D) defines the polytope {3, 4, 3, 3, 4} with group 
(po,---, 05) = [3, 4, 3, 3,4] = W(D) ™ (S3 x C2). 


As we previously remarked, these observations provide an alternative proof of The- 
orem 12A2, that the Coxeter group [3, 4,3, 3,3] has subgroups [3, 3, 4, 3, 3] and 
[3, 4, 3, 3, 4] of indices 5 and 10, respectively; these facts can also be proved by simplex 
dissection of hyperbolic simplices. 

Note that, with £ = {3, 3, 3} and K = {3} (on 3 vertices), we also have 


{3, 3, 3,4, 3} = {3,3,3}8, [3,3,3,4,3] = W(D) x Ss, 


with diagram 


and the same group as in the first example is now expressed in a different way. 
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12B Polytopes of Rank 5 


The only candidates for regular 5-polytopes whose facets and vertex-figures are spher- 
ical or toroidal (with at least one of the latter kind) are those of type {3, 4, 3, 4} and 
their duals. Confining our attention to the first of each dual pair, we shall write here 


TS = (13,4, 3}, (4,3, 4}s}, 
and employ the abbreviation 
| Pane ae ae 
for its group, where the convention throughout is that s = (s*, 0°-") with s > 2 and 


k = 1, 2 or 3. Once again, the symbol 7 indicates a locally toroidal regular polytope, 
this time of rank 5. The main result of this section is 


12B1 Theorem The regular polytope T,° exists for all s. It is finite when s = 2, and 
infinite when s > 3. 


Proof. We construct the cases k = 1 by a direct twisting argument. Consider the Coxeter 
diagram of Figure 12B1. The involutions po, 0; and 4 are in the original Coxeter group 
G (say), while p» and p3 are involutory automorphisms of the diagram. The presentation 
of the resulting group is easily checked, as is the intersection property (the same group 
occurs as the case q = 3 of [296, Figure (85)]). Only ifs = 2 (when the branches marked 
s in the diagram will be absent) is G finite (see [120, §11.5]); it then has order 23.192 = 
1536. The group of outer automorphisms is the dihedral group D3 of order 6; we 
conclude that I” (T3.0,0)) has order 6-1536 = 9216, while I (TG 0,0) is infinite for s > 3. 

For k = 2 or 3, if TS exists, then it covers Te 0,0) so that it is infinite when s > 3. 
To prove that Te 0,0) does indeed exist, let [> be the group abstractly defined by the 
presentation belonging to J; 9 9); if Z/2o,9) exists, then JY is its group. We shall also 
allow s = 1 in our discussion, even though > cannot then be the group of a polytope. 
The intersection property for 1° with s > 2 is guaranteed by the quotient criterion of 


Figure 12B1. The group of {{3, 4, 3}, {4, 3, 4is,.0.}- 
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Table 12B1. The Finite Polytopes 
{{3, 4, 3}, {4, 3, 4}s} 


s v f g 
(2, 0, 0) 24 8 9216 
(2, 2, 0) 48 32 36864 
(2, 2, 2) 1536 2048 23 59296 


Theorem 2E17, since the quotient is one-to-one on (the group of) the facet {3, 4, 3}. It 
remains to prove that the vertex-figure group in I~ is indeed that of the torus {4, 3, 4}. 
This can be checked using the homomorphisms 17}, 9,9) > TGr.os-1 > TG,,0) and 
Fee g-¥) +> Iyk.o3-#). For k = 2, if the group is not that of (4, 3, 4}(s,s,0), then because 
it has the intersection property it must be that of {4, 3, 4}(5,0,0); hence Fe 60) and re 0.0) 
are the same. But then Ti) and Ti0.0) must also be the same, which can easily be 
disproved by identifying both groups as quotients of Té.0.0) and using Figure 12B1. 
For k = 3, the proof is exactly similar. 

There remain the cases s = (2, 2, 0) and (2, 2, 2). The existence (intersection prop- 
erty) follows by the same quotient argument as that immediately preceding, so only the 
finiteness remains to be established. This was done using the Todd—Coxeter coset enu- 
meration method (however, see also the following), with the results listed in Table 12B1. 
This completes the proof. 


There is an alternative common approach to the cases s = (2*, 0°"), which identifies 
the groups involved. The idea is to represent all these cases as quotients of the infinite 
polytope Tii0,0)3 this is constructed by a different twisting argument from that before. 
We have met this approach already in Section 8F. 

Let us also note that, when & = 1, we have a cut {{3,4}, {4,4}3} of 
{{3, 4, 3}, {4, 3, 4},}, where we write § := (s*, 0?-") with s > 2, induced by the corre- 
sponding cut of {3, 4, 3, 4}. In fact, the corresponding operation (of Theorem 12A1) 
on the group of Figure 12B1 is 


(Po, -- + 04) > (Po, P15 02, 03403); 


and this employs only the generators of the left and upper right branches of the diagram. 
But this operation is known to give {{3, 4}, {4, 4}(:,0)} (see Section 10B or [299, §3]), 
so that the cut is universal. We conjecture that the corresponding cut for k = 2 is also 
universal, because the relations on the latter cut which yield {{3, 4}, {4, 4}s} are again 
just those which need to be imposed on {3, 4, 3, 4} to yield {{3, 4, 3}, {4, 3, 4},}. While 
there is an analogous cut in case k = 3, it cannot be universal; in fact, it is a finite 
quotient of the infinite polytope {{3, 4}, {4, 4} 4,0}. 

While on the subject of cuts, let us make a final observation. It is known (again see 
Section 10B or [299, §3]) that the polytope {{3, 4}, {4, 4}(3,0)} is finite, and, as before, it 
is a universal cut of {{3, 4, 3}, {4, 3, 4}(3,0,0)}, which is infinite. Thus an infinite regular 
polytope can have finite universal cuts. 
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The main result of the rest of this section, Theorem 12B22, uses the geometry of the 
octahedron to obtain an infinite polytope in ({3, 4, 3}, {4, 3, 4},), foreach A = 1, 2, 3 
and each odd s = (s*, 0>-*) (meaning that s is odd). This is based on Corollary 8E18 
and gives a more constructive way of proving the non-finiteness of the corresponding 
polytope 7,°. If s = (s, 0, 0), then the construction gives T,° itself. 

It is interesting to note that the groups of these polytopes are residually finite, 
because they admit faithful representations as linear groups over the real field [272, 
439, Chapter 4]. Recall that a group U is residually finite if, for each finite subset 
{P1,---,Pm} of U \{e}, there exists a homomorphism /f of U onto some finite group, 
such that f(~;) 4 ¢ for each j = 1, ..., m. It was proved in Theorem 4C4 (and [298, 
Theorem 1]) that, if a class (Z|, 72) contains an infinite polytope T with a residually 
finite group, then it contains infinitely many regular polytopes which are finite and are 
covered by T. In particular, the construction of such infinite polytopes implies that all 
classes ({3, 4, 3}, {4, 3, 4},) with s odd contain infinitely many finite regular polytopes. 
We conjecture this result to be true for even s with s > 2 as well. Note that there are 
also similar results for each class which contains an infinite polytope 2-9 or L‘-9 with 
K finite. 

In our construction, we shall frequently use the following quotient relations among 
the polytopes 7,°; these follow directly from Theorem 6F1. 


Toss, 0,0) 


a, 


Te is Jab 


NZ 


Te 0,0) 


12B2 


Now let K := {3, 4} be the octahedron with vertices 1, ..., 6, where antipodal ver- 
tices are labelled i and i + 3 (mod 6). Then (XK) = (1, 7, T), with 


12B3 T = (1 2)(45), 1 =(23)5 6), m=(3 6). 
The construction of Corollary 8E18 amounts to applying the twisting operation 


12B4 (G0, «++» 063 T, T1s T2) F (G0, O15 TO, T1, T2) =! (0, ---5 4): 
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to the Coxeter group W, = (00,..., 06) with diagram 
6 
Ss 
1 3 
12B5 De Ss 0 
4 5 
S 


(The generator 0; corresponds to the node marked j.) The resulting polytope is Z(2,0,0), 
with group I'(Z(2s,0,0)) = (po, ---, 04) = Ws x [3, 4]. 

We use the quotient relations (12B2) to relate the structure of the polytopes J, 0,0), 
Te and cee to Z2s,0,0). AS we shall see, this works particularly well if s is odd; 
the geometry of the octahedron then comes into play. However, we begin with the 
case where s = 2¢ is even, when we shall recognize the group as a certain semi-direct 
product. 

Let us take the generators of '(Z(2s,0,0)) = Wa = [3, 4] as in (12B4). If we write 
Xx := (123456) anda := (1245), then we have p; 02/0304 = 0, x and p1 02/3/0403 = 
ow; these elements have orders 12¢ and 8¢ in I(Z(s,0,0)), respectively. By Theo- 
rem 6D4, the groups of J , , and T? , 4) are the Coxeter group [3, 4, 3, 4], factored out 
by the single extra relations of (6D5), namely, (0; 020304)" = € and (0102/3043) = 
&, respectively. But in I’(Z(2s,0,0)), we have 


(1112934) = (a104)' (0205)! (o306)' 


and 


(11/2P3P4p3)" = (104)! (o205)'. 


+5 
Therefore, in ae 


of W>,, namely, 


) and Teo these relations impose extra relations on the generators 


12B6 (004)! (0205)'(0306)' = € 
and 
12B7 (0104)! (o205)' = (0104)' (0306)! = (0205)' (0306) = €, 


respectively; because of the action of I’(K), the two latter relations of (12B7) are 
equivalent to the first. 
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Let W and W>, denote the quotients of W2, defined by the extra relations (12B6) 
and (12B7), respectively. Then we have 


I’ (Zes,0,0)) = Wa ™ [3, 4] 


/oN 


12B8 Te og) = Wo » [3,4] P= = Wy x 3,4] 


NF 


Foo = % * 1. 4] 


with s = 2t andt > 2. Note that we do indeed have semi-direct products here, because 
the surjective homomorphisms onto Ee (s,0,0) = = W, x [3, 4] are one-to-one on the [3, 4]- 
subgroup. 

The more interesting case is when s = 2t + | (= 3) is odd. First, we describe a new 
construction of the polytopes Teo: We begin with two lemmas. 


12B9 Lemma Let s = 2t + 1 > 3, and let (Qo, |, @2) be the Coxeter group with 
diagram 


12B10 ¥0 Ss 


factored out by the extra relation 


12B11 (yoy (Y291)' = €. 


Then (0, 91, 92) = [3, 5], with the Wy; 8 in the diagram 


Wo V1 ) 
o_o _____® 
S 


for (3, s] related to the p; 8 by 


(Wo. Wi, 2) = (Go, V1, PI(G291)'), 
(G0, $1, $2) = (Wo, Wi, WoW 2). 
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Proof. It is easy to check that the relations of (12B10) and (12B11) in terms of go, g; 
and @ are equivalent to those for [3, s] in terms of Wo, Ww, and Ww. 


12B12 Lemma Lets = 2t + 1 > 3, and let Us := (9, 91, .-., G6) be the group ab- 
stractly defined by the standard relations given by the diagram 


Po 
Ss 
1 Q3 
12B13 s Yo 
P4 P5 
Ss 
2 
and the three extra relations 
12B14 (Go9i(vi+3gi)'? =e fori = 1,2,3. 


Then U, is isomorphic to the Coxeter group with diagram 


We 
s 
W3 
S 
12B15 
Wa WI Wo 
Wr 
S 
Ws 


Proof. Start from the group with diagram (12B15), and apply Lemma 12B9 to each 
of its subgroups (Wo, Wi, Wi+43) for i = 1,2, 3. Then the change of generators to go, 
Y;, +3 In one subgroup does not effect the changes in the other subgroups. It is now 
straightforward to prove the isomorphism. 


The results of the remainder of this section are summarized in Theorem 12B22. 


First, we consider the case s = (s, 0,0). To construct the universal polytope Te 0,0) 
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with s = 2t + 1, we begin with the following observation. Relating Te 0,0) to Z(25,0,0) 
as in (12B2), we see that, in '(Z(25,0,0)) = (po, ---, 04) = W, ™ [3, 4], we have 


(01 /2/3/4/3/2)" = (o104)'o) + T14, 


with T,4 := (1 4), so that the imposition of the defining relation (0; 02/3432) = € 
forces 


(o,04)'o, = Ta 


in te 0,0)3 here we abuse notation and denote elements in the quotient I” he 0,0) by the 
same symbols. Then, in view of the action of "(C), we also have 


(o205)'02 = Ts, 


306) 03 = T36 = T2 = pa, 
(0306)'03 = T =p 


with 125 := (2 5)and t36 := (3 6). It follows that og = po and (0306)'03 = o4 commute, 
leading to relations like (12B11). This implies that W, collapses to a quotient of U,. 
As we shall see in the following, this quotient is in fact U, itself. 

We can now construct Ti; : :,0,0) using the group U, = (@, ¢),.--, 6) in the form 
(12B13) and applying an eperation like (12B4), taking into account the identifications 
which have to occur. More precisely, consider the group U, + $3 = Us; ™ (to, T)) with 
generators 


12B16 (a, ---, 4) = (Yo, P1, To, T1, (Y3G6)' 93). 

Now I" := (ao,...,@4) coincides with U, x S3, since tt a@4TT1 = (Y1y4)' € T; 
thus gy, € I” because (s, t) = | (here, (s, ft) is the greatest common divisor). Since the 
gy; are conjugate, we conclude that g,...,@. € I. 


With respect to these generators, I is a string C-group. The facets of the corre- 
sponding polytope are polytopes {3, 4, 3}, occurring in the form {3}{3}. The vertex- 
figures are polytopes {4, 3, 4}(s,0,0), because (a2, 03, a4) = C3 x $3 = [3,4], and 
(a1, @2, 03, @4) = (g1,...,@) * S3 = D? x S3. But the arguments which preceded 
this construction imply that the polytope must in fact be the (universal) Z(s,,0) itself, 
because it covers Z(s,0,0). In other words, Z(;,0,0) exists for each odd s, and its group is 
U, = S83. If we set T (,0,0) ‘= T,s,0,0), this proves the case k = 1 of Theorem 12B22. 

Next, we treat the case k = 3 of Theorem 12B22. We again relate the polytopes 


T> ) with s = 2¢ + 1 to Ti2s,0,0). In F\(Zo,0,0)) = Ws * [3, 4], we now have 


(s,5,8 
(11 /2P3P4)°* = (0104)' 04 - (0205)' 09 - (0306)'03 - X°, 


where x = (1 2 3 45 6)as before, so that x? = (1 4)(2 5)(3 6) is the central involution 
of [3,4]. In '(Zes,0,0)), the elements op = po and x3 (€ (2, 03, P4)) commute, so 
that the imposition of the relation (0; 0293/4)" = € leads to 


12B17 (09 « (o104)'o1 - (0205)! 02 + (0306)'03) = € 


in re ss). While it seems difficult to get a handle on the quotient of W, defined by 


(12B17), we can still collapse this quotient further onto U;, corresponding to passing 
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from Teg to a 0,0): Phis suggests that we construct from U, a polytope ig) taal 


the class ({3, 4, 3}, {4, 3, 4}(5,s,s)); however, this will not coincide with the sealer 
Dee 3 
“Tp do so, consider the regular 3-simplex J whose vertices lie at the centres of 
alternate 2-faces of {3, 4}, with one of its vertices at the centre of that 2-face with 
vertices 1, 2, 3. Now the group of the polytope Te is,s,s) Will be U; > Sy, with Sq realized 
as the subgroup S(T) of [3,4] which preserves J. Note that S(T) = [3, 4]/(x°), 
and S(T) = (t, t1, @”), with w as before, so that w* = (1 4)(25). As generators, we 
take 


12B18 (fo, ..., Bs) = (Yo. G1, To. Ts (P1G4)' G1 + (Y29s)' > - (G3H6)' G3 - W*). 


In this context, one should think of £4 as x>w* = 7). First note that [ = (Bo, .... Ba) 
coincides with U, = S(T). In fact, g, g2, 3; € I and @ = (¢1¢293f4)"o3 € I”; hence 
ga, ps € I, and thus I” = U, x Sy. Again, I is a string C-group, and the facets of the 
corresponding polytope ‘8 ced are isomorphic to {3, 4, 3}. The group of the vertex- 
figure is 


(Bi, ..., Ba) = (Pi, ---, G6) * S(T) = D3 » Sy = [4, 3, 4]o6,5,5)5 


so that the vertex-figures of ee (s,s,s) are isomorphic to {4, 3, 4}(s,s,s). In particular, tye 6 
is an infinite regular polytope in ({3, 4, 3}, {4, 3, 4}(,s,s)) whose group is the semi-direct 
product U, x Sy. This proves the case k = 3 of Theorem 12B22. 

We treat the case A = 2 in a similar fashion, and construct a regular polytope 
se en in ({3, 4, 3}, (4, 3, 4}(s,5,0)) with group U, » Do, where s = 2¢ + 1 is odd. In 
I (Tos,0.)) = W, » [3,4], we have 


(01020343) = (0104) 01 « (o205)'02 - 3, 


with &3 := w = (14)(25). In '(Zas.0,0)), the elements o9 = po and w* commute, so 
that the imposition of the relation (0; 0203 04 3)" = € leads to 


12B19 (00 - (o104)'01 - (o205)'02)" = €, 


or equivalent relations modulo [3, 4] in PT, 0,0). Let k; := (25)(3 6) and k2 := 
(14)(3 6); then (kK), Ko, 3) = Ce. But in ie so) We have k3 = (0104)'o) « (0205)'02 
and, by conjugation, «, = (o205)'o - ees and k2 = (0104)'o) « (0306)'03, SO 
that (K1, K2, 3) becomes a subgroup of the corresponding quotient of W,. Finally, 
for our construction of a (s,s,0)7 We note that in [3,4] the groups (k,, k2,«3) and 
(ToT2, T1) = ((1 2)(45)G 6), (2 3)(5 6)) (& Deo) are complementary, with the latter oc- 
curring as ihe group of the Petrie polygon £ of {3,4} with successive vertices 
1,2, 6,4, 5,3 (see Section 1D or [120, §2.6] for the definition, and Figure 12B2). 
Again, since it is difficult to identify the quotient of W, defined by (12B19) and equiv- 
alent relations, we collapse the group further onto U,, corresponding to passing from 


5 5) 
TG s,0) to Z5.0,0): 
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Figure 12B2. The Petrie polygon £ of {3, 4}. 


As a subgroup of [3, 4], the symmetry group of L is given by S(L) = (ToT, T1). 
Define the elements k,, K2, K3 of Us = (@,..., G6) by 


K1 2= ($295)' G2 - (93G6)' 93, 
12B20 Kz 2= (91 94)' G1 + (93G6)' 93, 
K3 := (~194)' G1 - (P25) G2. 


Then (1, Ko, K3) = CF and (k1, K2, K3, TT, T1) = CZ x Deo = [3, 4]. Now the group 
of T (s,$,0) will be U; » De, with Dg realized as S(£). As generators, we take 


12B21 (Yo, +++ V4) = (Yo, G1, TOTX7K3, T, X73), 


with x? = (1 4)(2 5)(3 6), again as before. Here, xy? = (tot2T))° € S(L) and |mxX* = 
(1 5)(24) € S(£). Keeping in mind the previous identifications, one should think of 
yz as T (= (15)(24)- (14)(25) = tot) xX7- 3) and of y4 as Tt (= (1 4)(25)(36)- 
(14)(25) = x3- 3). To see that  := (yo, ..., y4) coincides with U, x S(L), note that 
ToT2 = ova € ’,andthus S(L) < I; then the conjugates of gy; by elements in S(L) are 
also in I’, proving that 7 = U, x S(£). Again, I is a string C-group with respect to its 
generators yo, ... , v4. To check that the facets of the corresponding polytope ia Rey are 
isomorphic to {3, 4, 3}, we note that (yo, ..., 73) = (@o,---, @3) X S3, with S3 given 
by (72, 3). By construction, (72, 3, v4) = (1, K2, K3) & S(L) = CF x De = [3, 4]. 
The vertex-figures are now isomorphic to {4, 3, 4}(5,s,0), because 


(M1, are ys) => (G1, .+ +5 Q6) x S(L) => D3 x De => [4, 3, 4]s,s,0)- 


12C Polytopes of Rank 6: Type {3, 3, 3, 4, 3} 459 


It follows that Te iy is in ({3, 4, 3}, {4, 3, 4}(s,s,0)). This completes the proof of the 
following result. 


12B22 Theorem Letk = 1,2 0r3, lets = 2t+ 1 > 3, and let U, denote the Coxeter 
group with diagram (12B15). Then there exists an infinite regular 5-polytope T (6t,03-4) 
in ({3, 4, 3}, {4, 3, 4}(%,03-4)); its group is U. x $3 (fork = 1), U; * De (fork = 2), or 
Us; x S4 (for k = 3). In particular, Tas = Te 0,0 the universal member in its class. 


Remarks 


(a) In the proof of Theorem 12B22, we have identified the groups [4, 3, 4](s«,03-«) 
for odd s as D3 x S3 ifk = 1, D3 » Dg if k = 2, or D3 » Sy ifk = 3. 

(b) We can also construct a regular 5-polytope T, (2s,0,0) in the class ({3, 4, 3}, 
{4, 3, 4}(2s,0,0)) with group U, x [3,4], by applying the exact analogue of 
(12B4) directly to U,. Then (12B2) remains true with T,« 9:-*) replaced by 
T (st,03-*), and the corresponding quotient constructions are equivalent to our 
constructions. 


To conclude this section, we observe that our techniques already work in rank 4. For 
example, if F = {4} and 7/,(F) is the diagram on the vertices of a square connecting 
antipodes by a branch labelled s (> 2), then, by Theorem 8E16, 


{3}7 A) — (3, 4}, {4, aso} 


for all s. This amounts to an operation like (12B4) on a diagram like (12B5) with 
only two triangular subdiagrams. For odd s, we have an analogue of Lemma 12B12 
involving only two tails of (12B15). The construction of the corresponding polytope is 
equivalent to that of Section 10B (and [299, §3]) for {{3, 4}, {4, 4}(s,o)}- 


12C Polytopes of Rank 6: Type {3, 3, 3, 4,3} 


For locally toroidal regular polytopes of rank 6, there is as yet no case completely 
settled. We begin with the type {3, 3, 3, 4, 3}, and explain why we conjecture that there 
are precisely three finite examples. 

Let us adopt the notation of Section 6E, except that we replace o; by o;+1 in the 
definitions of o and t for j = 1,..., 4. In other words, 


O := £2P3P4P3P2,  T = P5P43P4P5- 


Then, as we saw in Theorem 12A3, the operation 


(po, rr) ps) b> (po, 1,9, T) 


defines a cut of type {3, 4,4}. Moreover, the defining relations, added to those of 
the (Coxeter) group of the cut, which yield {{3, 4}, {4, 4};}, with § := (s*, 0?) when 
s = (s*, 0*~*), are just those which give the quotient ,7,° := {{3, 3, 3, 4}, (3, 3, 4, 3}s} 
in which we are interested. This leads us to conjecture that this cut is indeed universal. 
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Table 12C1. The Known Finite 
Polytopes {{3, 3, 3, 4}, {3, 3, 4, 3}s} 


s v f g 
(2, 0, 0, 0) 20 960 3 68640 
(2,2,0,0) 160 30720 ~=117 96480 
(3,0,0,0) 780 189540 727 83360 


Now, we know from Theorems 10B3 and 10B5 (see also [299, §3]) that the only 
finite cases of regular polytopes {{3, 4}, {4, 4}s} are those with § = (2, 0), (2, 2) or 
(3, 0). Thus we have 


12C1 Conjecture The regular polytope \T,o = {{3, 3, 3, 4}, (3, 3, 4, 3}s} is finite only 
for s = (2,0, 0, 0), (2, 2, 0, 0) and (3, 0, 0, 0). 


The finiteness has been checked in each case by the Todd-Coxeter coset enumeration 
method. The resulting details of the polytopes are listed in Table 12C1. 

We shall denote by , °° the group abstractly defined by the presentation belonging 
to eae. if jae exists, then ee is its group. We have only little to offer at present on 
the groups, although relationships between these groups and those of other regular 
6-polytopes will appear in the next two sections. Here we just mention that the group 
TG 0.0.0) is Closely related to a certain finite orthogonal group (see [193, 321, 468]). 

In the remainder of this section, we shall provide arguments to support the following 


12C2 Conjecture The regular polytope ite = {{3, 3, 3, 4}, (3, 3, 4, 3},} exists for 
each s = (s*, 0*-*) with s > 2 and k = 1,2. 


We shall explain how the case k = 2 can be deduced from that with k = 1, and 
how the latter case can be established under an additional assumption on a subgroup 
of ; 1°. Let us introduce some notation, which we shall use here and in the next two 
sections. We write I” := (o,..., 0s) for a group like ; 1°, or the group of a regular 
6-polytope, I := (1, ..., 0s) (corresponding to the group of its vertex-figure), [5 := 
(po, ---, 04) (for the group of its facet), and Is := (01,.--, 4). 

We begin with an obvious remark about the subgroup I. 


12C3 Lemma For alls, the subgroup I's is isomorphic to [3, 3, 3, 4]. 


Proof. Whatever s may be, pre has a quotient with s = (2, 0, 0, 0) or (p, 0, 0, 0) with 
p an odd prime. In each case, we know that then the corresponding quotient subgroup 
is indeed isomorphic to [3, 3, 3, 4] (the case (p, 0, 0, 0) was dealt with in Section 12A, 
and the case (2, 0, 0, 0) will be treated in the following). Thus 1, being a quotient of 
[3, 3, 3, 4], must itself be isomorphic to [3, 3, 3, 4]. 


We shall now prove Conjecture 12C2 under the assumption that the subgroup I of 
r= 1T 8.0.0.0) really is isomorphic to [3, 3, 4, 3](s,0,0,0). By the considerations at the 
end of Section 12A, we know this to be true ifs is odd. Indeed, in the representation 
of [3, 3, 3, 4, 3] over Z, or Z;[/2] (as appropriate), the element R, STS has order s; 
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thus we also have a representation of I” in which the subgroup corresponding to I is 
isomorphic to [3, 3, 4, 3](s,0,0,0); by Lemma 12C3, the corresponding statement for Is 
also holds. It follows that, if s is odd, then the subgroups I) and I’; have the required 
structure. The same also remains true if s = 2¢ with t odd. In this case, we can work 
with the natural homomorphisms I" +> 17 8.0,0,0) and I” > 1T6.0.0,0) to identify I and 
I’. In fact, the element of I corresponding to R, ST S must now have an order divisible 
by ¢ and 2, which must hence be s = 2t. On the other hand, I cannot be isomorphic to 
[3, 3, 4, 3]v,r,0,0), since otherwise 7 = ae the latter can be disproved by using 
the quotients onto the groups witht = 1. Note that the general case could be derived ina 
similar way ifthe structure of I in I withs = 2” were known to be of the required type. 

Using our assumption, we first prove the intersection property for both k = 1 and 
k = 2. Because of the quotient criterion of Theorem 2E17, we need only check the 
cases k = | with s a prime; every other example covers one of these, with the quotient 
mapping one-to-one on the group 15 = [3, 3, 3, 4] of the facet. With J” now the group 
Tf, we have 


12C4 Lemma Zhe only subgroup H with Ips < H < I's has [H : Ips| = 2. 


Proof. We can see this geometrically; I; is the group of the regular 5-cross-polytope 
X°, and Is is the group of its vertex-figure. Some coset representative of Is in H 
must move the base vertex of >, and if this new vertex is not antipodal to the base 
vertex, then conjugation by Is will move it to any vertex adjacent to the base vertex, 
and there follows H = Is, contrary to assumption. Thus the index is 2, as claimed. 


We now prove the intersection property. The easy case is s = p, an odd prime. We 
have |I5| = 2° - 5! = 10- 384, and |I | = p*- 1152 = 3p* - 384. By Lemma 12C4, 
the only possible indices for Is, of order 384, in Jy N I's are 1, 2 or 10. But the latter 
two are impossible, and the result follows. 

For s = 2, we argue quite differently. In {3, 3, 4, 3}(2,0,0,0), we see that opposite 
vertices of the vertex-figure {3, 4, 3} are identified; in other words, the polytope has 
the same vertices as ye := {{3, 3, 4}, {3, 4, 3}6} (we make a forward reference here to 
Section 14A —see (14A1) for the definition). It follows that 178 0,0,0) (if it exists) has the 
same vertices as Lf := {{3, 3, 3, 4}, £3}. However, we shall show in Theorems 14A2 
and 14A3 and the discussion before the latter (see also [287]) that fe does indeed 
exist, has 20 vertices, and has a faithful realization in E!*. We now apply the quotient 
criterion of Theorem 2E17 to show that 1 TS 0,0,0) also exists, since the covering map is 
one-to-one on the facet. This completes the proof of the intersection property. 

Under the previous assumption on J in it. hs it now follows that the polytope 


1 TE 0,0,0) does indeed exist. But the same assumptions also imply the existence for 
k = 2. In fact, if the subgroup Io of Te 5.0.0) is not isomorphic to [3, 3, 4, 3](s,s,0,0), 
then it can only be [3, 3, 4, 3](s,0,0,0), by the homomorphism le 26 a ite aoa by 
our assumptions on 1T8.0,0,0)» and the fact that it is known to be a C-group. Were that 
true, then tLe 60) = TE 00.0» which can easily be disproved by using quotients onto 
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the groups with s = 1. It follows that I and I; are the groups we are interested in; 
hence 17° , 9,9) also exists. 

Note that, since our assumptions on ie 0,0,0) are known to hold ifs is odd, ors = 2t 
with ¢ odd, our arguments actually prove Conjecture 12C2 for all such s with k = 1 
or 2. 


12D Polytopes of Rank 6: Type {3, 3, 4,3, 3} 


The situation for the remaining two types of locally toroidal regular polytopes of rank 
6 is somewhat similar. We can appeal in each case to known results about which 
of the regular 4-polytopes of type {4, 4, 4} exists and is finite, but since these do 
not, at present, cover all possibilities, our knowledge of the polytopes of rank 6 is 
correspondingly incomplete. We shall not quote here the complete results known about 
these 4-polytopes, but instead refer the reader to Section 10C (see also [294, 299, 
300]). 

Let us begin by giving the list of those polytopes of type {3, 3, 4, 3, 3} which are 
known to exist and be finite; this is done in Table 12D1 (we have only listed one of 
each dual pair). 

Let us write throughout 


12D1 oT, = {{3, 3,4, 3}s, {3, 4, 3, 3}e}, 


and denote the corresponding abstract group by or, =. (o7,'). If we define o and t 
exactly as in Section 6E (that is, without the shift of indices in Section 12C), then the 
operation 


(00, +++ 05) +> (Po, % T, Ps) 


yields a cut of ate in the class ({4, 4}s, {4,4};) (as usual in such contexts, § = 
(s*, 0°-*) when s = (s*, 0*-*), and so on). Evidence indicates that this cut is indeed 
{{4, 4}5, {4, 4}¢} (that is, the cut is universal), but so far we have not been able to prove 
this. Now several cases of the regular polytopes of type {4, 4, 4} are completely settled; 
as a consequence, we have 


12D2 Theorem Under the assumption that the cut above is universal, if the polytope 
2T,°, exists, then it is infinite in at least the following cases: 


Table 12D1. The Known Finite Polytopes 
{{3, 3, 4, 3}s, (3,4, 3, 3}4} 


s t v f g 
(2,0,0,0)  (t, 0, 0, 0) (¢ even) 32 2t4 3686414 
(2,0,0,0) (t,t, 0, 0) (¢ even) 32 874 147476¢4 
(2, 2, 0, 0) (2, 2, 0, 0) 2048 2048 1509 94944 


(3, 0, 0, 0) (3, 0, 0, 0) 2340 2340 2183 50080 
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(a) s =(s,0, 0,0), t = (t,t, 0, 0) and 


Det ot 
Ce) ae a 
(b) s = (s,s, 0, 0), t = (t, t, 0, 0) and 
teat, Det ee ees 
Si 2b 2 2st 2 
(c) s =(s, 0, 0, 0), t = (¢, 0, 0, 0), with s or t even, or s = t odd, and 
ita 
ioe ee 


The cases (a) and (b) of Theorem 12D2 exactly describe the infinite cases of the 
corresponding 4-polytopes; however, case (c) is incomplete (see Section 10C and [299, 
§4]). In particular, in case (a), this applies to the cases s = 4,¢ = 2ands = t = 3, where 
we have equality; these immediately cover the two sporadic examples of Table 12D1. 
Computer application of the Todd—Coxeter coset enumeration process suggests that 
no other regular polytopes of type aT,” can be finite, except for those in the two 
infinite sequences in Table 12D1; several cases are, in any event, eliminated by the 
known results about the class {4, 4, 4}. Three of the probably infinite examples are 
given by s = (3, 0, 0, 0) and t = (2, 2, 0, 0), (4, 0, 0, 0) or (5, 0, 0, 0), for which the 
corresponding 4-polytope is finite. 

There remain the two infinite sequences »7,+ with s = (2,0, 0,0). The first se- 
quence, with t = (¢, 0, 0, 0), is easily dealt with, regardless of our assumptions about 
universality. The corresponding 4-polytope collapses if t is odd, and so the only pos- 
sibilities are with t even. In fact, the same is also true for the class t = (f, rt, 0, 0), 
as the following argument shows. In Q := {3, 3, 4, 3}(2,0,0,0), opposite vertices of the 
vertex-figure {3, 4, 3} coincide, so that QO covers the locally projective regular polytope 
{{3, 3, 4}, {3, 4, 3}6} with the same number of vertices (see Sections 12C and 14A, and 
[287]). The existence of this covering forces the opposite vertices of the facets of the 
vertex-figure {3, 4, 3, 3}, to coincide. Now the product of the reflexions in the centres 
of adjacent facets of {3, 4, 3, 3} is conjugate to the translation by (2, 0, 0, 0), and so any 
group of translations by which we identify must be a subgroup of the group A(2,0,0,0). 
Thus ¢ must be even in both cases. 

Actually, we can go further than this. In the vertex-figure {3, 4, 3, 3},, whatever 
t might be, vertices equivalent under the translations by A(2,0,0,0) coincide. That is, 
all the polytopes TE 0.0.0), have the same number of vertices, namely, that of the case 
t = (2, 0, 0, 0). Direct calculation (using the Todd—Coxeter coset enumeration process; 
see also the following) yields 32 vertices for this, and then the remainder of the details 
in Table 12D1 can be filled in easily. 


We now discuss the general question of existence of the polytopes an As in the 
previous sections, we provide arguments which support the following 


12D3 Conjecture The regular polytope oT, = {{3, 3, 4, 3}s, (3, 4, 3, 3}e} exists for 
each s = (s*, Ot"), t=(", 0*-"") with s,t >2 and k,m = 1,2, except when s = 
(2, 0, 0, 0) and t is odd, or t = (t, 0,0, 0) and s is odd. 
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We have already discussed the first exception; the second is its dual analogue. For 
the remaining cases, we shall (as before) prove the conjecture under the additional 
assumptions that the subgroups I) and Is of F := 21 9.0,0),1,0,0,0) ate distinct from IF 
and are actually isomorphic to [3, 3, 4, 3](s,0,0,0) and [3, 4, 3, 3](+,0,0,0), respectively. We 
must observe that, in contrast to the previous section, our assumptions cannot be reduced 
to the study of representations of I” over finite rings. In fact, in the corresponding 
representations of [3, 3, 4, 3, 3] over Z, or Z,[./2], the two subgroups corresponding 
to I and Is are related, with parameter vectors s, t as in Theorem 12D5. In general, 
of course, s and t must be allowed to vary independently. 

We first discuss the intersection property for 21°, with arbitrary s and t. The case 
s = t = (2, 0,0, 0) can be checked directly, if tediously. All the polytopes with s = 
(2, 0, 0, 0) (and ¢ even) cover 2T6 0,0,0),(2,0,0,0) while preserving the facet, and so the 
intersection property follows from the quotient criterion of Theorem 2E17. The general 
polytope with s = (s*, 0*-*), t= (¢’", 04”), where s and ¢ are both even, covers one 
of the latter while preserving the group of the vertex-figure, and so this group also has 
the intersection property. In particular, this proves polytopality if k = m = 1. 

All remaining cases can be dealt with by covering arguments reducing to a case s 
(or t) of the form (p, 0, 0, 0) with p an odd prime. Adopting the notation of Section 12C, 
but with = 21%, we now have 
12D4 Lemma /fs = (p, 0, 0, 0) with p an odd prime, then Ips is a maximal subgroup 
of T: 5. 


Proof. In fact, by our assumption, 5 = [3, 3, 4, 3],, even if m = 2. Now let H bea 
subgroup such that js < H < Is. The cosets of Is in H are represented by trans- 
lations (we think here of the original construction of 5), so since H 4 Is, then H 
contains some translation (a), ..., a4) # o mod p. Ifa, 4 0 mod p, then (as in Section 
6E) 2a;,e, € H, so that e, € H also. But this means that H = I's, and so H cannot be 
proper, contrary to assumption. 


An immediate consequence is that, if p is an odd prime, then the intersection prop- 
erty holds for the group 2/(p,0,0,0),t =: (Po, ---, 05) in the following cases, to which 
the remaining ones can be reduced by applications of the quotient criterion. First, if 
t = (2, 2,0, 0), then |) I5| is a common divisor of 1152 - p+ and 1152 - 64, and 
thus of 1152. Hence, 19 N I's = Ips, as required. Otherwise, we can suppose that 
t = (q, 0, 0, 0), with g an odd prime. If g ¥ p, then |) ON I's| is a common divisor 
of 1152 - p* and 1152 - q*, and thus again of 1152; we reach the same conclusion. If 
q = p, the situation is only slightly different; this time the order of the intersection 
could be 1152 - p*, but this would mean that the whole group collapsed to that of the 
vertex-figure, so that I = Is, contrary to assumption. Thus the intersection cannot 
have order 1152 - p*, and again we have reached the desired conclusion. This completes 
the proof of the intersection property for all s and t. 

It now follows that peas exists at least for s = (s,0, 0,0) and t = (t, 0,0, 0). To 
settle the existence in the remaining cases, we proceed as in the previous section, and 
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work with the homomorphisms 


6 6 6 
21(5,s,0,0),(1,1,0,0) > 24 (s,s,0,0),(1,0,0,0) > 2+ (s,0,0,0),(4,0,0,0)° 


and the corresponding coverings of polytopes. For example, if in 7 = af 0,0, (¢,0,0,0) 
the subgroup I is not [3, 3, 4, 3](s,s,0,0), then it can only be [3, 3, 4, 3](s,0,0,0), because 
it has the intersection property. But this forces 7 = are 0.0.0), (,0,0,0)» Which can easily 
be disproved by using the quotients onto the corresponding groups with s = t = 1. The 
case [ = ale s.0,0)(¢, 1,0,0) Can be shown in a similar way. Modulo our initial assump- 
tions, our proof of Conjecture 12D3 is now complete. 

As we saw in Section 12A, the group [3, 3, 4, 3, 3] is a subgroup of index 5 in 
[3, 3, 3, 4, 3]. Under our assumptions that Conjectures 12C2 and 12D3 hold, the corre- 
sponding relationship between the quotient groups of the locally toroidal polytopes is 


12D5 Theorem For eachs > 2, ale «.0,0)(¢,0,0,0) is a subgroup of index 5 in Fe 0.0) 
: 6 : * : 
while 215s 0,0,0),(s,s,0,0) #8 @ Subgroup of index 5 in 1T6s.0,0,0) 


Actually, rather weaker assumptions than the ones we have made would suffice. To 
identify the subgroups 2, oy in Theorem 12D5, we note that the structure of the group 
of the vertex-figure is given by Theorem 6F5, while that of the facet is conjugate (under 
(32/10) to the group of the original vertex-figure. The index is indeed 5 (rather than 
the 1 it could theoretically become under the quotient); in fact, the index remains 5, 
even if we take the quotient onto the groups with s = 1. In the case s = 2, we observe 
that five copies of 279 5 0,0) .2,0,0,0) (each with 128 vertices) can be inscribed in ; T5 9 0) 
(which has 160 vertices), to form a regular compound; each vertex of the latter belongs 
to four copies of the former. The complementary set of 32 vertices to the 128 vertices of 
a 276 2,0,0),(2,0,0,0) in the 160 vertices of 173 90,0) belong to those of a 276 0,0,0),(2,0,0,0 
so that another regular compound of five of the latter is also formed. 

If we try to apply the same construction to ;J(s,0,0,0) with s odd, then something 
curious happens. We obtain a group isomorphic to the original (because the vertex- 
figure essentially remains the same) which satisfies the relations of 7 1(s,0,0,0),(s,0,0,0)> 48 
well as some others. In the interesting case s = 3, the order of the resulting group is a 
third of that of the universal polytope (whose existence can be proved directly), as we 
see by comparing group orders. We deduce 


12D6 Theorem The group 21(3,0,0,0),3,0,0,0) 4as a normal subgroup of order 3; taking 
the quotient by this subgroup identifies the vertices of yT(3,0,0,0),(3,0,0,0) by threes. 


In fact, the subgroup is probably central (we have not yet identified it), and also 
identifies the facets by threes. For more details about 2/(3,0,0,0),(3,0,0,0), see [321]. 


12E Polytopes of Rank 6: Type {3, 4, 3,3, 4} 


As in Section 12D, we begin the section by giving a list of those locally toroidal regular 
polytopes of type {3, 4, 3, 3, 4} which are known to exist and be finite. This is done in 
Table 12E1. 


466 12 Higher Toroidal Polytopes 


Table 12E1. The Known Finite Polytopes 
{{3, 4, 3, 3}s, {4, 3, 3, 4he} 


s t v f g 
(s,0,0,0)(s even) (2,0, 0, 0) 354 16 1843254 
(s,s, 0,0) (2,0,0,0) — 12s4 16 7372854 
(s,0,0,0)(s even) (2,2, 0,0) 6s4 64 737284 
(s,s,0,0)(s even) (2,2, 0,0) 24s4 64 29491254 
(2, 0, 0, 0) (2,2,2,2) 384 1024 18874368 
(2, 0, 0, 0) (4,0,0,0) 12288 65536 1207959552 
G3, 0, 0, 0) G,0,0,0) 2340 780 72783360 
Let us write 
12E1 37,°, = {(3, 4, 3, 3}s, (4,3, 3, Heb. 


As in Section 12D, one of the main tools in our investigation is a certain cut, actually 
(in geometric terms) of the dual 


(37) = (4, 3, 3, 4}e, (3,3, 4, 3}st- 
The cut is induced by the mixing operation 


(Po, re) ps) b> (ps, P4, 0, T), 
with 


Oo = (3P2P1P2/P3, 
T [= P0P1P2P1/P0, 


and is thus of type {4, 4, 4}. More specifically, if t = (¢*, 0*~*) with k = 1 or 2, the cut 
is in the class ({4, 4};, {4, 4}s), where the notation for the suffixes is that introduced 
earlier. In fact, we conjecture that the cut is universal, so that it is isomorphic to 
{{4, 4};, {4, 4}s}. On the other hand, if k = 4, this cut cannot be universal. 

We can immediately deduce (independently of the universality of the cut) that col- 
lapse of the polytope occurs if s = (2,0, 0,0) and t = (¢, 0,0, 0) with ¢ odd, or if 
t= (2,0, 0, 0) and s = (s, 0, 0,0) with s odd. In fact, when t = (2, 0, 0, 0), this is 
the only restriction on s. To see this, it is better to consider the dual polytope. Since 
{4, 3, 3, 4}(2,0,0,0) 1s flat with 16 facets, we see that GT 0.0,0,0))" is also flat with 16 
vertices, when it does not degenerate. Now the whole polytope collapses onto the 
facet {4, 3, 3} of {4, 3, 3, 4}(2,0,0,0). This must induce a corresponding collapse of the 
vertex-figure {3, 3, 4, 3}(s,0,0,0) onto the vertex-figure {3, 3} of {4, 3, 3}. In the universal 
polytope, with group 


[3, 3,4, 3] = (4,-..-, 00), 


this is given by imposing the relation (p; 02) = ¢, that is, by making the generators 
and o2 commute. Therefore this must be compatible with the extra relation imposed 
on [3, 3, 4, 3] to get the group of {3, 3, 4, 3},. 
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The implications of this commutativity for the elements o and t are 


Oo = (£3P2P12P3 = P3P1P3 = Pi, 
T = PoPiP2P1P0 = Po0P2P0 = 2. 


In case s = (s, 0, 0, 0), we have 


& =(p4yota)’ = (p4p1P2P1) = (P4P2)", 


from which it follows that s must be even. In case s = (s, s, 0, 0), we have 


€ = (p4oT)* = (940102), 


which holds automatically, imposing no additional condition. This gives the corre- 
sponding entries of Table 12E1. (See also Sections 8E and 8F, and [303, §7] for an 
explicit construction of these polytopes.) 

For a deeper investigation of the cases s = (2, 0, 0, 0) and (2, 2, 0, 0), it is again 
appropriate to consider the dual polytope. However, we shall set these cases in a much 
more general context in Section 14B, and so here we merely summarize the results. Note 
that, in (3, 3, 4, 3}(2,0,0,0), opposite vertices of its vertex-figure {3, 4, 3} are identified, 
so that it has the same vertices as those of the locally projective regular polytope 
L3 := {{3, 3, 4}, (3, 4, 3}6} (see (14A1) and [287]). 


12E2 Corollary The regular polytope 3T,°5 5 9,9) exists when s = (s*, 0*-*) with k = 
1,2 and s even, and then has 64 facets; otherwise it degenerates. 


Proof. The corollary follows immediately from Theorem 14B11. Dualizing, the finite 
polytope GT 02.0.0)" will degenerate unless it covers {{4, 3, 3, 4}(2,2,0,0), £3}, because 
both this and the universal polytope have 64 vertices. As far as toroidal vertex-figures 
are concerned, since {3, 3, 4, 3}(2,0,0,0) and LS have the same vertices, this implies that 
the vertex-figure must cover {3, 3, 4, 3}(2,0,0,0); thus s is even, as required. 


We are left with the sporadic example s = t = (3,0, 0,0). There is little to say 
about this, other than that its group order was found using the Todd—Coxeter coset 
enumeration process. We have no corresponding description of the group; however, 
see the remark at the end of the section. 

We next discuss the general question of existence of the polytope 37,°. Again, we 
provide arguments to support 


12E3 Conjecture The regular polytope AS = {{3, 4, 3, 3}s, {4, 3, 3, 44} exists for 
s= (s*, 0*-*), t=(t",0*”) with s,t >2,k =1,2andm =1,2,4, except when 


(a) s = (2, 0, 0, 0 and t = (t, 0, 0, 0) with t odd, 
(b) t= (2, 0, 0, 0) and s = (s, 0, 0, 0) with s odd, 
(c) t= (2,2, 0,0) and s odd. 


This conjecture was confirmed in Corollary 8E15 (and [303, Corollary 5.6]) for all 
s and t with m = | and ¢ even. To explain the general case, we again write T = 319, 
for the group corresponding to a7yh Ty for the group of the vertex-figure, and so on. 
We also allow s = 1 or ¢t = 1, to act as targets for quotient maps. We shall prove the 
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conjecture under the assumption that the groups ale are distinct for s = (s, 0, 0, 0 and 
t=(t,t,0, O)or(t, t,t, f),andt = (¢, 0, 0, 0) ands = (s, 0, 0, 0) or(s, s, 0, 0), and that 
the subgroups J and Is of > = 32°F 6,0,0),(1,0.0,0) are distinct from J”, and are actually 
isomorphic to [4, 3, 3, 4](,0,0,0) and [3, 3, 4, 3](s,0,0,0), respectively. We may observe 
that the quotients of the groups 3 she onto the corresponding groups obtained for s = 1, 
t = | do not distinguish between those pairs of groups where equality is excluded by 
assumption. Further, concerning representations of [3, 4, 3, 3, 4] over finite rings, the 
same remark applies as in the previous section. We begin with some lemmas. 


12E4 Lemma /f t= (p,0,0,0) with p an odd prime, then Ios is a maximal 
subgroup of Io. 


Proof. To prove this, we work with the original group [4, 3, 3, 4]. The cosets of Is 
in a subgroup H with Ips < H < I are represented by translations. Since we can 
conjugate by Is, we can use the same analysis as that in Section 6E, and conclude 
that these translations themselves form a subgroup generated by a vector (q*, 0*~“), 
for some g and k. But this subgroup must contain pZ‘, which is impossible, since this 
latter subgroup is itself maximal. 

Note that, by our assumptions, the group of the vertex-figure is indeed [4, 3, 
3, 4](p,0,0,0). The lemma thus follows. 


With a very similar proof, we also have 


12E5 Lemma /f s=(p,0,0,0) with p an odd prime, then Is is a maximal 
subgroup of I's. 


We now consider the intersection property for I” = 3 Ds withs, t arbitrary. First, any 
case (s, t) with s, tf both even covers the case s = t = (2, 0, 0, 0); the corresponding 
flat polytope can be checked directly, and we can then apply the quotient criterion. 
Eliminating the degenerate cases, bearing in mind that we must also check the infinite 
examples for polytopality, and again employing the quotient lemma, we are reduced to 


considering the following. 
s=(p, p, 0,0), t = (2, 0, 0, 0), p an odd prime. 


Note that the polytope (if it exists) is flat. Now, Is = [3, 4,3, 3]¢p,p,0,0)3 in 
fact, otherwise we would have Is = [3, 4, 3, 3](p,0,0,0), and thus 316, »,0,0),(2,0,0,0) = 
3775 0,0,0),(2,0,0,0)° contrary to our assumptions on the groups 3/;°,. But then |J5| = 
4p* - 1152 and |Ip| = 16 - 384. Thus |75 1 I)| is a divisor of 4 - 384. Thus the index 
of Ios in 5 1 Ip is 1,2 or 4. The cosets are represented by translations (in both I 
and 15), and, as in Lemma 12E4, if one translation occurs, then so do its conjugates 
under Is. Considering the various cases shows that the only non-zero translation we 
can have in I is that by (1, 1, 1, 1), when the index would be 2. If this translation, 
T say, occurs in 1y MJ, then it is a central involution (because (tT) is normal) and 
InN ls = Ios x Cz. Since p is odd, as an element of the group I; of the facet, the 
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translation t’, say, in [st must be that by (p, 0, 0, 0), since only then do we also obtain 
index 2. We now have the required contradiction. As a subset of I, we see that Ist 
must leave fixed the initial vertex Fo, say, of the whole polytope, but as a subset of I’; 
it must move Fo (recall again that the polytope is flat). We conclude that the index was, 
in fact, just 1, and the proof is complete. 


s = (2,2, 0,0), t = (p, 0, 0, 0), p an odd prime. 


Now |I5| = 64- 1152 = 192 - 384 and |I)| = p* - 384, and it follows at once that 
I's 1 Io = Ips (the possible exception p = 3 is covered by Lemma 12E4). 


s = (p, 0, 0, 0), t= (q, 0, 0, 0), p,q odd primes. 


The maximality of I5 in I shows that the order of 5 N I is either 384 or q* - 384. 
If p # q, the latter is immediately excluded. But even if p = q, the latter cannot occur, 
because I” 4 Is by assumption. 

This completes the discussion of the intersection property. The existence of 37," 
now follows for s = (s, 0, 0, 0) and t = (f, 0, 0, 0) (and for some other cases). For the 
remaining cases, we again work with the homomorphisms 


6 6 6 
31s.0,0,0),(¢.t.1,) > 34 (s,0,0,0),(4,1,0,0) > 34 (s,0,0,0),(¢,0,0.0) 


and 


6 6 
31 (s,5,0,0),t > 34 (5,0,0,0),t" 


For example, ifin " = 328 0,0,0),(¢,8,0,0) the subgroup [9 is not [4, 3, 3, 4](,+,0,0), then it 
must be [4, 3, 3, 4](,0,0,0), because it has the intersection property. But this implies that 
r=; Fata: (¢,0,0,0) Which can be disproved using the quotients onto the groups with 
Ss =f = 1. The other groups are dealt with similarly, except that occasionally we draw 
on our assumption that certain of the groups are distinct. Modulo all our assumptions, 
the proof of Conjecture 12E3 is now complete. 

As we saw in Section 12A, the group [3, 4, 3, 3, 4] is a subgroup of index 10 in 
[3, 3, 3,4, 3]. Under the assumption that Conjectures 12C2 and 12E3 hold (in fact, 
somewhat weaker assumptions suffice), the corresponding relationship between groups 
of locally toroidal regular polytopes is 


12E6 Theorem /fs > 2, then 3778 0,0,0),(5,5,0,0) is a subgroup of index 10 in 1D coop 
while a1 ebtGake) isa subgroup of index 10 in 17§s.0,0.0) 


The verification of Theorem 12E6 is similar to that of Theorem 12D5 and is omit- 
ted, because there is again only one finite example, namely, the first case with s = 2. 
However, compare also Theorem 6F5 for the corresponding subgroups relationships 
for the facets and vertex-figures. Observe that the second case corrects a mistaken as- 
sertion in [302, Theorem 8.6]. We have an associated regular compound; ten copies of 
376 0.0.0), (2,2,0,0) (each with 96 vertices) can be inscribed in the 160 vertices of | T6.2,0,0)° 
and each vertex of the latter belongs to six copies of the former. 
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If we apply the same construction to the group Teo 0) with s odd, we obtain a 
group satisfying the relations of 317 9 0,0),(s,0,0,0)» but possibly some others as well. 
However, comparison of the group orders shows 


12E7 Theorem 7he groups 1T§ 0.0.0 and 318 0,0,0),(3,0,0.0) are isomorphic, and the 
polytopes 178 0.00) and 376 0,0,0),(,0.0,0) have the same vertices. 


We refer to [321] for more details about the structure of the two groups 178 0.0.0) 


6 
and 3173 ,0,0,0),(,0,0,0)" 


13 


Regular Polytopes Related to Linear Groups 


Since the automorphism group of each finite regular polytope can be thought of as a 
permutation group, it can also be regarded as a linear group. However, there are families 
of regular polytopes, of ranks 3 and 4, whose groups are intimately related to certain 
linear groups, in that they are, for example, central quotients of special linear groups 
or the like. In this chapter, we shall discuss these families. While it might be natural to 
include some chiral polytopes in the discussion, since they arise by the same or similar 
constructions, in fact we shall not do so. 

The chapter is arranged as follows. In Section 13A, we shall describe families of 
regular polyhedra related to projective linear groups. In Section 13B, we consider 
various connexions among these polyhedra; in particular, in certain cases two of them 
mix to form another. We discuss realizations of some of the polyhedra in Section 13C; 
in principle, we could describe the realization spaces of all the polyhedra, but in practice 
the general case is rather complicated, and so we confine our attention to primes. In 
Section 13D, we investigate analogous families of 4-polytopes, whose vertex-figures 
fall among those of the previous polyhedra. Finally, in Section 13E, we describe various 
connexions among these 4-polytopes. 


13A Regular Polyhedra 


In this section, we shall discuss a family of regular polyhedra whose groups are inti- 
mately related to certain projective linear groups. Except in some matters of notation, 
we shall follow fairly closely the treatment of [292]; this paper extended the earlier 
work of [284], which only dealt with the prime case. 

Let G be any subgroup of Z*, , the group of units in the ring Z,, := Z/mZ of residues 
modulo m; in practice, we shall have m > 3, but occasionally it is useful to allow m = 2 
also. We denote by Ly (Z,,) the group of all 2 x 2 matrices over Z,,. with determinants 
in G. Thus, if J := h is the identity matrix, then C9(m) = {AI | 2 € G} is the centre 
of L (Z). For example, when G = {1}, we write SL2(Z,,) = L$ (Zn), whose centre 
is written C(m); this is the usual special linear group. Similarly, when G = Z*,, then 
LZ) = GL»(Z,,), the general linear group. 
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The case which will concern us most is that of G = J := {+1} (we adopt the ab- 
breviation Z, because this subgroup is nearly ubiquitous). We shall then write C(m) := 
{A € Zm | 4? = +1} for the subgroup of Z* which corresponds to the central elements 
of L3(Zm). More generally, ifZ <‘H < C(m), then we write H = HI := {al |’ € H} 
for the corresponding subgroup of such central elements. We shall need the special case 
C(m)t := {A € Zn | A* = 1}, which is such that C(m) = C(m)t I. 

In harmony with the notation which we shall employ in Section 13D, we could also 
write SL3(Zm) := SL5(Zm). 

Whenever H is a subgroup of C4¥(m), we have a corresponding quotient i (Zm)/H. 
In particular, we define 


PLS (Zm) := L§(Zm)/C9(m), 


BLY (Zn) = L9(Zn) {EL}. 


When G = {1}, we also write 
PSL2(Zm) = PL (Zm) = SL2(Zm)/C(m); 


this is the projective special linear group. Observe that, if m is not prime, then we can 
have C(m) 4 {+/}. It will also be useful in the following to recall that 


PSL2(Zm) = SLo(Zm)/{£I}. 


Finally, when G = Z* , we write 


PGL(Zm) = L9¥(Zm)/C4(m); 


this is the projective general linear group. 
Now consider the matrices 


0 1 1 0 1 0 
13A1 roi= | ale ee El r= | | 


in the group SL5(Zm). (In [284, p. 162], the corresponding matrix R, was defined 
incorrectly, and later used in certain calculations; however, the results of these calcula- 
tions remain valid.) (Unless otherwise stated, in what follows we shall take G = TJ = 
{+£1}.) It is a straightforward exercise to show that the two matrices 


-1 0 0 -1 
Rika =| 1 an Roke=| 0 
generate SL>(Z,,); thus the matrices in (13A1) generate SL5 (Zim). It follows that the 
p; := R,;H generate SL3(Zm)/H, and satisfy 


Po = Pt = Ps = (pop1)’ = (pip2)” = (pom) =e 


precisely when {+/} < H <C*(m). Thus we always assume henceforth that 
(RoR)? = —I € H; this is why we demand that, if H = HJ, thenZ < H. Since obvi- 
ously po ¢ (1, 02), the intersection property also holds (so that (09, 01) N (p1, P2) = 
(p1)), which is the remaining property required of a string C-group. We shall often 
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represent an element a € SL¥ (Z»)/H by a suitable matrix A in the coset of H which 
contains a, that is, an A such that a = AH; observe that A and —A may always be 
identified. 

Thus, when m > 3, the string C-group Iqn.77 = = SLI (Z,)/H is the automorphism 
group of an (abstract) regular polyhedron £3. a Of type {3, m}, where we shall always 
write H := {A € Z,, | Al € H}. (The notation “L>” here indicates a 3-polytope derived 
from a linear group.) For example, 7 = Z gives the maps L>.. > Which were those 
considered in [284] (particularly when m is a pare. As we shall see in the following, 
of particular interest is the map Leys = P(PL3(Zm)), obtained when H = C(m), so 
that H is the full centre C?(m). Summarizing, we have 


13A2 Theorem Foreachm > 3 andeach subgroupH such thatl <‘H < C(m), there 
is a regular polyhedron Le at of type {3, m}, with group isomorphic to SL4(Zm)/HI. 


In the degenerate case m = 2, we have p2 = &, H = {1} (because C(m) = {1}) and 
L2(Z2) = SL2(Z2) = 53. The resulting group is then that of the triangle £3 = {3}. 
The structure of Nn-17 = SL3(Zm)/H depends on the prime factorization of m, say 


m = po’ py +++ py’, where po = 2 and pj,..., px are distinct odd primes. Now let r7 
be the number of distinct solutions to the congruence x? = +1 (mod m). It follows 


from elementary number theory (for example, [213, p. 74]) that 


2, fey < 2, 
13A3 fea 4 Oe. ates, 
Qh ifey > 2, 
and 
13A4 ce if eo < 2 and p; = 1(mod 4) forl <j <k, 
' 0, otherwise. 


It follows, for example, that the original map of [284], now denoted L?. > Coin- 
cides with Le cieas if and only if m = 4, p® or 2p° with p = —1 (mod 4). Note that, 
throughout this chapter, p will denote a prime. More generally, £},.7 = L>,.eqmy+ When 
m = 4, p® or 2p® with p odd. In all other cases, L},., covers L}, .,, a8 described in the 
following. 

Now any subgroup 1 with Z < ‘H < C(m) must yield an abelian subgroup HI of 
matrices; as usual, we avoid the trivial case by assuming that m > 3. Each matrix M € 
C(m) = C(m)*I satisfies M? = I, so that C(m) = Cy x --» x Cp, a direct product of 
groups of order 2. Further, ifey > 2 or p; = —1 (mod 4) forat least one j, thenC(m) = 
C(m) has order 2°”), where s(m) = k, k + 1 or k +2 according as ey < 2, ey = 2 or 
eo > 2. Thus there is some h, with 1 < h < s(m), such that H = (A) x +--+ x (An) 
has order 2”, with 4; = —1 and each v= = 1 (mod m). 

ee if eg <2 and p; = 1 (mod 4) forl < j <k, then C(m) = Cy x Cy x 

- x Cy of order 4. 24! = 2'+!, Here Cy = (A), where A* = —1 (mod m). Again, 
for some fA with 1 <h <k, we have H = (i,) x --- x (Ay), where A; = —1 or dr 
(mod m) and au =1 (mod m)for2 <j <h. 
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Using [206, p. 9], we find that, for |H| = 2” (withn = h orh + 1), 


13A5 |SL3(Zm)/H| = 2'"m3 | [0 - po). 


p\m 


We may now easily calculate the number of faces of each rank in Lea 
The following table contains several familiar examples. In it, v, e, f and g denote 
the numbers of vertices, edges, and faces, and the order of the group, respectively. 


m H v e ve La g 
3 7 ane eee ee 24 
4 os 6 2, > et 48 
> £ 12 30 20 {3, 5} 120 
5 {1,42} 6 15 10 {3, 5}5 60 
6 L 12 36 24 = {3, 6}(2,2) 144 
7 tT 24 84 56 {3, 7}s 336 
ae Ce) ae ee ee 
13. {41,45} 42 273 182 {3,13}, 1092 


Before investigating the structure of the maps oe further, it will first be useful to 
describe certain groups SL3(Z,,)/H in more familiar terms. 


13A6 Proposition PL3(Z,,) is isomorphic to 


(a) PSL3(Z,,), feo < 2 and p; = 1 (mod 4) for1 <j <k, 
(b) PSL2(Zm) x C2 otherwise. 


Proof. The canonical map 

x: SLo(Zm)/C(m) > SL3(Zm)/C7(m) 
is a well-defined homomorphism since C(m) < C7(m), and is injective since C(m)I M 
SL3(Zm) = C(m). Since x is surjective if and only if some element of C7(m) has 


determinant —1, part (a) follows from (13A4). For part (b), note that op is an involution 
in SL5(Zm)/C7(m) which is not in x¥(PSL2(Zm)). 


13A7 Proposition [fm = 4, p° or 2p* with p odd and e > 1, then PGL2(Z,,) = 
PSL2(Zm) x Co. 


Proof. The image of the canonical monomorphism SL2(Z,,)/C(m) > PGL2(Z»,) is a 
subgroup whose elements are represented by matrices with determinants in the set R 
of quadratic residues. The conditions on m imply that m has a primitive root (see [224, 
p. 44]), so that R has index 2 in Z*. 


These propositions provide the key ideas needed to prove 
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13A8 Proposition The following group isomorphisms hold. 
PSLo(Zpx), if p = 1 (mod 4), 
PGL2(Z,-), if p = —1 (mod 4). 
PGL (Zz), ife <2, 
PSL2(Z2e) x Co, ife > 2. 


PLE (Zp) = | 
PL5 (Zoe) = | 


PSL2(Zp-) x Co, if p = 1 (mod 4), 


a Tt 
PLZ 
2(Zor) fee if p = —1 (mod 4). 


PGL3(Za°), ife <2, 


PLa(Zaa) = 
ee = T PSD Cs, afes o 


We now examine presentations for many of these groups. In Theorem 13A10, we ex- 
plain how to derive a presentation for SL} (Z,,)/H froma given one for SL3(Z,,)/{+1} 
in terms of the distinguished generators po, P|, 2. The major difficulty is obtaining 
an efficient presentation for PSL>(Zm). When m is odd, Sunday [406] showed that 
PSL3(Zm) has presentation 


2 
Sr) ae Sle" ere 7) Se 


in terms of the generators 


1 0 0 -!1 
Oo = P2pP| = ae ale T = Pop2 = es le 


Thus, when m is odd, BL (Zin) has presentation 
Po = Pt = 03 = (Pop) = (p1p2)”" = (0062) 
13A9 
= ((p1 02)" po(p21)* Po)” = €. 


When m is even, the situation is yet more complicated, and some of the available 
presentations involve a large number of relations (see [348, 424]). 
Now let m > 3, and express H as a direct product, as described previously. 


13A10 Theorem For m > 3, consider any presentation for Ijn.7 in terms of the dis- 
tinguished generators (9, P|, Pr. Suppose that H = (A,) x +--+ X (Ayn), where ui = 1 
(mod m) for 2 < j </h, and either }; = —1 or 4} = —1 (mod m). Then a presenta- 
tion for Tina = SL3(Zm)/HI is obtained by adjoining to the standard presentation of 
[3, m] the relations 


(po(P1P2)”’ pr)? = &, 


for2 <j <A, together with 


(po(pi62)"')? = € 
if 4} = —1 (mod m). 
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The latter alternative involving A, can occur only if e9 < 2 and p; = 1 (mod 4) for 
l<j<k. 


Proof. Taking as generators the matrices of (13A1), we easily check that 
(po(o1 02)" p2)’ = € when AF = 1 (mod m), and that (po(o1p2)"")’ = € when Aj = 
—1 (mod m). The proof is completed by elementary group theory. 


Note that coe is directly regular (that is, it does not coincide with its rotation 
subgroup, consisting of products of even numbers of the generators p;) foreach m > 3, 
since PSL,(Z,,) has index 2 in PL’ (Zn). It follows from Theorem 13A10 that ieee 
is directly regular if and only if H contains no element 2 with 47 = —1 (mod m). 
For instance, when m = 65, define 71; := (8) = Cg and H2 := (—1, 14) = C) x C). 
Then Lesat, and List, are not isomorphic, since only the second map is directly 
regular. Of course, the corresponding groups are not isomorphic either; however, the 
two polyhedra do have the same numbers of vertices, edges and faces, and the same 
group orders. 

We can interpret the relations of Theorem 13A10 in more geometric terms, as 
follows. The length of a A-hole in fs is the period of p9(p102)* pz in SL5(Zm)/H. 
Thus, if A? = 1 (mod m), then A-holes have length 3 or 6 according as AJ does or 
does not belong to H. Similarly, a A-zigzag has length the period of po(1 02)". (Recall 
that the Petrie polygon corresponds to the case A = 1.) If 47 = —1 (mod m), then a 
A-zigzag has length 3 or 6 according as A does or does not belong to (see also the 
following). 

As another example, take m = 24,H, = (—1, 5) and Hy = (—1,7). Then L3,4, 
Laaais since in these maps 5-holes have lengths 3 and 6, respectively. 

We now come to the promised models of these polyhedra. (Remember that we use 
the term model in preference to realization, when the concrete representation of the 
automorphism group is other than a subgroup of isometries of some euclidean space.) 
First, we remark that the group SL} (Z) acts transitively on 


Vin = {(@, B) € Zim x Zm | (a, B,m)= 1}. 


To see this, note that (1, 0) € V,,, and that, if 


a B 
chee 

then (1,0)M = (a, B). But M € SL3(Zp) has wd — By = +1 (mod m). Since this 
congruence is soluble if and only if (@, 6, m) = 1, transitivity then follows easily. 

Now fix H with Z < H < C(m), and again let H := 77. We employ the exact ana- 
logue of Wythoff’s construction to give an explicit description of Late Each A € H 
satisfies 47 = +1 (mod m), so that A is a unit. We may thus define an equivalence rela- 
tion on V,, by (a, B) ~ (Aw, AB) for A € H. Let V,,,.4 be the resulting set of equivalence 
classes, that of (a, 6) being denoted by [a, B]. Clearly, SL7(Z,,)/H acts transitively 
on Vinx. 
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We begin the construction by defining a base flag in V,,,.1, namely, 


F_\:=9, 

Fo := {vo}, 

Fi ‘= {vo, vi}, 
Fy := {v0, V1, v2}, 
F3:= Vin-w, 


where vp := [1, 0], vy := voeo = [0, 1] and v2 := v1; = [1, 1]. (Thus, we here iden- 
tify a face with its vertex-set, as we did when defining realizations.) Finally, let 


O:= {Fio | —l <i <3ando € SL3(Z,,)/H}, 


which is a partially ordered set with respect to set inclusion. In fact, the following result 
shows that Q is a polyhedron. 


13A11 Theorem Let m and H be as before. Then 


(a) Lat and Q are isomorphic partially ordered sets, so that Q is a regular poly- 
hedron with group Iin:H; 
(b) Vinat is the vertex-set of Q, and 


Pmt] = Gare =) fii 
p\m 


(c) two vertices x = [a, B] and y = [y, 5] of Q determine an edge if and only if 
fe := a6 — By €H. In this case, the third vertices of the two triangular faces 
on this edge are ux ty=[waty, up + 4]. 


Proof. We make use of the distinguished subgroups I; := (9; |i 4 j) of i= 
SL} (Zm)/H, for j = 0, 1, 2. Define a map 


f: Lina > Q 


by f(jo) = Fyo, for -1 < j <3 ando € I’. Noting that each subgroup I7; acts 
transitively on the elements of F’;, it is easy to prove that f is well defined, surjective 
and order preserving. Next, observe that if o fixes each element of F; = {vo,..., vj}, 
then o € (p; |i > j). For example, suppose that 


fixes vo = [1, 0], so that 8 = 0 anda =A with A? = +1. Thus, 


where a? = +1 andk = ay. The first matrix in this product is of the form (1 02)“ or 
(2(01P2)*, so that o € (p1, ~2). After verifying similar statements for 7 = 1 and 2, we 
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can easily prove that f is injective, and that f—! is order preserving. This completes 
the proof of (a). 
By transitivity, V;,.7, must be the vertex set of Q, and 


Vnrl = | SL3(Zm)/H|/|(p1, 02) 


Part (b) now follows from (13A5). 

Now consider two vertices x = [a, 8] and y = [y, 6] with uw = ad — By € H. We 
wish to show that these vertices determine an edge in Q. Since the group acts transitively 
on V,,.7,, and also preserves the condition that the determinant jz € 71, we may assume 
that [a, 6] = [1, 0]. Thus, 5 = w € H, so that [y, 6] = [k, 1] = v1(0192)~*, wherex = 
+yy. On the other hand, it is clear that ifx = [a, 8] and y = [y, 6] determine an edge 
of Q, then yw € H. Finally, suppose that z is the third vertex of a triangular face on 
such an edge. Then, again by transitivity, we may assume that [a, 6] = [k, 0] = vo and 
[c, d] = [0, A] = v1, where kA = +; the third vertices for the two faces on this edge 
are «[1, £1] = vo + v). The characterization of these third vertices as z = ux + y 
now follows from the linearity of the group. 
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In this section, we shall look at two kinds of connexions among the regular polyhedra 
Lae The first kind concerns covering relationships between two polyhedra with either 
the same or different m. The second concerns isomorphic polyhedra with the same 
vertices, but possibly different edges or faces. 

Let k > 1 bea divisor of m. Then the natural ring epimorphism Z,, > Z; induces 
a group homomorphism 


15 (Zm) > LE (Zy). 


Since the canonical homomorphism SL2(Z) + SL2(Z,,) is surjective (compare the 
remarks in Section 13A), 7 is also surjective. 

Let K be any subgroup of C(’) which contains J; similarly, take Z << M < C(m), 
where additionally M7 < K. Further, write H(k) := KJ, and so on. Then 7 induces 
an epimorphism of C-groups 


L3(Zm)/ H(m) > 13 (Z,)/ Hk). 


Since these are just the groups In. and Ij.«, this 7 in turn induces an order- 
preserving surjection 


RL yy > Lie 


of the corresponding polytopes. In fact, if k > 2, then z is a covering of polyhedra in 
the sense of Section 2D, meaning that z is a rank-preserving homomorphism which 
takes adjacent flags to adjacent flags. (The term ordinary collapse was used in [284, 
p. 41].) When k = 2, we have a collapse of ‘ee ..M onto the triangle Le ca) = (3h. These 
facts are easily verified when we recall the construction of the polytope P from a 
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given string C-group I. When 7 = [},..4 and P = £ wm then every automorphism 
of L},.\, induces (by means of jj) an automorphism of jee 

Taking m = k, we note that any £>, 4, covers L>, c¢)- Indeed, we take 1 = 1, noting 
that H; = M isa subgroup of H2 = K, with index 2°, say, for some £ > 0. In this case 
it makes sense to assert that the covering m has multiplicity 2°; each face of Lae is 
the image under z of 2° faces in a 4, Of the same rank. However, in general we shall 
have m > d, and then the multiplicity of the covering for edges and faces is m/k times 
that for vertices (we simply count using (13A5)). 

We now recall from Section 7A the definition of the mix of two abstract regular 
polytopes P and Q. Let '(P) = (00, ..., Gm—1) and '(Q) = (%,..., T—-1), and de- 
fine p; := (o;,t;) € I (P) x F'(Q), where oj = € if 7 >m ort; =e if j Sn. Let 
I :=(p;|0< j < max(n,r) — 1). Whenever I’ satisfies the intersection property, it 
must be a C-group, and the corresponding polytope P ¢ Q is called the mix of P and 
Q. In a similar way, we may define the mix P; > --- > P, of several polytopes. Note 
that the corresponding group I” is a subdirect product of the groups I’(P;); in other 
words, I” is a subgroup of the direct product Tat I(P;), and each induced projection 
I’ > I'(P);) is surjective. 

Now suppose that m = k kz, where each k; > 1 and (k,, kz) = 1. Then we define 
as before nj:L3(Zm) > L4(Zx,), and take ZT < H(k;) < C(k;). Further, let H(m) < 
L7(Zm) be defined by 


H(m) = (Hk) Dy! (Hk) nz. 
With this convention, we may now state 


13B1 Theorem Suppose that m = kykz, where each k; > 1 and (ki, ky) = 1. Then 
H(m) = MI for some I < M < C(m), and 


3 3 ~ 3 
Lin tuk) 9 Lika t(ke) = Lima: 


Proof. We first note that indeed H(m) = MI witha suitable Z << M < C(m). To see 
this, let 


u=|° 5 | eam. 


so that a = &; = 6 (mod k;), with &? = +1 (mod k,), and 6 = 0 = y (mod &;), for 
each j = 1,2. Since (ki, k2) = 1, we have B = y = 0 (mod m), a = 6 (mod m); 
hence M € C(m)I. 

Now let I” be the group of the mix Lj, 444,) 0 Cj,244): Define 9: Tn. > I by 
ov = (07, O72). By the previous remarks, is a well-defined epimorphism. To show 
that is injective, suppose that o = MM é ker(#), with 


M= ke Al € LZ (Zn). 


480 13 Regular Polytopes Related to Linear Groups 
Since 0} = (H(k,)Mn,, H(k2)M nz), we may argue as before that 


M= i z| (mod m), 


and finally that M@ ¢ MJ. This isomorphism 7% of C-groups thus induces the desired 
isomorphism of polytopes. 


13B2 Corollary Lees = Opeiim LF eens: where the mix is taken over all exact prime 
power divisors p° of m. 


Proof. Let m = p,’ p‘' --- p® be the prime decomposition of m. The proof is by in- 
0 Pi r p p 'y 
eo pel rl 


duction on r. Take ky = pj’ p}'--- p,-; and ky = p,". It follows from the proof of 
Theorem 13A10 that 


C(m) = C(ki ny! NC(ke)nz'. 


This establishes both the initial case k = | and the inductive step. 


It is worth remarking that Corollary 13B2 does not extend to the original maps 
of [284], with each L> ¢,,,) replaced by L;,.7). For example, with k, = 3, ky = 5 and 
m = 15, we find that 


3 3 ~w 73 ~ 73 3 
L3.7 % Ls.r = Li5.c(15) = L3.¢(3) % L3.0(5) 


is doubly covered by L}5.,. This is because C(15) = {+1 
and 4 = —1 (mod 5). 

We next consider the structure of the groups PL5(Zm) and PSL2(Z,,) in terms of 
the prime factorization of m. It follows from the proof of Theorem 13B1 that pr (Zm) 
is always isomorphic to some subdirect product of the groups PL4(Z pe) with p® || m, 
although not usually to the full direct product. For example, when m = 12, 


4}, whereas 4 = 1 (mod 3) 


(ca E = .c@)1) ¢ (PL3(Zi2)) 0. 


In certain cases, we can say a little more. Recall that pp = 2 in the prime decomposition 


20 4 F1 e; 


of m = py P\' ++ Py’ 


13B3 Corollary PL3(Zm) = T] yey PL3(Zpe) if and only if either 


pe\|m 
(a) ey < 2and p; = —| (mod 4) for at most one j > 1, or 
(b) eo > 2 and p; = 1 (mod 4) for each 1 < j <k. 
Proof. We must show that the natural monomorphism 
9:PL3(Zm) > |] PL3(Zpe) 
pe\|m 


is surjective. However, using (13A3), (13A4) and the fact that SL2(Z,,,) = we ym X 
SL2(Zpe) (see [270, p. 117]), we can easily calculate the orders of all groups involved. 
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A more constructive proof of surjectivity is possible using the Chinese Remainder 
Theorem. 

If we confine our attention to matrices of determinant | only, we can similarly and 
more easily prove 


13B4 Corollary PSL2(Zm) & [] yey, PSL2(Z>«). 


pe\|m 

Here we recall that PSL2(Z,,,) is obtained from SL2(Z,,) by factoring out the full 
centre. It is well known, however, that PSL>(Zim) = SL,(Z,,)/{+1} is not generally 
isomorphic to |] etn PSL»(Z pe): 

We now move on to a different kind of relationship between pairs of our polyhedra. 
The example of the icosahedron {3, 5} and great icosahedron {3, 3} shows that we can 
have distinct isomorphic regular polyhedra which share the same vertices. These are 
particular instances of polyhedra Le (in this case, m = 5). However, the relationship 
between their groups (considered as L5(Zs)/{+/}) is that of outer rather than inner 
automorphism. We shall see that this is a very general phenomenon. 

We begin with the following result, assuming once more that m > 3. 


13B5 Theorem Let Q be a polyhedron isomorphic to LP os with vertex-set Vin: 
and group I'(Q) < Inn. Then the distinguished generators to, ™1, tT of I'(Q) can 
be chosen to be of the form t; = Aq!pjA for j =0,1,2, where po, p1, P2 are the 
distinguished generators of (£34) and 


o=[} 


Proof. Since Vin.4 is the vertex-set of Q, we can pick [1, 0] as our initial vertex. The 
stabilizer of [1, OJ] in I := Ij,.71 is Just (1, 02) (of order 2m), so this must be the group 
of the vertex-figure of Q. Let [a, 6] be one vertex of OQ adjacent to [1, 0]. Applying 
(P01, 02), the adjacent vertices are all those of the form [a + «6, +8], withk € Z,. Let 
k = (B, m). Then we obtain at most 2m/k such adjacent vertices, so that k = | or 2. 
Suppose, if possible, that k = 2 = yB + um (say). Then we can check that the two 


non-indentity matrices 
1 0 -1 0 
sm 1}? ay 1 


both stabilize [1, 0] and [a, 6]. But this is not permitted; hence k = 1. 
It now follows that [0, 6] is also adjacent to [1, 0]; since 2 is the only non-trivial el- 
ement of L5(Zm)/H which stabilizes [1, 0] and [0, 6], we must therefore have t) = po. 
The vertices adjacent to [1, 0] are all the [a, 6] witha € Z,,. Let [a, 6B] be adjacent 
to [0, 8] also, and let t; interchange [0, 6] and [a@, 6]. Since tT; is an involution in 


(01, 02), it is of the form 
1 0O -1 0 
Lo DEE. Se 


for some Xr. € ZF. 
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for some 6 € Z,,. The former case is excluded (since (T,, T2) = (1, P2)), and so we 
must have the latter, with 6 = awB~!. 
Finally, to is an element of Ij,,.74 which interchanges [1, 0] and [0, 6], and so must 


be of the form 
0 £B 
nB-! 0 


with n = +1. Since To stabilizes [a, 8], we also have 


[n, #8] = [a, B] 


for some — € H, so that a = & and n = &? (recall that 6 € Z*,). We can now rewrite 
To in the equivalent form 


Les Sl-Lats 
nB-' 0 (By! 0 J’ 


we can thus replace 8 by 8, and take 7 = 1 above. This also has the effect of setting 
a=l. 
Our three generators are now 


[0 8B Besa =a. 36 
Bee gel: {Guts Sela ing! hie LAs. | 


for some B € Z*,. Since, for j = 0, 1, 2, we have t; = A~'p; A, with 


[3g 


and A = B~! © Z*, we see that we have proved the theorem. 


Let us write EP iQ) for the polyhedron Q of Theorem 13A11. An alternative view 
of the theorem is that Lh ald) is obtained from eer by the mapping v b> vA, with 
v € Vin. By a minor abuse of notation, we can then write Linn = Li, and 
further extend this abuse to 


Li (Arde) = Ly Ai Ar = (Ly Ai) A2 = Li, (Ai) Ar, 


hy 0 
A;=[% 4 


for 7 = 1, 2. It follows that £3 g(a) = L} g(a) if and only if A, A;! € Din; that 
is, AyAy) = +1, or Ay = +Ad. Thus, there are exactly y(m)/2 essentially distinct poly- 
hedra £3, (4), where g is Euler’s totient function. 

Naturally, we now have new relationships for the edges and faces of L}, at(d)> but 
these are easily obtained from the originals. For instance, the condition that x := x'A 
and y := y’A yield an edge is now det(x, y) := 6 € AH. Then, writing 6 := An, with 
n € H, the third vertices which, together with such x and y, form a face, are 


and so on, when 


(nx ty)A = dA x+y. 
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Let us note that, since we identify the vertices x and nx with n € H, it might be 
thought that 2 and A give rise to the same automorphism. However, this is not in fact 
the case, as we can see by considering the determining condition for triangular faces. 
We shall return to this question later. 

Indeed, a particularly interesting case is when A € H itself; we shall consider this 
case separately. The condition for adjacent vertices x and y now reads det(x, y) = uw € 
AH = H, so that the edges of Li A coincide with those of the original Ls 

Since A* = +1, we have 1~! = +A, so that the condition for triangular faces now 
gives the third vertices as wAx + y, bearing in mind that we always indentify by +1. 
These faces are not, of course, faces of Lge however, we can easily identify the 
resulting polyhedron Lal) as a particular transform of L? MW: 

In fact, let use use the notation of Section 7B, and write y, for the Ath facetting 
operation and z for the Petrie operation. We recall that g, corresponds to the operation 
on generators of the group of a polyhedron Q: 


(0, P1, 02) +> (po, (p102)" | Pi, P2)s 


and leads to the polyhedron QO”, whose vertices and edges are those of Q, and whose 
faces are the A-holes of Q. Further, 7 corresponds to the operation 


(0, P1, 02) +> (00/2, Pl, 02), 


and leads to the polyhedron Q”, whose edges are again those of QO and whose faces 
are the Petrie polygons of Q. We recall as well that x commutes with each of the g,. 
If we now calculate the generators A~'p; A of (Lp), we have 


A pA = k ol = es if A? = 1 (mod m), 
A 0 pop2, if dA? =—1 (mod m); 


= 0 
Am pp A= = (01/2) p2; 
rn 1 
Aq! pA = pr. 
Hence the new polyhedron is 


Caras if 42 = 1 (mod m), 


L(A) = 
mn) ae if A2 = —1 (mod m). 


As a further remark, it is now clear why the relations of Theorem 13A10 hold for 
the group of Las since they just correspond to the triangular faces of the various 
L mH): 

Now let us return to the case of general 2. We shall now observe that certain of the 
LF iA) can be obtained by dilatation, which (almost) means starting the analogue of 
Wythoff’s construction with a different vertex, but using the same generating reflexions 
p;. (The situation is actually a little more complicated than this, as we shall shortly 
see.) 
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Specifically, a dilatate of fies 4 18 a polyhedron ris ee -y for some pe € Z;,; its vertex 
corresponding to the vertex v - sider is wv. Since 


M= ee | eRe. 


we can equivalently replace v by pvM = vA, with an appropriate A = +7. It fol- 
at once that £3. Ai) and oom 44(A2) can be identified under dilatation, so that 

L}. 3 a(A2) = =e ol yt) for some jz € Z*,, precisely when A2 = 4y7A1. In particular, 
we recover £},4,(41) if and only if 


we C(m) = {y € Z| y? =+1). 


Now there are y(m) dilatations, so that p(m)/|C(m)| of the g(m)/2 distinct polyhedra 
Lgl) are equivalent under dilatation. We have thus proved 


13B6 Theorem Letm > 3. Then the number of classes modulo dilatation of polyhedra 
L3 al) (with vertex-set Vin. and group Tn.44) is 


j ri,  ifeo <2 and p; =1 (mod 4) forl <j <k, 
3IC| = 


thm , otherwise. 


The notation r7* is as in (13A3). 

Let us give one illustration of this result; we take m = 5. If H = 7, then vas n= 
{3, 5}, and, since dilatation by 2 is a symmetry (actually, the central symmetry), the 
only distinct automorph occurs with A = 2, when we obtain the great icosahedron 
{3, 3}. This, of course, has different edges from those of {3, 5}. However, if H = 
C(5) = {+1, £2}, when the polyhedron is the hemi-icosahedron £3. a = {3, 5}s, the 
automorph (again with 2 = 2) has the same edges, but different triangular faces, and 
is obtained by applying the operation g27. 

Finally, let us return to our earlier remark about the Wythoff space. If 4|m, we 
can see that more points that those oF the form (jz, 0) can be invariant under p; and 
2. aanahe, let n = = jm — 1, so that is = = and suppose that 7 € #1. Then the point 
v:= (1, 4m) is such that vp, =(-1 + im, +m) = nvandup, = (1, —}m) = v; hence 
v also fice’ in the Wythoff space, since ventioes are identified under H. 

Actually, it is not hard to see that, if (A, 2) does lie in the Wythoff space with 
je #0, then 4|m, and, with the previous notation, the point is of the form Av for 
some A € Z, and n € H. Thus what we have just described is essentially the only 
exceptional situation. 

However, in fact we have found nothing new, end investigation of the incidence 
relations which must result from the choice of (1, 5m) as initial vertex shows that we 
have merely obtained L>, y@ = (ic a" from a diferent point of view. 


13C_ Realizations of the Polyhedra 


We shall now describe realizations of certain of the regular polyhedra L? 24: In view of 
Section 13A, in this context the most interesting case is H = Z = {+1}, since all the 
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other polyhedra La are covered by this one; hence all their realizations occur among 
those of £3. ,. 

We shall see that the pure realizations of Lig depend upon the structure of the 
group Z*, /Z. This is a product of cyclic groups, and is in general rather complicated to 
handle. Indeed, even in the rather more special case when m = p*® is a prime power, the 
situation has still not been completely resolved. For that reason, we shall concentrate 
on the case when m = p is a prime; here, things are much more straightforward. 

So, let p > 3 be prime. We write g := 50(p) = S(p — 1). Now, as we know, if 
(a, B) is a vertex of oe (in the original model), then y(a@, 6) = (ya, vB) is also a 
vertex for each y € Z’,. Moreover, we identify the vertices +(@, 8). In other words, 
since Z,/I = C; is a cyclic group, there is a natural action of C, on (the vertices of) 
Ls which permutes cyclically the points on any line of the model. Observe that 


0 
(7.0) =(1,0)| ae 


so that, on each individual line, these permutations are inducible by automorphisms of 
Loa ; 

In any realization of en the vertices corresponding to those on a line must there- 
fore form a regular g-gon, which may be degenerate, or even trivial. This suggests 
immediately how we may construct some realizations. The g vertices on each of the 
p + 1 lines in the model are mapped to congruent (possibly degenerate) g-gons lying in 
p + 1 mutually orthogonal planes in E?+!) with their centres at the origin o. (Even the 
trivial case is covered here, if we interpret the congruent 1-gons as points in orthogonal 
lines at the same distance from o. Similarly, 2-gons are just congruent line segments 
centred at o in orthogonal lines.) It is clear that this will yield a realization. 

It is convenient at first to identify E7”’+) with C?+!. However, we must constantly 
bear in mind that, for example, a complex line in C?*! is ultimately to be thought of 
as a real (2-dimensional) plane. Let w: Z7/Z — C* be a homomorphism; we write w, 
for the image of y € Z*, under w, so that w_, = w,. Thus w, is a qth root of 1. We 
label basis vectors of C?+! by €o0, €0, .- +, @p—1, define the realization of Le by 


(1,0) eo, 


(a, 1) h ey, fora =0,...,p—1, 


and extend to the remaining vertices by letting yx > w,vifx +> v for any x = (1, 0) 
or (a, 1) and y 4 0. 

If @ is trivial, then the vertices of Ly are mapped to those of a regular p-simplex; 
each vertex corresponds to a line of the model. This realization must be pure, since the 
p vertices adjacent to a given one are images of a vertex-figure. 

So, let us suppose that w is non-trivial, although the calculations which follow apply 
to the trivial case as well. The reflexions R; corresponding to the generators p; of 
l(L) 0) are as follows. First, (1, 0)o9 = (0, 1) gives eg) Ro = eo, and since (a, 1)p9 = 
(1,a@) = a(a7!, 1) for a 40, we have ey = @yéy-1 for a = 1,..., p — 1. Further, 
(, 0) is left fixed by o; and p2, while (a, 1); = (1 — a, 1) and(a, 1)p2 = (—a, 1) yield 
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Coo Rj = Coo for j = 1 and 2, and eg Rj = ej» and eg Ry = e_g fora = 0,...,p—1 
(with all suffixes taken modulo p, of course). 

Now this realization is not pure. To see this, we first note that the Wythoff space of 
the realization is spanned by e,, and a €y. Thus, foo, defined by 


p-1 
Soo = J Peo =f > Cas 
a=0 
is also suitable to be an initial vertex of a realization. We check that 


p-l 
to = FooRo aa / peo + oo + > Dy ey, 
y=l1 
noting that w,-1 = @,, and then, applying powers of R2 R1, the vertex corresponding 
to €y fora =1,..., p—lis 


p-1 
Tu = af Pew + C59 + > Dy Carty: 
y=l 


The remaining vertices of the realization are obtained by multiplying by the qth roots 
wg for B # 0. 

Now define g.. and go, ..., Z»—1 similarly, by changing the sign of ,/p. It is easy 
to check that each f, is orthogonal to g,.. Indeed, 


p-1 
( foos Zoo) = —(/py a s 1=0, 
a=0 


while fora = 0,..., p — 1, we have 


(fas Boo) = /P— JP +>) oy =0. 
y#0 
Thus every vertex of the first realization is orthogonal to g,,, and applying the operations 
of the groups shows immediately that each f, is orthogonal to each gg. In other words, 
the realization has two components, each of the same dimension. (Strictly speaking, 
we can only claim as yet that there are at least two components, but we shall soon see 
that these are actually pure.) 

Let us also observe that, except when the g-gon degenerates to a segment, when 
the Wythoff space is a line, these two realizations are associated with the same group, 
although they are non-congruent (as they must be). The Wythoff space of each realiza- 
tion is 2-dimensional (any complex multiple of fo can serve as initial vertex). When 
the g-gon is a segment, then the components must be associated with different repre- 
sentations of the group; if the groups were the same, then the components would have 
to be similar, and their blend could then not have double their dimension. 

Summarizing the previous discussion, we see that we have proved most of 


13C1 Theorem Let p > 3 be prime. Then the pure realizations of Lr consist of a 
regular p-simplex, and 
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(a) t(p — 3) withd = p+ 1 andw =2 if p =3 (mod 4); 
(b) 1(p — 5) with d = p+1 and w =2 and 2 with d = }(p +1) and w =1 if 
p =1 (mod 4). 
Proof. To complete the proof, we first count diagonal classes of Leg: both symmetric 


and asymmetric. For each 6 # 0, there is a single diagonal class from (1, 0) to the set 
of vertices (a, 6); this class is symmetric, since (for example) 


_ | 0 8B 
Beal pe | 


is an involution in I” (£35) which interchanges (1, 0) and (0, 8). Bearing in mind 


identification of the vertices +x, we see that there are 50( P= 5( p — 1) such classes. 

On the other hand, for y 4 0, the diagonal from (1, 0) to (y, 0) is equivalent only to 
that from (y~!, 0) to (1, 0); thus we have an asymmetric class unless y~! = +y, which 
can only happen if p = 1 (mod 4). Here, there are L+9(p)] — li(p — 1)] classes, all 
asymmetric except for 1 when p = | (mod 4). 


The count for r and w (in the notation of Section 5B) is thus 
r=7(P-1)4+|i@-)]=li@- DI, 
w= 3(p—-l+($~—-1)-1) = p-2. 
On the other hand, the corresponding count from our realizations is 


1+ 3(p — 3)-3, if p = 3 (mod 4), 
r=) fww+l= css ) oe 

1+1(p—5)-3+2-1, ifp=1 (mod 4), 
=[3-)], 


1 ee 
Gey We Ut ap —3)<4, if p = 3 (mod 4), 
1+ 4(p—5)-44+2-1, ifp =1 (mod 4), 
— P a 2 7 
giving the same answers. 
Notice, by the way, that our assertion that the groups of the two components corre- 
sponding to a homomorphism w whose image is not contained in Z must be the same 
follows from this count. The contrary would give larger numbers for r and w than those 


obtained from enumerating diagonal classes. 
The corresponding count for v — 1 is 


v-l=) dw=p-l 


i(p — 3): (p+ 1)-2, if p = 3 (mod 4), 
1(p —5)-(p+1)-242-4(p+1)-1, if p = 1 (mod 4), 
= 3(p’ - 3), 


as required. 
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We now make some remarks about the more general case. It must be emphasized 
that we have so far failed to resolve this case completely, even for a power m = p*, 
with p a prime and an exponent e > 2. 

A first step in the decomposition of the realization cone depends on the group 
Om := Z;,/T. Just as in the prime case, Q,, acts on each line of vertices in the model 
as a group of permutations; for A € Z,, with (A, m) = 1, the action on the points (a, 0) 


is by 
r~ 0 
XhxX 0 acl |: 


Write O*% := hom(Q,,, C*) for the group of homomorphisms from Q,, to the non-zero 
complex numbers. With each w € Q*, we can associate a realization of Looe We take 
a complex line for each of the 


be (-2)/i=I (1-3) aT (102) 


p\|m p|m p|m 


lines in the model, all through o in C’ and mutually orthogonal. The vertex (a, 0) on 
the initial line is mapped to w(@)e.. in the corresponding line of the realization; the 
other lines in the model are then mapped to their corresponding lines in the realization. 

We observe that w and ® give congruent realizations, and so are to be identified. 
Moreover, if im(@) € Z, then the complex lines reduce to real ones (or points, in fact, 
if w is trivial). Counting total real dimensions of these realizations gives 


|OnIt-1=|On|t-l=v—-1, 


the dimension of the realization cone. Thus to find the complete decomposition, we 
look to decompose further the realizations corresponding to the different a. 

However, the straightforward analysis in the prime case does not carry over. The 
Wythoff spaces now have (in general, complex) dimension greater than 2, since Le 
has diagonals from (1, 0) to other vertices than those in the vertex-figure. We merely 
remark on the problems which thus arise. 

In one of the previous realizations, we identified the points lying on each line of 
the model; this gave a regular (t — 1)-simplex. For convenience, we shall refer to this 
as the small simplex realization. However, unlike what occurs in the prime case, the 
small simplex is no longer pure. Indeed, there are now more lines in the model than 
those through the initial vertex (1, 0) and those of the vertex-figure, and so at least two 
different diagonal classes survive in the small simplex. Of course, we should expect 
this, because the further identifications induced by a  a@ (mod k), with k a proper 
divisor of m, must provide non-trivial components. 

We end with a few comments on the prime power case. 


13C2 Lemma /fm = p° > 4 is a prime power, then Z*,/T is a cyclic group. 


Proof. Whether or not m is a prime power, Z*,/Z has order 5o(m) for m > 3. When 
m = p*, this order is 0(p’) = i(p —1)p*. 
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We first take p = 2. We show that Z3./Z = (3) for each e > 3. (In fact, it is trivially 
true if e = 2 also.) Here we have $9(2°) = 2°-?, We make the inductive assumption 
that 327° = 2¢141 (mod 2°), which is certainly true fore = 3. Fore > 4, ifthe result 
holds with e — | in place of e, then we have, for some odd number k, 


37" = BYP = (2° 7K + IP = 27-4? 4 2° TK + 1 = 2°1 +: 1 (mod 2°), 


which is the inductive step, and this establishes the claim. Now it is obvious that there 
is no solution to w? = —1 (mod 2°) fore > 2. Hence, factoring out by (—1) yields the 
cyclic group Z5./Z = (3). 

Now suppose that p is an odd prime. We know that Z’, is cyclic; the argument is 
familiar — we use the fact that Z, is a field, and just count the numbers of elements of 
Z;, of each possible order. (We used this fact without comment earlier.) This deals with 
the case e = 1. When e > 2, let a be a generator of Z7. If a?-! = 1 (mod p”), then 
replace a by a + p; in any event, we may assume that a?~! = kp + 1 (mod p’), for 
some k not divisible by p. It is now an easy induction (similar to that before) to show 
that p’—)?*"' = kp* (mod p°*!) for each e. It is again an immediate consequence 
that a generates Z*. for each e > 1. Factoring out by Z then shows that Z°,. is also 
cyclic. 


It might be thought that counting diagonals would point to what the realization space 
looks like. However, even in the prime power case, the count of diagonals is tedious 
and complicated, particularly if we wish to distinguish between the symmetric and the 
asymmetric. For the latter, however, the following result is useful. 


13C3 Lemma Let | <r <e, and let p" || B. Then the diagonal class containing 
{(1, 0), (@, B)} is symmetric if and only if a? = +1 (mod p’). 


Proof. The condition r > 1 ensures that (a, p) = 1, so that a~! (mod m) exists. Sup- 
pose that the matrix 


with determinant det VW = | (without loss of generality), is such that (a, 8)M = (1, 0). 
Then (with all calculations modulo m) 


ka+ up =1 
Aa + vB = 0, 
from which we deduce that « = a~!(1 — wB) and 4 = —va~'£, and hence 
l=xv-—Au=a!y, 
or v = a; thus A = —f. Hence 


(1, 0)M = (x, A) = (a7! — wa! B, —B) ~ (—a7! + pa 'B, B). 


Since the images of (a, 8) under (1, 02) are all the (ta + v8, B), it follows that the 
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condition for symmetry of the diagonal class is 


—a! + pa7!B = +a + y£, 


for some y € Z», or (since p” || B), 


a? =+1 (mod PD’), 


as claimed. 


Notice, by the way, that the diagonal classes with (6, p) = 1 are automatically 
symmetric, since they contain all the diagonals {(1, 0), (a, B)} witha € Zn. 


13D The 4-Polytopes 


In two papers [322, 323], Monson and Weiss have described families of regular (and 
chiral) 4-polytopes, with triangular 2-faces and vertex-figures among the polyhedra 
La we have been looking at in the previous sections. We now reproduce those of 
their results which pertain to regular polytopes; for the most part we shall follow [323], 
although in some places we have used alternative simpler arguments. However, we 
have changed some definitions, so that the elements which generate the groups of the 
vertex-figures coincide with those of Section 13A. 

We shall work within the ring D := Z[i] of Gaussian integers and certain of its quo- 
tients. Note that D is an euclidean domain. If m € D, then (as usual) mD := {mz | z € 
)} is the principal ideal generated by m; we denote by D,, := D/mD the corresponding 
residue class ring. We may usually safely identify m with its associates +m and +im; 
we write m ~ m' for associated elements of D. 

For later reference, we observe here that we shall adopt the same conventions as in 
Section 13A, namely, that Z := {+1} < D*, (the multiplicative subgroup of units of 
im), that C(m) := {A € Dy | A? = +1}, and H < y*, is such that Z < ‘H < C(m). For 
the time being, we shall only work with the case H = 7. 

Recall that there are three kinds of prime number p in 


° Pp 
° ?P 
P 


a+ ib, where q = pp =a? +b’ = 1 (mod 4) isa prime in Z. 
1+i; here, p ~ p. 
3 (mod 4), an ordinary prime in Z. 


In [322], the case where m = p, an ordinary prime number, is considered. In [323], 
using a different construction, the case of general m is described. However, unless m is 
of the form k or k + ki, with k an ordinary (positive) integer, the resulting polytopes are 
chiral rather than regular; observe that these are precisely the cases in which m ~ m. 
We shall therefore not treat the remaining cases. 

Our method is much the same as that in Section 13A, except that now we use 
complex 2 x 2 matrices. Complex conjugation plays a role; if M is a2 x 2 matrix, we 
define 


13D1 z*M :=2M, 
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where Z := (&, 7) is the conjugate vector of z = (€, 7). (It is not absolutely necessary 

to work with complex vectors and matrices; all our mappings induce linear mappings 

on E*, which preserve a certain indefinite quadratic form of signature (—1, 1, 1, 1).) 
As far as taking products of such mappings is concerned, all we need note is that 


(PY =E, MPN) ="*MN. 


(This latter equation is misdescribed in [323, (5)].) 
With the convention of (13D1), we define the following four mappings: 


_#}7 0 _#/9 1 pate | he 2 _#|l 0 
Ry i= k ah Ris E A Ris fies |, eee 


13D2 


Itis not too hard to check that ( Ro, ..., R3) isa group which contains —/, where J := I, 
is the identity matrix; indeed, (R, R2)> = —J. Since —/ is clearly central, we may take 
the quotient by Z/ = {J}; we then define p; := ZR; for j = 0,..., 3. While it is not 
immediately obvious, in fact I := (po,..., 03) = [3, 3, cw]. 


If we adjoin 
—_#[ i 0 
Rc= i ; | 


and define p_, := R_{+1}, then P := (p_1,..., 3) contains I” as a subgroup of 
infinite index. This group is denoted PSL4(D) in [323, p. 189]; its subgroup of index 2 
generated by the oj := p;_1¢; for j = 0,...,3 is the Picard group PSL2(D). We may 
note that PSL4(ID) = [o0, 3, 3, co] is isomorphic to a Coxeter group; we shall not use 
that fact directly, but we shall consider some quotients of the group. 

Just as in Section 13A, we shall usually represent p; by R,, tacitly identifying by 
+/] where necessary. 

Letm € Dbe ofthe form m = k orm = k(1 + 1), with k a positive integer; we write 
m := k or 2k respectively — in other words, m = mm/k. We now pass from D to its 
quotient domain D,,, := D/mD. This induces a quotient mapping I” ae Tt Dnt, 8ay; 
notice that the condition m | m is needed to ensure that conjugation * is compatible 
with taking the quotient. We emphasize here that we always factor out by +/. At the 
risk of some confusion, we find it convenient to use the same symbols o; := ZS; and 
po; =ZR, for the corresponding elements of [j,.z; moreover, our calculations will 
invariably be with the original matrices, rather than with their equivalence classes. We 


trivially find that 
1 0 
R,R3 = | ara ; 


so that 
13D3 Lemma The period of p293 in nz is m. 


Thus the quotient I,,.7 is a group of type [3, 3, m]. Next, we have 
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13D4 Lemma The group [yn is a C-group. 


Proof. Since Ijy:z is obviously a sggi, we must verify that it has the intersection property. 
However, this is a purely mechanical task, since we must have (9, ?), 2) = [3,3] 
(it cannot be a proper quotient), and then showing that (1, 02, 03) 1 (0, P1, P2) = 
(P1, 02) 1S easy. 


Subsequently, we shall wish to relate the groups Ij,,.z for different m € D. We 
observe that, whenever k | m, there is a natural surjective homomorphism 


13D5 Qm,ki Tint > Der. 


Letus return for the moment to the subgroup (R_|, ..., R3) of the general semilinear 
group I’GL2(D). As before, we write S; = R;_,R; for j = 0,...,3, so that 


1 0 0 =i =! =] 1 0 
ee eee eae 


Since S)S;'S>' = SJ for j = 0 and 3, we see that SL2(Z) = (Sp, S3) and SL(D) = 
(So, S2, 53). Compare here [270, Lemma 3.1], where it is shown that SL2(R) is gener- 
ated by transvections for any euclidean domain R; recall that a transvection is a matrix 
of the form 


with ¢ € R. Notice that, in our context, if € = € +in with é, n € Z, then 


1 0 foo 
ie 1 |= 55°56 


with an analogous expression for the transpose in terms of S] and S}. 
Because D is invariant under conjugation, SL2(D) has a natural extension within 
I'GL,(D). In [453, §10], Wilker introduced the extended special linear group 


13D7 SL4(D) := SL,(D) U {*N | N € GL,(D) and det N = —1}. 


To explain what this new group is, recall that SL,(D) consists of the orientation- 
preserving Mobius transformations. On the other hand, * (that is, z +> 2) is a (complex) 
reflexion, so that a general orientation-reversing Mébius transformation is of the form 
*N, with N as in (13D7). We may thus identify SL3(D), or, rather, its quotient PSL5(D) 
by +/, with the Mobius group. The previous remark about SL2(D) shows that SLi( )) = 
(R_1,..., R3). 

We find the order of I,,.z by determining the index r,, := [PSL4( Im)? Int] = 
[SL2(D,,) : Am], where A, := ($1, Sy, 83) < SLi(D,,). We shall see that 7, is multi- 
plicative (that is, that rp), = rm when (k, m) = 1); the main difficulties in the calcu- 
lation of r,, arise from the primes | +7 and 3. 
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13D8 Lemma Letm ¢€ D. Then 


(a) the matrix S3 has period m in Am; 
(b) if Zy = Z/kZ with k € Z, then SL2(Zy) < Am; 
(c) ifm 4 0, then 


| SLo(Dn)| = (miny | [ — (py), 


p\|m 


— 


where the product extends over all (non-associated) prime divisors p of m in 
moreover, 


| SLx(Zi)| =m T]-4~), 


q\m 
where the product extends over all prime divisors q of m in Z. 
Proof. We have already in effect observed (a), and (b) follows from the fact that 


SL,(Z) = (S2, 83). For the proof of (c), we can refer to [206, p. 9]; alternatively, 
use Lemmas 13D9 and 13D17, and induction on e when m = p*. 


It should be noted that a complex prime divisor p = a + ib of areal prime pp = 1 
(mod 4) will, in effect, occur twice in the expression of part (c), since its conjugate 
p =a -— ib will also make a contribution. 

Our first step in determining r,, is 


13D9 Lemma Let k,m € D with (k, m) = 1. Then there is an injective homomor- 
phism 


W:SL2(Dim) > SL2(Dx) x SL2(Dm), 


and Vm = rK¥m[ An X Am: Arm]. 


Proof. We appeal to the Chinese remainder theorem, from which it follows that the 
homomorphism yy given by 


Ay := (Agum.k: AGkm.m) 


is an injection. We now count indices in the chain of subgroups 


SL2(Dx) x SLi(Dn) = Ax x SL2(Dm) 2 Ap Xx Am > Am, 


and the claim of the lemma results. 


We now see how to apply Lemma 13D9. 


13D10 Lemma /fm € D, then S34 € An. More particularly, 


(a) if 1+ifm, then So € An; 
(b) if 3 |m, then S8 € An; 
(c) if (m, 6) = 1, then So € Am. 
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Proof. For any a € Z such that (a, m) = 1, since (a, m) = 1 also, there isa 6B € Zsuch 
that #6 = —1 (mod m). Then 


_ |0 @ _|0 B 
13D11 =| a aoe 0 | 


are elements of SL2(Z;,) < Aj. By direct calculation, we find that 


13D12 i : il = S;US\V € An. 


-@’-1li 1 
We now apply this in the various particular cases. 

For (a), we can take a = 2, giving S} € A,. For (b), we can take a = 3, giving S$ € 
Am. For (c), if (m, 6) = 1, then cases (a) and (b) both apply, so that Sp = (S3)°(S8)7! € 
Am. In any event, we have Sy € Am, since 24 is the least common multiple of 3 
and 8. 


The previous lemma settles many cases immediately. 
13D13 Proposition Let k,m € D. 


(a) If (m, 6k) = 1, then rpm = rkrm- 
(b) If(m, 6) = 1, thenr, = 1 and An = SL2(D»). 
(co) fk =\+iandm= 34, then rkm =Vikr'm =Vm- 


Proof. Using Lemma 13D9, for part (a) we need only show that 
{I} x An < AkmWkm- 


But Lemma 13D10(b) shows that Sp € Ay. Since (m, k) = 1, and hence (m, k) = l,we 
can solve the equation xk =1 (mod m). It follows that (J, So) = ad Wim € Atm Wem: 
Moreover, we clearly have (J, 53) = Sz k Wim € Atm Wem. Using the earlier remark that 
So sy" Sy _ Sj for 7 = 0, 3, we see that we now have enough transvections to generate 
{I} x Am. 

Part (b) is just the special case of part (a) with k = 1. For part (c), all we have to 
note is that, in A,,;, 


1 0 
DE esis | a 


so that Sy = S;' can be disregarded. 


We have now established that 7, depends only on the exponents e and /f in the 
expression of m as m = (1 + i)°3/k, with (k, 6) = 1. We shall therefore employ the 
temporary notation r(e, f) := rm. (It is worth recalling at this stage that k here is now 
an ordinary integer, in view of our initial restriction on m. However, our arguments 
often apply to more general cases.) To focus the discussion, we list the values of r(e, 0) 
andr(0, f) which we shall subsequent determine; as we said earlier, we shall also show 
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that r(e, f) =r(e, 0)r(0, f). 


1, ife=0,1, 
13D14 r(e,0) = - . os i : 
32, ife>6. 


l, if f=0, 
13D15 rO N=}. ae 


For k | m, we define 


Kink = ker Qk qd SLo( Yn). 


13D16 Lemma /fk,m € D are such that k | m, thenrm =1rx[ Km: Am O Km]. 


Proof. This result follows from restricting Qn; to A», noticing that Am@m~ = Ax, 
and using 


IG] = |G@m 4) -|GO Km.xl, 


for the groups G < SL2(D,,) which occur. 


13D17 Lemma Letk, m € D be such that k | m | k?. Then 


Kn = ic {(, 1), g) | é, n,¢ € mk} 


is an abelian group (and, indeed, a Dx-module). Moreover, the automorphisms A > 


SAS; acting on K,~ induce linear mappings on ie with corresponding matrices 


a ey) ae By oO 2 i Oe 2 
Spa) sr oe cb ly Sea] OO S10 |b eS SE ST 
0 0 2) Eh 41 0 0 1 


Proof. To prove this, we observe that an element of ker gjs+1,, 45m must be of the form 


ee 1+ék nk 
- tk 1+ oak |’ 


with €, 7, ¢,@ € Dmx. (If, say, €’ = € (mod m/k), then € can clearly be replaced by 
&’.) Since det A = 1 in D,,, we must have w = —& (mod m/k). Moreover, if we define 


1 k k 
ce eae ee 


then we see directly that A(&, n, €)A(E’, 1’, 6’) = A(E + &’, n+. 7',6+6') modulom. 
The verification of the second half of the lemma is purely mechanical. 


We now apply these notions to the remaining primes | + 7 and 3. The latter is easier, 
and so we begin there. 


13D18 Lemma Letk, m € D. Ifm/k ~ 3, and3 | k, then Kn. < Am. 
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Proof. The conditions of Lemma 13D17 hold, and (reducing modulo 3) the automor- 
phisms of D3 become 


-1 i 0 Sf 0 1 bY 20:21 
SS) Se. DT Bee el le SS eb 
0 0 = ee 0 0 1 


Now we always have Se € Km.x, since k | k, so that A(0,0,f) € Am, with ¢ = 1 or 
1 —i (as 1 +7 divides k to an even or odd power). But from (0, 0, ¢) we obtain (by 
applying 5; twice) (0, ¢, 0) and then (—i¢, ¢, ¢); the latter then yields 


(—if, 0, 0) = (-i¢, g, c) ~ (0, g, 0) => (0, 0, ¢). 
Applying S$) to this yields (i¢, 0, 1¢); thus 
(0, 0,7¢) = (if, 0, i) + (—i€, 0, 0). 


Repeating the argument, we conclude that A,, contains all matrices A(z) with z € ¢D3, 
and since D3 = GF (3°) is a field, we thus have all of K,,,;, as required. 


For the prime 1 +7, the situation is more complicated, and depends on whether 
(1 +7)° || & with e even or odd. 


13D19 Lemma Letk, m € D. Ifm/k ~ 1+ i, and(1+i)° || k withe =2,e=4o0r 
e > 6, then King < Am. 


Proof. We now have D)+; = GF(2); in particular, i = 1 (mod 1 +7). Reducing mod- 
ulo | +i, the automorphisms ; ,; take the form 


1 0 0 1 0 100 
S=/]1 1 1], &=/]0 01], §=]/1 1 1 
0 1 0 ‘or | 001 


We see (even more easily than in Lemma 13D18) that from (0, 0, 1) we obtain vectors 
which span D} 4; When e = 2t is even, then (modulo powers of 7) we have A(0, 0, 1) = 
S; Kl & A,,. When e = 2t + 1 is odd, then (again modulo powers of i) 


A(0, 0, 1) = Sy" S>* € Am, 


where k’ = |k/(1 +7), since 8 | k’ if 3 /k’ or 24 | k’ otherwise. Thus Ky, 4 << Am in 
these cases, as required. 


Consequently, we have established 
13D20 Corollary The following reduction formulae hold. 


(a) If f > 0 and either e = 2t + 1 for some t > 0 or e = 2t for some t > 3, then 
re, fy=r(e—1, f). 
(b) If f > 2 and either e = 2t for some t > 0 or e = 2t + 1 for some t > 3, then 


r(e, f)=re, f — 1). 
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We now find bounds for the remaining ratios r(e, f)/r(e — 1, f) and r(e, f)/ 
r(e, f — 1). Bear in mind that we have reduced the problem to the cases e < 6 even 
and f < 1. It is at this point that our treatment departs from that of [323]. We first look 
at the prime 3. 


13D21 Lemma r(0, 1) = 6. 


Proof. We do this directly. The whole group SL2(D3) is a quotient of the rotation 
group [3, 3, 3, 3] = As of the 6-simplex, while the subgroup of A; of index r(0, 1) 
is similarly a quotient of the rotation group [3, 3, 3]* = As of the 5-simplex. But 
both these groups are simple, and so have no proper quotients. We conclude that 
r(0, 1) = [SL2(D3) : A3] = [Ao : As] = 6, as claimed. 


We next look at the prime | + i; observe that we are only concerned with the ratio 
r(e, f)/r(e— 1, f) incase e is even, so that the conditions k | m | k? of Lemma 13D17 
hold. 


13D22 Lemma 


28 if e = 2, 
r(e,0)= 48 ife=4 
32, ife=6. 


Proof. Our treatment is different in the two cases. First, lete = 2. Then the whole group 
SL2(D>) is a quotient of [2, 3, 3, 2]* = [2, 3, 3], while the subgroup A) is quotient of 
[3, 3,2]? = [3, 3]. Hence r(1, 0) = 2. 
Now let e = 4 or 6. Then the family of all matrices of the form 
142° 2'n 
ere 


with ¢ = se — 1 and é, n, ¢ € D, forms an abelian subgroup J, of A,, (with m = 
2'+!), and the automorphisms S$, Sz and $3 act on this subgroup, and not just on the 
usual kernel. Since Ss} € Jn, it follows by direct calculation that J,, contains the sub- 
group corresponding to the subspace (e), ie), e2, e3); in particular, J,, contains the ele- 
ment corresponding to (1 + ie, which lies in the kernel. Now (SoS3)? = Se 5 , which 
corresponds to (1 + i)e3, also lies in the kernel, and similarly for its transpose, which 
corresponds to (1 + i)e2. It then easily follows that the (abelian) subgroup (S?’, (SJ) ) 
comprises the coset representatives for Ky,¢ in King © Am (with the appropriate values 
of k and m). We conclude that r(4, 0) = 4-2 = 8, andr(6, 0) = 4-8 = 32. 


We shall finish off the problem by returning to the approach of [323], and considering 
the Petrie element T := S,S3 (= RoR) R2R3). However, we are enabled to avoid the 
detailed calculations which were employed there. Recall that (S$), 53) = SL2(Z,,), so 
that to find |A,,|, it suffices to find [A,, : SL2(Z,,)]. Since T satisfies its characteristic 
equation, so that 7? — (1 +i1)T + J = O, the zero matrix, it follows that T’=a,T — 
a,— I, where a, is given recursively by 


ay = 0, a, = 1, a = (1 +i)a,_-| — a2 forr > 2. 
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Thus the first few terms of the sequence (a, | r > 0) are 


0,1, 1+i7, -—1+2i, —4, —3 — 6i, 7—9i, 19+ 47, 8 + 327. 


More generally, we have the following useful recursions, which are easily established 
by induction. 


13D23 Lemma Fors > 1, 
las = OF — OF 1, 
AQ, = Os(Qs41 = Qs—1). 
We then have 


13D24 Lemma The period of T in Ay, is 


(a) 5ifm =3, 
(b) 2+! ifm = 2! witht > 1, 
(c) 5-21 ifm = 3.2! witht > 1. 


Proof. That T has period 5 in Ag is given by the fact that a; = 0 (mod 3), which 
proves (a). Alternatively, we can argue that A; = [3, 3, 3]*, and we know the period 
of T in this group already. 

For (b), we use Lemma 13D23 and induction to show that, if m = 2’, then a,_; = 
+1+(1 +1)%7! and a» =0 (mod m). Hence 7” = (F1+(1 +i)*7!)/ in Ap, so 
that 7?” = J, and T has period 2m = 2't!, as asserted. 

Now (c) follows at once, since (3, 2‘) = 1. 


The final step is given by 


13D25 Lemma Form = 2'3/, withO <t<3and0< Ff <1, the right coset repre- 
sentatives of SL3(Z,,) in Am are the distinct powers of T. 


Proof. Since (3, 8) = 1 and, by good fortune, (5, 16) = 1 (the latter coming from the 
order of T in A,, with m = 3 or 8), it is enough to verify the lemma for m = 3 and 
m = 8. In each case, it is easy to verify that, if T” ~ J, then 7” is not a real matrix 
modulo m, and so does not lie in SL2(Z,,). Hence the distinct powers of T give different 
cosets. 

However, we can now appeal to the known orders of SL2(D,,) and SL2(Z,,) (with 
m = 3 or 8) from Lemma 13D8, and to the known indices of A,, in SL2(D,,). It follows 
that the cosets of SL2(Z,,) represented by the powers of T exhaust the group A,,. 

Finally, we must have r(e, f) > r(e, 0)r(0, f) for each e and f, since indices of 
subgroups never increase on taking quotients, andalsor(e, f) < r(e, 0)r(0, f) because 
the powers of 7 give distinct coset representatives. This concludes the argument. 


Let us now consider the polytopes corresponding to these groups, when they exist. 
It is now convenient to return to the full groups I7,,.7, rather than working with the 
rotation subgroups A,,. 
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13D26 Theorem Let m =k or m=k(1 +i), with k > 1 an integer. Except when 
m = 1 or 1 +i, there exists a regular 4-polytope Le, = PU nz). 


Proof. First, we have already in effect dealt with the case m = 2, which gives the 
(degenerate) polytope P2 = {3, 3, 2}. Thus there are no corresponding polytopes for 
m = | or 1 +i, since P has no polytopal quotients. 

Next, let m = p be an odd (real) prime. Again, we have dealt with the case p = 3, 
where we have P3 = {3, 3,3}. For p > 5, we can look at the rotation subgroups, and 
show that (01, 02) (02, 03) = (02). But this is a routine calculation, since we can 
specifically list the real matrices in the group (S$, S2). 

Finally, for the remaining cases, we can appeal to the quotient criterion, because the 
natural quotient maps (arising from divisors of m) enable us to reduce the problem to 
the prime case, since these are one-to-one on the group (9, (1, 2) of the facet. 


At this point, it is appropriate to pose an important question. We know that the 
polytope L’,.; is of type {{3, 3}, £},.7}, with L;,.7 the polyhedron initially described in 
Section 13A. When m is real, then m = m, and so it is natural to ask 


13D27 Question [fm > 3 is an integer, is the 4-polytope Lit universal of its type? 


For small integers m, this property can be checked directly; it has also been verified 
for prime m up to 37 (private communication from Barry Monson and Asia Weiss). 

We shall consider relationships among these polytopes which arise from quotients 
(by subgroups of the centre) and mixing in the next section. 

We saw earlier that SL(D3) = [3, 3, 3, 3]*, from which we deduce that SL5( 3) = 
[3, 3, 3, 3] is the group of a regular 5-polytope. It is natural to ask whether any of the 
other groups SL4(D,,) are also the groups of polytopes; in other words, which of them 
also possess the intersection property? 

Let us eliminate many of the possibilities from the outset. In most cases, we can 
violate the intersection property in quite a trivial way. For example, we know that 
S54 € Am whatever m might be. Since So has period m, the only chance we have of 
polytopality is that / | 24. Indeed, unless 1 +i | m, weactually have S3 € A,,, yielding 
m = 3, so that m = 3. 

We may thus suppose that 1 + 7 | m; hence (by the remark we have just made) m is 
of the form (1 + 1)°3/, with 0 < e < 6 and f = 0 or 1. We first consider the powers 
of 1 +7. Now m = 1 +7 is not big enough (because not even the facet and vertex- 
figure are polytopal), but m = 2 does give the degenerate polytope {2, 3,3, 2}. We 
cannot allow m = (1+ iy ~2+2i, because Po42; = {3, 3, 4}/2 = {3, 3, 4}4, and, 
as we saw in Chapter 6, the only quotients of {4, 3, 3, 4} are toroids. 

The following more general argument disposes of all the cases e > 3. First, we have 


| SLo(Da+ie)| = 3 - 2°. 
Hence we have 


| ase] = 3 2-7/r(e, 0), 
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and so the number of vertices of the dual (P(1+;):)*, namely, the number of facets of 
Pasi, 18 


|Agsie|/12 = 27°*/ree, 0). 


However, the number of vertices of the supposed regular 5-polytope is just the index 
r(e, 0), and thus to avoid the facet (or vertex-figure) degenerating, we must perforce 
have 27° TF (e, 0) < r(e, 0), or 


2-4 < re, 0). 


This condition is violated for e > 3, and so the corresponding 5-polytope cannot exist. 
The criterion does allow the case m = 2, which we have already admitted. 

In the case m = 3(1 +7)’, similar calculations for e > 1| lead to the possibility of 
existence only when 


S22 Pe, I 


which excludes all but e = 1 and 2. 
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We end the chapter by considering briefly various connexions among the regular 4- 
polytopes P,, which we constructed in Section 13D. These are exactly analogous to 
those among the polyhedra constructed from linear groups, which we discussed in 
Section 13B. 

There are two main kinds of relationship between pairs of the 4-polytopes — those 
arising from quotients, and those coming from mixing. We look at the former first. 

In fact, we have already implicitly discussed the main quotient relationships. At this 
point, we must modify our earlier notation. In analogy to the 3-polytopes ee > We 
write £4 3 = PU m:n) for the polytope (if it exists) whose group Ijn,7 is the quotient 
of Th, by a subgroup H := HI of its centre C(m)/ which contains {+/}. The basic 
case H = T (with J = {+1}) is, of course, what we have discussed hitherto. 

We begin with a trivial remark. 


13E1 Lemma [fT <H< J < C(m), then Loe is a quotient Of EF 4p 


As before, if k | m, then we denote by ¢,,,, the natural quotient map from I},,.7 to 
I:1 which is induced by the corresponding natural quotient map 7,,,;:D, — D,. Our 
main quotient result follows immediately from the definition and Lemma 13E1. 


13E2 Theorem Let k | m, let I < J < C(h), and let IT <H <C(m) be such that 
Hnmz < J. Then Lig is a quotient Of Lae 


One might expect that the up properties of the 4-polytopes £4, 4 Should be 
similar to those of the polyhedra om 3: For the polyhedra, we saw that the ones which 
mix most naturally are those for auch H = C(m) corresponds to the whole centre. For 
the 4-polytopes we have the exact analogue. 
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13E3 Theorem /fn := (k,m), ZI <K <C(k) andZT <M < C(m), then 
Lex % rosy a Lis 
where H := Kn, i a May hn 
Proof. It suffices to consider the rotation subgroups Dye and so on. There is a natural 


homomorphism 15, +> Dic x Df; to complete the proof, we need only observe 
that this mapping is injective. 


Once again, therefore, if the subgroup H is as large as possible (that is, H = C(n)), 
then oe is the natural mix of corresponding prime power constituents. For instance, 
we have 


4 4 4 
Lyi: = L3.r % Liz, 


where C = {+1, +8}. In contrast, Bie cannot be decomposed in such a simple way. 
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Miscellaneous Classes of Regular Polytopes 


In the final chapter of the book, we shall discuss several classes of regular poly- 
topes which do not fit naturally into any of the earlier general categories. We begin 
in Section 14A with locally projective polytopes. The philosophy here is a little differ- 
ent from that of Chapter 12, in that, in the most important class, the sections which are 
projective regular polytopes have rank 4. In Section 14B, we then consider classes in 
which the minimal non-spherical sections will be toroidal, projective, or of some other 
topological type, but at least two different of these types. 


14A Locally Projective Regular Polytopes 


A few locally projective regular polytopes have been described hitherto; here, the 
minimal non-spherical sections are projective spaces. For example, Griinbaum [199, 
p. 197] and Coxeter [122] independently found {{3, 5}5, {5, 3}s5} which has 11 vertices 
and 11 hem1-icosahedral facets, while Coxeter [121] found {{5, 3}5, {3, 5}5}, which has 
57 vertices and 57 hemi-dodecahedral facets. However, we can recall mention of no 
others which are not themselves just projectives spaces. (A nice speculation would be 
that these two last polytopes could be concatenated, to yield 


{{3, 5}5, {5, 3}s, {3, 5}s}, 


with a fairly obvious meaning, but unfortunately a computer check using the Todd— 
Coxeter coset enumeration method has shown that this “polytope” degenerates.) It is 
interesting to note here that the Petersen graph, which is the edge-graph of the hemi- 
dodecahedron {5, 3}5, occurs in the two examples as the graph of the vertex-figure or 
facet. We shall further comment on this at the end of the section. 

As an outcome of the original investigation of locally toroidal regular polytopes, we 
found new classes of locally projective regular n-polytopes, for eachn > 5. As we said 
previously, the minimal non-spherical sections all have rank 4, and the family begins 
with the three projective polytopes {3, 4, 3}, {4, 3, 3}4 and {3, 3, 4}, of rank 4. It turns 
out that all are finite and universal of their types. 
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We begin by describing the basic polytope £5 ofeachrankn > 4. The automorphism 
groups ofall the other polytopes £/ of the same rank are subgroups of the automorphism 
group I’ := I'(Lo) of £5. We shall obtain £5 in two ways — by means of a modified 
twisting contruction, and directly through a geometric realization (see Chapter 5 and 
[282]). 

It turns out to be notationally more convenient to describe the group of the dual 
L"_, of £5. Actually, we shall start by defining an abstract group J,” _,; only later will 
it become apparent that the geometric group I” which we next construct is a faithful 
representation of J7” ,. 

The group /"”_, is the Coxeter group [3, 4, 3”~7], with the single extra relation 


(popip2p3)° = &. 


(As usual, we use 3”~? as a shorthand for a string of n — 3 consecutive 3s.) We shall 
show that 17” _, is the group of a regular polytope 


nt = (3, 4,3" 7}/((0123))), 


in the notation we introduced in Section 2F. Thus the original polytope (to which we 
have already made reference in Chapter 12) is 


14Al Lp = B"?, 4, 33/((n — 4)(n — 3) — 2) — 1°). 


We now describe the representation I" of I,” _,. Foreachn > 4, we taken — 1 copies 
of the symmetric group Sy, which we think of as the symmetry group of the regular 
tetrahedron. The generators of the ith copy are then w;9, @;, and @;2, satisfying the 
relations 


2 3 a 3 
0}; = (M01) = (@i00i2)" = (Wii2)” = &, 


for 7 = 0, 1, 2. We now take the wreath product of S, with S,,_,: the n — 2 genera- 
tors of S,-; are x; = (i — 17), fori = 2,...,n — 1, which permute the copies of S4 
accordingly, so that 


XiMi-1,jXi = Vij, 
for each i and /. 
The group I" is then (po, ..., On—1), where 

PO += ©1121 +++ @n-1,1; 

P| *= ©10H22032 + ++ Wn—-1,25 

Pi=X%, fori=2,...,n—1. 
(Our use of the same symbols to denote the generators of I” as for those of the group 
I? _, should cause no confusion.) 


We first check the relations satisfied by po, ... , 0,1. Those satisfied by 02, ..., Pn—1 
are just those of S,_;, namely, 


0; = (bibi41) = (piPjy = 8, 
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for each appropriate i, 7 withi < j — 2. Next, 
p; =e, fori=0,1. 
Since 
POP1 = @11@10 + ©2122 ++ + On—1,1@n-1,25 
Pi~oehi = po, fori=2,...,n—1, 
(p12) = O12 + 2002, 


we conclude that 


(pop1)> = (p162)* = (popi)” = €, 


fori = 2,...,n —1. That is, I is a quotient of the group [3, 4, 3”~>]. 
There is one last relation to verify. We have 


(p0P1P2P3)” = /0/1/0/2/P1P3P2/3 
n—1 
= W11@1001 1012 + W721 @2221 09 + I] (@;1@32)" + (0203), 
3 


and so 


(opi p2p3)° = &. 
We are now ready to state the main result of the section. 
14A2 Theorem The group I’ is isomorphic to I""_,. 


So far, of course, we have only shown J” to be a quotient of 17” _,. As we have 
already suggested, we shall leave the proof incomplete, until we draw a number of 
strands together towards the end of the section. 

We next produce a realization of the polytope £4, in the sense of Chapter 5. This is 
obtained directly from the abstract formulation of the group I” described previously. 

We have an obvious representation of the group Jj’ as I’ = (0,..-, Pn—1) in 
E3"—)), where we continue to employ the same notation. (It is obviously a faithful 
representation of the group I’, but for the moment Theorem 14A2 remains open.) Let 
us take the generators of Sy, as the symmetry group of the regular tetrahedron, in the 
form 


wo: x > (&1, —&3, —&2), 
wy: x +> (&, &1, &3), 
at E> (S183 62), 


where x := (&1, &, &). The ith copy of S4 operates on the space with coordinate vectors 
x; t= (&1, &2, &3) fori = 1,...,2 —1. We regard this copy of E? as a coordinate 
subspace of E*""—)), of which a general vector is thus written x = (x), ..., X,_1). The 
elements of I” will act coherently on E3—), in that they respect its decomposition as 
an orthogonal direct sum of n — 1 copies of E?. In fact, they do more. If we think of 
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the coordinates of vectors in E*—) as split into blocks of 3, not only do elements of I” 
permute the blocks, but also induce the same permutations of coordinates within the 
blocks, if we ignore changes of sign. (Note that wp and w, occur together in p;.) Hence 
we can now write the generators p; as 


XPo = (X11, -..5 Xn-11); 
XP 2= (Xj, X2@2, ..., Xn—-1@2), 
XPj c= (Hiss 5 gD EN Fs My Ss Hey heh Me): for j =.2; Sr (oe 1. 


We now apply Wythoff’s construction. The initial vertex of £9 lies on all the mirrors 
pi except Pn_1, and so is (0°”~°, 1, 1, 1) (up to scalar multiple). It is now easy to check 
that the vertices are all those of the form 


OF lah ha), 


with an even number of minus signs, for some k = 0, ..., — 2. Since £5 has 4(n — 
1) vertices, and the initial group Iy is that of the projective polytope {3, 4, 3}5 = 
{3, 4, 3}/2, and so has order 1152/2 = 576 = 3 - 2° - 3!, we obtain by induction 


14A3 Theorem The group I has order 3 -27"~> .(n — 1)!. 


Once again, we emphasize that our proof of Theorem 14A3 is incomplete, because 
we do not know as yet that I” is a faithful representation of the abstract group I>” ,. 
All we are entitled to say for now is that the group of Theorem 14A3 is a quotient of 
the abstract group. 

We now move back up to the Coxeter group [3, 4, 3”~°], without any addition- 
ally imposed relations. We appeal to a simplex dissection result of Debrunner [146], 
which gives a general version of a folkloristic result in group theory. We denote by 
S(p1,.--, Pn—1) the (n — 1)-dimensional simplex (in some space of constant curva- 
ture) bounded by the facet hyperplanes Ho, ..., H,—-1, such that the dihedral angle 
between H; and H; is given by 


8 : 
—, ifi=j-1 forj=1,...,n—-1, 
Pj 


us : 
5 otherwise. 


14A4 Theorem For each k=0,...,n —1, the simplex S(p, 4, 37-3) Han be dies 
sected into Ce) copies of the simplex sar, 4, DP. Ds 4, gn-k-3), 


The conventions for small (or large) k are obvious; for example, when k = 1, the 
simplex is S(p, p, 4, 3”~*). 
In fact, we can rephrase this result in terms of Coxeter groups. 


14A5 Theorem Let p > 3 be an integer. Then, fork =0,...,n —1, the Coxeter 
group 


[p, 4, 3] = (Po, a eS Pn—1) 
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has a subgroup 
[3°*, 4, p, p. 4,3" 89] = (00, «++. On-1)s 


of index Cy ), where 


Pk-is fO<i<k, 
Oj; = } Pkt Pk +> + P2P1P2°°* PePeyi, Piz=k+, 
bis PERI RIS n't 


The generators of the subgroup can be found by inspection of the geometric con- 
struction of Debrunner [146]. Our interest will naturally be in the case p = 3 of 
Theorem 14AS5. 

We now pass to the subgroup of the group /"”_,, whose generators are obtained in 
the same way as in Theorem 14A5. That is, we consider the operation 


(0, «+++ Pn—1) > (Pky + +5 20s Pkt Pk *** 201 P2°** PkPk+1s Pk+2s «++» Pn—1) 
14A6 =! (00, .--, On—1)5 


we write 7" _,_, := (00, ..-,On—1). Then we have 
14A7 Theorem For each n and k withO <k <n—1, the subgroup I’ has index 
n—-1l ° n 

(pint). 
Again, all we can really claim at the moment is that this index is a divisor of (me : 
What we shall do next is find relations which the generators of the subgroup satisfy. 

The relations for the products o;0; are easily (if tediously) checked; as we have said, 
they are a feature of the relationship between the original Coxeter groups. So, we check 
the periods of certain products of four consecutive generators. 

First, 0,-30%—204%-10% = 32/10, SO that 

(04 -304-204-104)° = €. 


Second, 


(0420-1 0KOR+1) = (0201 O0PK+1 PK * ++ P2P1P2*** PkPRHAY 
= (k+1 Pk ++ 4020301020001 02*** PkPk-+1)° 
~ (02/31 P20010203)” 
~ (13/201 !200P1)” 


~ (13P1P2P1 2/0)” 
= P13 P2P1P0P2P3P2P1P2/P1 Po 
™ (3P2P1 PO > P3P2P3P1P2P0/P1 PO 


= (p3P2/P1P0)°s 


and so 


(04204-10041) = €- 
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Here, as usual, ~ designates conjugacy. Similarly, 
(4-104 O41 FK42) = (O1POPKLIPK** * P2P1L2*** PkPk+1PK+2)” 

= (Pk+1Pk*** P3P1P2P0P1P2P3*** PkPk-+1Pk+2) 
~ (1120/1 P23)” 
~ (p01 P23); 

so that 

(Op—-10404410442)| = €- 
Here, we have used successively relations of the form 


PmV Pm Pm+1 ~ YPm; 


when (Pm Pm+1)> = € and pm; commutes with y. Finally, 


OKOK41OK420K43 = POPK+IPK*** P2P1P2°** PkPk+1PkK+2PK+3 
™~ Pk+1PK*** P2P0P1 02° ** Pk PK+1PK+2 PK+3 
~ P0P1 2/3, 


so that 
6 _ 
(Op OK410%420%43) = E. 
Here, we have used successively relations of the form 


PmY Pm Pm+1Pm42 ~ Y Pm Pm+1 Pm Pm42 
= VPm+1 Pm Pm+1 Pm+2 
~ YPm Pm+1 Pm42Pm+1 
= VPm Pm+2 Pm+1 Pm+2 
~ V¥PmPm+1; 


when (Om Pm+1)> = € = (Pm+1Pm42) and Pm+1 and Pm42 commute with y. 

As usual, we write [p, q,7r], for the Coxeter group [p, g,7] with the imposition 
of the single extra relation (091 02/3)° = &. In each case, [p, g, 7] will be finite, and 
thus the group of a regular convex 4-polytope. We shall have also s = h/2, where h 
is the period of (0 1/2/3 in [p, g, 7], so the group is the automorphism group of the 
projective polytope {p,g,r}s = {p,q,r}/2. We now have 


14A8 Theorem For each n and k withO<k<n-—1, the group ['"_,_, is the 
Coxeter group [at 4,3,3,4, eed | = (00,---,On-1), with the imposition of the 
extra relations 
6 
(O,-30 4204-104) = €, 
4 
(Ox-204-10K0K41) = €, 
4 
(Ox-1 0K OK410K42) = E, 


6 
(O,OK410%420%43) = &, 
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whenever appropriate. It is a subgroup of index ree in Ty’, and hence has order 
|r", ,| = 3-27 3k —k—1)!. 


Once again, the proof is incomplete; all that we have shown so far is that [7”_,_, is 
a qvouent group of the group specified in Theorem 14A8, and that the index is at most 
CE) 

“We recall that a regular polytope P is flat if each of its vertices is incident with each 
of its facets. By Lemmas 4E2 and 4E3, if a regular polytope P has flat facets or flat 
vertex-figures, then P is itself flat. 

If we identify opposite vertices of a regular cube (of whatever rank), then we obtain a 
flat regular polytope. It follows that, if we construct a regular polytope £)_,_, from the 
group I” ,_, defined by the relations of Theorem 14A8, then the sections of Li _,_, 
determined by the subgroups (0,42, 041, Of, O41) and (O41, Ox, Of+1, O%42) are flat, 
and at least one occurs if 1 < k <n — 2. Hence, £*_,_, must be flat for these k. 

It is clear that the dual of £?_,_, is £7, and so this latter polytope is also flat for the 
same k. Given that £; is flatif 1 < k < n — 2, and assuming that it does not degenerate, 
we can immediately calculate the numbers of its vertices and facets, and the order of 
its symmetry group. Indeed, £7 must have the same number of vertices as its facet 
C77}, or the same number of facets as its vertex-figure £7 ~'. Proceeding by induction, 
starting from the basic cases ya = {4, 3, 3}4 and jis = {3, 3, 4}4, with common group 
of order 192 = 3 - 2° - 1! - 2!, we easily deduce 


14A9 Theorem /f 1 < k <n —1, then Li has 4(n — k — 1) vertices, 4k facets, and 
group of order 3 -27"-3k\(n — k — 1)!. 


If we had degeneracy, then, of course, these numbers would be smaller. But we can 
now draw the strands together, as we promised near the beginning of the section. We 
consider the abstract groups 7’ alone. First, I’ has order at least 3 - 27”-3(n — 1)}, 
since, as we have shown, its quotient group I has a faithful representation of that order. 
Next, by construction, if 1 < k < n — 2, then I)" is a subgroup of J’ of index at most 
ase ). Finally, again by construction of the corresponding polytopes, 7’ can have order 
at most 3 - 27”~3k!(n — k — 1)! for these intermediate values of k. Hence, we must have 
equality throughout, and the qualifying remarks after each of the theorems can now be 
removed. 

There is one property of a regular polytope, or, rather, of its automorphism group, 
which we have hitherto neglected — this is the intersection property. 

However, for our groups, this will be fairly easy to prove, because we have the 
isomorphism I,’ = I” of Theorem 14A2. 

When 1 <k <n —2, we see that )” ,_, lacks the permutation pz41 = Xe41 = 
(kk+ 1). Nevertheless, 1°”, _, still contains all the conjugates of o; under 
(X2,---;Xn-1), namely, the elements 


Il Wj2Wj0 
ifj 


for 7 = 1,...,n — 1, since p, and its conjugate p;,4; both belong to the group. We may 
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now prove independently that the index satisfies [Iy’ : Ii’] = C. ). The intersection 
property can then be verified directly, first because we have the geometric representation 
of the group itself, and second because we can use Theorem 2E16(a), which means that 
(making the natural inductive assumptions) it need only be checked for J = {0,..., 
n— 2}and J = {1,..., — 1}. Given the description of the group I’, this is straight- 
forward, if somewhat tedious, and we omit the details. This concludes the proof. 

Finally, it is of course desirable to enumerate all the locally projective regular poly- 
topes. As we have hinted at the beginning of this section, the famous Petersen graph 
occurs naturally when the Schlafli symbol consists of 3’s and 5’s. Petersen graphs 
have been extensively studied in graph theory and diagram geometries, and this work 
may be relevant in the present context. There are many examples of diagram ge- 
ometries related to finite simple groups which are “locally Petersen” (see [65, §5; 
207, 225-230, 231, §1.10; 393, 427]). For example, from the locally projective polytope 
{{3, 5}5, {5, 3}5} with group PSL(2, 11), we obtain a locally Petersen diagram geometry 
of rank 3 by omitting the facets from the face poset. We do not know whether there 
are other interesting regular polytopes which correspond to locally Petersen diagram 
geometries. Similarly, the edge-graph of {{3, 5}5, {5, 3}s} 1s a graph which is locally 
Petersen (that is, the induced subgraph on the neighbours of each vertex is a Petersen 
graph). The finite graphs which are locally Petersen have been completely described (see 
[53, p. 37]). 
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We next consider regular polytopes which are defined by non-spherical sections of 
different topological types. We shall largely confine our attention here to sections 
which are toroidal or projective (with at least one of each). Indeed, we shall concentrate 
almost exclusively on n-polytopes of type {4, 3”~*, 4, 3} for n > 4; there will be two 
complementary strands to our approach. 

We begin geometrically. As we saw in Section 14A, the locally projective regular 
polytope £’~! := £7! (in the previous notation) has a faithful realization in E*"~?) 
(we change the rank, because £”~! will soon be the vertex-figure of n-polytopes); its 
4(n — 2) vertices are those of n — 2 congruent regular tetrahedra centred at the origin 
lying in orthogonal 3-dimensional subspaces, and its edges join vertices of different 
tetrahedra. It follows that this £’~! is suitable to be the vertex-figure of a regular n- 
apeirotope Q” in the class ({4, 3”~*, 4}, £’—!). This apeirotope is not universal, and 
we shall discover the extra relations satisfied by its group below; however, it turns out 
to be useful in the investigation of certain locally toroidal polytopes (see Section 12E). 

There is a representation A” := (9, ..., On—1) of the group of {{4, 3, 3, 4}, £"~ 44, 
which is determined as follows. To facilitate the description, we recall from Section 14A 
that the group A” := '(L"~!) of L’~! acts coherently on E*"~), in that it respects its 
decomposition as an orthogonal direct sum of n — 2 copies of E>. We therefore adapt 
the notation of Section 14A in the obvious way (and bear in mind that there things 
were Set up in the dual context); we further define uw := (1, 1, 1). We then obtain for the 
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generators: 
Xo i= (U — X1, X2,.--,Xp—2), 
Xj = (X1, 6-6 Xia, Mp1. Xj, NX j42,---,Xn-2) for j= 1,...,n—3, 
XPn—2 1= (X12, ..., Xn—3@2, Xn-2W0); 
XPn—1 = (X1@1, -.., Xn-2@1), 


with wo, @; and a as before the generators of the symmetry group Sy of the tetrahedron. 
It is tedious, but easy, to verify that these generators satisfy the required relations: for 
the subgroup ((1,..., On—1), see Section 14A, and for (9, ..., Pn—2) observe that it 
is the group of an infinite quotient of {4, 3”~*, 4}, which must therefore be isomorphic 
to it. Thus a realization Q” (not faithful) of {{4, 3”~*, 4}, £”~!} can be obtained by 
applying Wythoff’s construction to the group A” with initial vertex o. The polytopality 
of the realization may be checked directly, if tediously. (We can also obtain it as a conse- 
quence of the polytopality of various of its quotients, which have the same vertex-figure 
cri 3) 

We can observe at this stage that the case n = 4 is also covered by our dis- 
cussion, even though the vertex-figure is the ordinary (non-projective) cube {4, 3}, 
in a 6-dimensional realization as {4, 3} #{4, 3}3. Indeed, there is a corresponding 
6-dimensional cut Q* (of type {4, 4, 3}) of the general Q” for n > 5. 

Ina sense we can reduce even further to an apeirohedron Q?; we employ the mixing 
operation 


(00, +++ Pn—1) *® (Pn—3Pn—4*** POP1*** Pn—3s Pn—2s Pn—1) =! (G0, 01, 02). 


The resulting Q? is indeed of type {o0, 3}, as we might expect; however, it does not 
(quite) fall into the general pattern. Instead, we see that the generators o; act as 


X09 = (X1,---,Xn—3, U — Xn—2)s 
XO] = (X1@p, ..-, Xn-3@2, Xn-2W0), 
X02 = (XQ, ..., Xn—-3@1, Xn—-201). 


With initial vertex 0 as before, it follows that the vertices of Q? lie in the last component 
E>. They do not form all the vertices of Q” in this component — the restriction of the 
graph of Q” to a component coincides with the graph G (say) of the 4-apeirotope 
{{oo, 3}6, {3, 3}} which we described in Section 7F — but this clearly points to 


14B1 Lemma The 3-apeirohedron Q? is isomorphic to {o0, 3}6. 


Proof. All we need to verify is that, in the notation we have introduced, 090,02 has 
period 6. This is straightforward, since 


X090102 = (X20, ... , Xn—-3@2@1, (U — Xn—-2)@01), 


and each of ww, and wow, has period 3. It then follows that the group of Q> is an 
infinite quotient of [6, 3], and so must be isomorphic to [6, 3]. 
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We shall conclude from Lemma 14B1 that there is one extra relation which 
must be imposed on the abstract group (p0,..-, On—-1) of the universal polytope 
{{4, 3, 3, 4}, £"-1} to yield A”. We obtain this by using the circuit criterion of Theorem 
2F4. The apeirohedron Q” has two kinds of minimal circuits. A typical circuit of the 
first kind is a square face {4}, which goes between different components E?, and that 
of the second kind is a skew hexagon within a component. The latter is defined by the 
relation (o90,07)° = €, as we saw in Lemma 14B1, or, in view of the previous definition 
of the o;, 


14B2 (Pn—4Pn—5*** POP1*** Pn—2)° = . 


Bearing in mind the already known presentation of the group of the vertex-figure 
L"~|, we have thus nearly proved 


14B3 Theorem For eachn > 4, the group of the n-apeirotope Q" is the Coxeter group 
[4, 3°-4, 4, 3] = (p0,---. Pn—1), with the extra relations (ij Sie AO OA)” =€ 
(except when n = 4), and (14B2). 


Proof. To complete the proof, we must show that a general edge-circuit in Q” can be 
obtained by concatenating copies of the basic minimal circuits. The first observation 
is that po acts in exactly the same way on each translate of the first component E> of 
(3("~2) and in particular on each such translate through a vertex of Q” in the sum 
of the remaining components. It then follows that the graph of Q” is G’~*, where (as 
before) G is the subgraph of QO” lying in one component. The notation here means that 
the vertex-set is 


V(G"’) := V(G)x--- x VG), 


with n — 2 terms in the product, while the edges consist of sums of an edge of one 
component and vertices of the remaining n — 3. 

There are now two steps in the proof. The first is inductive. The edges in G”~? are 
of two kinds: those within a single translate of the first component, and those between 
two different translates of it. Let C be an edge-circuit, and let C’ be its image under 
projection on the sum of the last n — 3 components. Then C’ is a circuit in G’~>. 
Consider an edge E of C of the second kind, and its corresponding edge E’ in G”’~>. 
Then E and £’ can be joined by a strip of square faces, meeting in edges parallel to 
E and E’. We conclude that, modulo circuits in translates of the first component, C is 
equivalent to C’. 

We are now done. We contract circuits in the first component (and its translates) 
using hexagons alone, while contractability of circuits in the G’~> lying in the sum of 
the other components by means of squares and hexagons is our inductive assumption. 


The relation (14B2) admits a useful reformulation. We define o9, 0), 2 as before, 
so that 


00 := Pn—3Pn—4°** POP1*** Pn—3; 
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01 = Pn—2 and 02 = Pn—1. Then (14B2) says that (o90107)° = ¢, which was how it was 
derived. Now 


6 2 
(090102) ~ (620102 - 690107090100) 
= (010201 + 090102000100)" 


~ ((a901)° 02)” + ((a100)"02) 


Thus (14B2) is equivalent to (o901)? = 02(0901)"02 (with = meaning “commutes 
with”). Since 


T = (0001)" = (On—3Pn—4*** POP1*** Pn—3Pn—2)” 


is just the translation by (0°”~*, —2, —2) (we leave the reader to check this), the relation 
(14B2) expresses the fact that two certain translations in the group A do indeed com- 
mute. (It was conjectured in [302, §8], in the particular case n = 6, that this relation 
would suffice to determine the group.) In summary, we thus have 


14B4 Proposition The relation (14B2) is equivalent to T = Pn—1TPn—1, where 


T = (Pn—30n—4*** OP1*** Pn—3Pn—2) - 


In the course of the subsequent discussion, we construct three sublattices A,, Az 
and A,_2 of Z*"-”); these correspond to the the lattices A, in the group of the facet 
{4, 3”-4, 4} generated by (2°, 0"-*-*) (with k = 1,2, n — 2) and their images under 
the subgroup of the vertex-figure (compare Section 6D). It will be helpful to notice 
that 4Z3("-?) C A, for each k = 1,2, n — 2. In view of Theorem 14B3, we can argue 
geometrically, in the knowledge that the group A” of the abstract apeirotope Q” de- 
fined by the relations of the theorem possesses an abelian subgroup of “translations” 
acting upon it, which is generated by tT = (Py-3Pn-4--- PoP1-** Pn—3Pn—2) and its 
conjugates. 

First, we recall that t acts on Q” as the translation by ((0, 0, 0)’~3, (0, —2, —2)). 
The conjugates of t under A” are the translations by the vectors of the form 


((0, +2 


2), (0, 0, 0)""*), 


with arbitrary signs, and those obtained from them by coherent permutations (of the 
blocks, and within them); these translations generate the lattice A,;. We shall count 
various equivalence classes of vertices of Q”; our first count is 


14B5 Lemma The apeirotope Q" has 2"~? vertex classes modulo A\. 


Proof. As before, we set u := (1, 1, 1); we also write o := (0, 0, 0) for convenience. 
Since ((1, —1, —1), 0”~7) = (u, 0”) modulo Aj, and so on, it easily follows that the 
equivalence classes of vertices modulo A, are represented by the (block) permutations 
of (u*, o"-*-*) fork = 0,...,n — 2. This gives 2”~? classes, as claimed. 


A little later, we shall calculate this number in a different way. 
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We now consider Az. Again comparing with Section 6D (particularly Proposi- 
tion 6D6), or by direct calculation, we see that A2 is generated by the conjugates of 


be (Pn—3TPn—3) = (TOn-3), 


which is the translation by (o"~4, (0, —2, —2/*). These conjugates are the vectors of 
the form 


((0, £2, +2), o"~*), 


with arbitrary signs, and those obtained from them by coherent permutations (as before, 
both of the blocks and within them). Our next count is 


14B6 Lemma Zhe index of Az in A, is [A, : Az] = 4. 


Proof. Using the observation that 4Z°""-7) C Ag, it is easy to see that coset represen- 
tatives of Az in A; may be taken to be (o”~*), and ((0, 2, 2), o”~>) and the two vectors 
obtained from it by permuting the first three coordinates. This gives index 4, as claimed. 


Finally, we look at A,_2. Again, either using Proposition 6D6 or directly, we find 
that A,_2 is generated by ((0, —2, —2)"~) and its conjugates, which are the coherent 
permutations of the vectors of the form ((0, --2, +2)’~), with arbitrary signs. Our last 
count is 


14B7 Lemma The index of Ayj_-2 in A, is [A : Ay-2] = gen. 


Proof. This time, the coset representatives are the vectors of the form 
((0, 2, 2)*, 0” *-?) for k = 0,...,n —3, and those obtained from them by permu- 
tations of the first n — 3 blocks (that is, the last block is always 0), and (not nec- 
essarily coherent) permutations within the blocks. Again, we appeal to the fact that 
473"-?) © A,_2. This yields the index 4”~3 = 2?"~®, as claimed. 


When x is even, we have the additional subgroup relationship A,» C A2, with 
index 27”-8, 

Since the lattice A, has full rank in E>“~2), it follows that 2A; has index 23”~° 
in A,;. As a check, we may verify that 2A; has index 23"-8 in A>, and 2” in A,_». 
The easiest way to see the latter is to notice that [2Z°"-”) : A,] = 2”, with coset 
representatives all block permutations of ((2, 0, 0), o” ~*~) foreachk = 0,..., — 2, 
and that [A,_» : 4Z°""-»)] = 4, with coset representatives (o”~*), and the coherent 
permutations of ((0, 2, 2)”~*) with no changes of sign. 

We now pass to certain quotients of QO” . If we recall what relationship the lattices A, 
have to the facets of Q”, we see that the group of {{4, 3”~*, 4} (4,0"3); L"—') is obtained 
by imposing on the abstract group of {{4, 3”~*, 4}, £”~!} the extra relation 77 = ¢. The 
relation of Proposition 14B4 says that, in the group A” of Q”, we have 


(tOn—1) (tn =é. 
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Table 14B1. Finite Polytopes {{4, 3-4 4},, Lr-!y 


s v f g 
(2,03) -2m-2 3.2833. 23"-7.(y — 2)! 
(2,2,0°-4) 2" 3.213. 238-5. (9 — 2)! 
(2"-?) Q3n-8 cn g2n—6 ie gsn—13 i (n = 2)! 
(4, 0”"-3) g4an-8 3s g3n-7 3. 6n—13 . (n ee 2)! 


Now t? = « implies that t~! = t, and so we are interested in 
22-1 2 -1 2 
(TPn—1) (t Pn—1) = (TOn—1T Pn—1) 


If we write Wy := Pn—3Pn—4-+* P0P1+** Pn—3, SO that t = (Wpn—2)’, and bear in mind 
that w is an involution which commutes with o,_1, this becomes 


(Wen—2)” Pn—1) (On—2WY On)” ~~ (WPn—2Pn—1Pn—2WPn—1Pn—2Pn—1) 
= (Wen-1Pn—2Pn—1)" 
~ (Wpn-2)" 
=’. 
It follows that t* = ¢ implies (14B2). In other words, 


14B8 Theorem 7he quotient mapping 
{{4, 3", 4}, £7} BH {4,34 Ahiaorsy, L°7} 
can be factored through Q”. 

There follows immediately 

14B9 Corollary The quotient mappings 
(4, 3°, 4}, £71} b> (14,34, 4} LO, 
with s = (2, 0"~), (2, 2, 0"~*) and (2"~*), can be factored through Q". 

We are assuming here that these quotient mappings genuinely yield polytopes. In 
fact, we need only check the case s = (2, 0”~°); the others will follow from the quotient 
criterion of Theorem 2E17. Before we proceed further, we give in Table 14B1 the 
numerical data about these polytopes. We make no claim for the completeness of our 
enumeration, although we may conjecture that the list is complete for large enough n. 
It is worth repeating that the previous arguments still work in the case n = 4, so that 


these data remain valid for the polytopes of type {4, 4, 3}. 
Let us now discuss two of these polytopes geometrically. We write 


Ke? = {{4,3"-*, 4},, £774}, 


if the polytope exists. In case s = (2, 0”~3), the facet {4, 3”~*, 4}(2,0:-3) 1s flat, so that 
Ko or-3) should also be flat; this accords with it having 2”~? vertices. In fact, we can 
appeal to the results of Section 4F. 
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14B10 Theorem [fn > 4, then Ko ons) is a polytope. 


Proof. This follows from Theorem 4F9, once we have verified the free amalgamation 
property (FAP) for appropriate component polytopes. First, the (n — 2)-cube {4, 3”~4} 
has the FAP with respect to its vertex-figures. Second £”~! has the FAP with respect to 
its (n — 3)-faces. (Both these facts are easily verified using Lemma 4E10.) It follows 
that the 1-mix 


{4, gna 4 cn 


exists; it is a (0, m — 2)-flat polytope, and hence in particular is flat. It must therefore 


be Kb gr-3)» aS required. 


We now consider the case s = (2, 2, or). Here we have a very general result. 
14B11 Theorem For each n > 4, the regular polytope 
{{4, 3°, 4}2,2,0-8), (3°, 4, 3}} 


exists, and has 2” vertices, which coincide with those where the vertex-figure (3"-4 4, 3} 
is replaced by its locally projective quotient L"~'. 


Proof, Incase n = 4, as before, we interpret £> as the cube {4, 3}. Our proof proceeds 
in two stages: first, we give a direct construction for the universal polytope; second, 
we present a model for the polytope with the locally projective vertex-figure, and show 
that it too has 2” vertices. 

For the universal polytope, we begin with the facet T”~! := {4, 3”~4, 4} (2,2, 0"-4)s 
which has 2”~! vertices and facets. All its vertices belong to a (closed) ring, which is 
composed of four (n — 2)-cubes, meeting on opposite (n — 3)-faces, to form a subcom- 
plex C”-> x C?, where Cé is a k-cube and Cf is its 1-skeleton (graph). An(n — 2)-cube 
adjacent to one in the ring meets it again two steps along, on the opposite side, so that 
the new ring which they determine shares two cubes with the old ring. The whole facet 
T"~' can be built up step by step in this fashion, moving from one ring to another 
related to it in this way. 

We now consider the subcomplex of the universal polytope, which we obtain just 
from sticking facets T”~! together along the (n — 2)-cubes C”~? in a single ring of 
each. Start with one ring. Since three facets fit together around each face C”~, we see 
that the four new facets meeting the initial one on the ring use up three out of the four 
faces of their rings. 

We readily conclude that the remaining faces C”~> in the new rings, one from each 
new facet, form a ring of a sixth facet. Thus the cubes C”~? in these six rings actually 
close up to form a subcomplex C”~> x C3, thereby involving six facets, and giving 2” 
vertices in all. (Perhaps the picture the reader should have in mind is that of an ordinary 
cube with hollow square faces corresponding to the rings; its vertices and edges are 
now thickened to (n — 3)- and (n — 2)-cubes.) We claim that these 2” are all the vertices 
of the polytope. 
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To see this, we just continue to add new facets. At each stage, we fit a third facet, 
F say, around a face C? which already belongs to two existing facets F’ and F”; 
further, we may suppose that F’ and F'” meet on a 4-cube which already belongs to a 
subcomplex C = C? x C} as before, whose vertices are just the previous 2”. Then F 
meets F’ and F” on (n — 2)-cubes C’ and C”, respectively, which contain the given 
(n — 3)-cube C”~?, and are adjacent to the rings of F’ and F” in C. Now complete 
C’ to the ring in F’ which shares two 4-cubes (one of which is that in F” also) with 
the existing one. These two (n — 2)-cubes belong to C; it follows that the ring in F 
which contains C’ and C” already has all its vertices in C, since the only vertices yet 
unaccounted for belong to the facet inC which meets the ring of F’ on the second of the 
(n — 2)-cubes in the existing ring. We finish the stage by completing any subcomplex 
Cc" x C} formed by rings, in the manner just described. Summarizing the procedure, 
in adding a new facet T”~', we see that three out of four subfacets in one of its rings 
will already have all their vertices in the existing subcomplex; hence all the vertices of 
this facet are among those already found. In other words, after the first six facets, the 
introduction of a new facet does not require any new vertices. This establishes the first 
claim. 

The model is constructed as follows. Let A”(2) be the n-dimensional affine space 
over the field G F(2) with 2 elements. We define the following n reflexions (involutions), 
where x := (&1,..., &n). 


Ro = (1 +1, &2,..-, En), 
XRj = (&1,-.-, €j-1, E41, &) Ej42,---,€:), for j= 1,...,n-4,n—2,n—-1, 
x Ry-3 = (&1, tes S523) En—-2 + En-1 a ons En—3 + En-1 aa Ei, Sn 215 E,). 


Then we may verify that (Ro, ..., R»—1) is the group [4, 3"-4 | 4, 3], with the additional 
relations 


(RoR, +++ Ry—2Ry—3 +++ Rot = E = (Ry—4Rn—3Rn—2Rn—1)°. 


That is, the corresponding polytope has facet {4, 3”~*, 4} (2,2,0-4), and vertex-figure the 
projective polytope £>. It is also easy to check that the group is transitive on the 2” 
points of A”(2), so that each is a vertex. This latter fact shows that the facet cannot 
collapse onto the flat polytope {4, 3”~4, 4}(o,o»-), so that the first of the previous extra 
relations cannot be replaced by the stronger one (RoR, --- Ry-2Rn-3°+: Ri? = E. 
Finally, since the universal polytope and its quotient with the locally projective 
vertex-figure both have 2” vertices, the vertex-sets of the two polytopes can be thought 
of as coinciding in an obvious way. 


There is an immediate consequence of Theorem 14B11. 


14B12 Corollary Let P; and P2 be regular (n — 1)-polytopes, with P, isomorphic to 
{4, 3"-4, 4}0,2,0r-4), and P2 of Schléfli type {3"~*, 4, 3}. Then the (universal) n-polytope 
{P,, Po} exists if and only if Py has the locally projective polytope L"~! as a quotient. 
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As a consequence of results of Chapter 8, we can characterize the groups of these 
polytopes. 


14B13 Theorem Let n >4, and let Q be a regular (n — 1)-polytope of type 
{3”-*, 4, 3} which covers the locally projective regular polytope L"~'. Then the regular 
n-polytope {{4, 3"~4, 4} (2,2,0»-4), Q} exists, and has group C} x I'(Q). 
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hyperbolic, 78, 81, 204, 254, 362, 384, 431-437, 


445-449 


symmetry group of, 67, 78, 431-432, 445-449 


with finite cells, see regular tessellation 
regular map, 17—20, 179 
Dyck’s map, 18, 140, 399, 474 
Klein’s map, 18, 139, 474 
non-orientable, 180 
of hyperbolic type, 179 
polyhedral models of, 140, 268 
polytopal, see regular polyhedron 
toroidal, 18, 364, 390-391 
regular polygon 
blended, 135, 217, 222 
convex, 3, 6, 11, 27 
helical, 217 
in E>, 217 
infinite, see regular apeirogon 
pure, 217 
realizations of, 135 
skew, 217, 222 
star-polygon, 5, 16, 135 
regular polyhedron 
convex, 1—4, 11, 217-220 
Coxeter’s {4, 2p [42-2 2s}, 256, 259, 264 
Coxeter’s {4, p|4!?/2]-1}, 140, 184, 196, 256, 
260 
Coxeter’s skew, 140, 196 
history of, 1-7 
in E?, 217-236 
infinite, see regular apeirohedron 
Kepler—Poinsot, 5, 16, 212, 217-220 
on surface, see regular map 
Petrie—Coxeter, 18, 196 
polyhedral models of, 140, 268 
related to a linear group, 471—490 
skew, 7, 140, 196 
star-polyhedron, 5, 16, 212, 217-220 
toroidal, 18, 364, 390-391 
regular polytope 
abstract, 31-38 
group of, 31-38, 49-58 
amalgamation of, 96-101 
classical, 206 
complex regular, 293 
convex, 7-15, 31, 81, 208 
symmetry group of, 10, 67, 71 
free extension of, 106-109 
higher toroidal, 445, 450-470 
history of, 1-7 
infinite, see regular apeirotope 
locally of topological type X, 361 
projective, 162-165, 287, 502 
locally, 284, 461, 463, 467, 502-509, 516 


quotient polytopes of, 58-60 
realizations of, see realization 
related to a linear group, 490-501 
self-dual, 37 
spherical, 153 

locally, 152-162 
star-polytope, 16, 31, 206-217 
symmetries of, see symmetry group 
topological model of, 161, 367 
toroidal, see regular toroid 


locally, see locally toroidal regular polytope 


universal, 78-83 
in class (P1, P2), 96-101 
of type {pi,---, Pn—1}, 78-83 
with given facet and vertex-figure, 97 
regular solids, 2, 11 
regular tessellation 
euclidean, 15, 81, 254 
planar, 2, 15, 221-223 
symmetry group of, 67, 73 
hyperbolic, 31 
symmetry group of, 67, 78 
on space-form, 151 
euclidean, 165-177 
hyperbolic, 178-182 
spherical, 162-165 
on surface, see regular map 
polytopal, see regular polyhedron 
on torus, see regular toroid 
spherical, 162-165 
with finite or infinite cells, see regular 
honeycomb 
regular toroid, 154 
cubic, 165-169, 172-175, 258, 269 
on 2-torus, 18, 364, 390-391 
other, 170-175, 275 
representation 
character norm, 131 
character of, 131 
complex conjugate, 130 
contragredient, 68, 302 
degree of, 129, 133 
isomorphic, 131 
of Coxeter groups, 64-70 
ridge 
of abstract polytope, 23 
of convex polytope, 8 
root, 75 
lattice, 75 
Dy, 167, 170 
system, 75 


Schlafli determinant, 208, 306, 314 
Schlafli symbol 
of abstract polytope, 30 
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of complex regular polytope, 293 hyperbolic, 67, 78, 431—432, 445-449 
of convex polytope, 11 on space-form, 156 
of map, 17 of regular polyhedron in E?, 217-220, 
of star-polytope, 207 226-236 
section, 9, 23 
k-section, 23 tessellation 
proper, 23 chiral, 178 
self-Petrie, 193 cubic, 166, 258 
semi-regular, 15 euclidean, 15 
sggi, 35 face-to-face, 15, 152 
simplex, 8, 11 on manifold, 152 
adjacent, 39 regular, see regular tessellation 
base, 40 with finite or infinite cells, see honeycomb 
dissection, 432, 505 tetrahedron, 3, 11, 200, 218 
type of, 39 thin, 21, 27 
simplicial complex tile, 152 
of chains, see order complex Tits cone, 70 
of chambers, see chamber complex Todd—Coxeter algorithm, 272, 282, 451, 460, 463, 
k-skeleton, 29 467, 502 
dual, 29 toroid, 154 
skewing operation, 199 chiral, 177 
space regular, see regular toroid 
complex projective, 291 torus, 150 
euclidean, 148 triangle group, 77 
hyperbolic, 148 generalized, 320-332 
real elliptic, 150 turn, 313 
real projective, 149 twisting operation, 244-246 
spherical, 148 type 
unitary, 290 of map, 17 
space-form, 148-152 of polytope, 30 
affinely equivalent, 151 
euclidean, 149, 175-177 universal polytope, see regular polytope, 
hyperbolic, 149, 178-182 universal 
isometric, 150 
isometry type of, 150 vertex 
orientable, 150 antipodal, 249, 255 
similar, 151 of abstract polytope, 23 
spherical, 149, 162-165 of convex polytope, 8 
tessellation on, 151 of map, 17 
volume of, 151 vertex-figure 
star, 113 of abstract polytope, 23 
starry, 207, 213 of convex polytope, 8 
subfacet, 23 replacement, 210 
supporting hyperplane, 8 
symmetries of geometric polytope, 123 wall, 40 
symmetry group Weyl group, 75 
of polytope affine, 76 
complex regular, 293 Wythoff 
convex regular, 9, 67, 71 construction, 11, 124, 192, 207 
geometric, 123 space, 124 
of realization, 123 essential, 131 
of regular 4-apeirotope in E?, 236-243 
of regular honeycomb or tessellation zigzag, 192 


euclidean, 67, 73 k-zigzag, 196 


